Google 


This  is  a  digital  copy  of  a  book  lhal  w;ls  preserved  for  general  ions  on  library  shelves  before  il  was  carefully  scanned  by  Google  as  pari  of  a  project 

to  make  the  world's  books  discoverable  online. 

Il  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  thai  was  never  subject 

to  copy  right  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 

are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  dillicull  lo  discover. 

Marks,  notations  and  other  marginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 

publisher  lo  a  library  and  linally  lo  you. 

Usage  guidelines 

Google  is  proud  lo  partner  with  libraries  lo  digili/e  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  lo  keep  providing  this  resource,  we  have  taken  steps  to 
prevent  abuse  by  commercial  panics,  including  placing  Icchnical  restrictions  on  automated  querying. 
We  also  ask  that  you: 

+  Make  n  on -commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  thai  you  use  these  files  for 
personal,  non -commercial  purposes. 

+  Refrain  from  automated  querying  Do  not  send  automated  queries  of  any  sort  lo  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attribution  The  Google  "watermark"  you  see  on  each  lile  is  essential  for  informing  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use.  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 

countries.  Whether  a  book  is  slill  in  copyright  varies  from  country  lo  country,  and  we  can'l  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liability  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.  Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  I  lie  lull  lexl  of  1 1  us  book  on  I  lie  web 
al|_-.:. :.-.-::  /  /  books  .  qooqle  .  com/| 


-..Jk'.iiMl 


'    a 


t: 


* 


«& 


-*  ■'■*.*?■•"■       *  *  "■■'■■wv- 


■•  ■ 


% 

0 


ft&GZ^-  -  '#\  *■ 


* 


— -f«iH  wmm*m Mqp 


>. 


■  ■  .n. A. ■■■.■■■  ■.«u^,...w     ■  -^»  /'W, 


?  -><1     &>t* 


x\  Vs*^  \^  ^'Jk^\ 


0&*^s\ 


•\*&n> 


**fc 


V 


EUCLID'S  ELEMENTS 

GEOMETRY, 

THE.  SIX   FlttST   BOOKS,    * 

to  wnrcnr  jmt  added, 

ELEMENTS   OF 

PLAIN  AND  SPHERICAL  TRIGONOMETRY, 


A    SYSTEM    OF 


CONICK  SECTIONS, 

ELEMENTS  OF  NATURAL  PHILOSOPHY, 

AS   FAR  AS   IT   RELATES   TO    ASTRONOMY,  ACCORDING  TO   THE 

NEWTONIAN    SYSTEM, 

AWD 

ELEMENTS  OF  ASTRONOMY : 

WITH  NOTES. 


BY 

J 

THE  BEV.  JOHN  ALLEN,  A.M. 

SBOtfESSOB    Or    XATHXNATICK9    1TX    TUX   UNIYEBSITT    OF  XABYLA1TD. 


M  The  works  of  the  Lord  are  great,  sought  out  of  all  those  who  have,  plejtfii  r 
therein  .".*«...P8.  cu. 


BALTIMORE : 

PUBLISHED  BY  CUSHING  AND  JBWKT17 

J.  Robuften,  printer. 

T832- 


MHWM 


M> 


«*«P 


TT 


THE  MEW  YORK 

PUBLIC  LIBRARY 

I         AWTOR,  LBN  OX 
1  TXLDKN  FOUN  DATION 
I    |  * 


« 


DUtrict  of  Maryland  to  mt : 

BEIT  REMBMBRKF.D,  That  on  this  Sixth  day  of  May,  in  the  Forty-sixth 
, ,.  year  of  the  Independence  of  the  United  States  of  America,  Joseph  Cush- 
?  \  L  f  'n^  an<*  J°*eph  Jewett  of  the  said   District  have  deposited  in  this  Office 
V*f  the  title  of  a  Book,  the  right  whereof  they  claim  as  Proprietors,  in  the 

words  following  ;  to  wit . — 
"  Euclid's  Elements  of  Geometry,  the  sit  first  Books.  To  which  are  added,  Ele- 
ments of  Plain  and  Spherical  trigonometry,  a  System  of  Conick  Sections,  Elements 
"  of  Natural  Plulosophy,  as  far  as  it  relates  to  Astronomy,  according  to  the  Newto- 
"  nian  System,  and  Elements  of  Astronomy  :  with  Notes.  By  the  Rev.  John  Axlbit, 
"A.  M.  Professor  of  Mathematicks  in  the  University  of  Maryland. 

"  The  works  of  the  Lord  are  great,  sought  out  of  all  those  who  have  pleasure 
«therein.'\...Psl.cxi." 

In  Conformity  to  the  act  of  Congress  of  the  United  States,  entitled,  "  An  act  for 
the  encouragement  of  learning,  by  securing  the  copies  of  maps,  charts  and  Books,  to 
the  authors  and  proprietors  of  such  copies  during  the  times  therein  mentioned."  And 
also  to  the  act,  entitled,  "  An  act  supplementary  to  an  act,  entitled,  "  An  act  for  the. 
encouragement  o+~  learning,  by  securing  the  copies  of  maps,  charts,  and  books,  to  the 
autl »ors  and  proprietors  of  such  copies  during  the  times  therein  mentioned,"  and  ex- 
tending the  benefits  thereof  to  the  arts  of  designing,  engraving,  and  etching  historical 
and  other  prints," 

PHILIP  MOORE, 
Clerk  of  the  district  of  Maryland. 


TO  THE  HONOURABLE 

JOHN  QUINCY  ADAMS, 


SECRETARY  OF  STATE  FOR  THE  UNITED  STATES  OF  AMERICA. 

• 

Sir. 

In  dedicating  this  work  to  you*  I  only  pay  a  tribute  of  re- 
spect, to  your  many  virtues  and  eminent  talents,  usefully  em- 
ployed in  the  service  of  your  country. 

In  compliance  with  your  particular  desire,  as  well  "as  from 
my  own  personal  feelings,  I  think  proper  to  state,  that  this  work 
was  originally  intended,  to  have  been  dedicated  to  the  late  Hon- 
ourable William  Pinkney,  Senator  of  the  United  States  from 
Maryland,  lately  the  pride  and  ornament  of  his  country,  had  not 
that  intention  been  defeated  by  his  much  lamented  death. 

Wishing,  Sir,  that  you  may  long  continue  to  devote  to  the 
service  of  your  countrymen,  those  talents  and  virtues,  which 
they  have  so  justly  estimated, 

I  am,  respectfully, 

Your  most  obedient  humble  servant, 

JOHN  ALLEN. 

Baltimore,  May  1st,  1822. 
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Letters  received  by  the  author  respecting  this  work: — 

» 

Reversed  Sin. — It  seems  matter  of  considerable  regret,  that, 
notwithstanding  the  great  Newton,  more  than  a  century  since, 
lias,  in  his  mathematical  principles  of  Natural  Philosophy,  de- 
veloped those  discoveries*  which  have  met  with  such  universal 
admiration,  and  concurrence  of  judgment  among  the  learned, 
yet  this  invaluable  work  remains,  at  this  day,  almost  a  locked 
treasure  among  us.  This  perhaps  may,  in  a  great  measure*  be 
imputed  to  the  scarcity  of  tracts,  giving  the  nccess&ry  prepara- 
tory knowledge.  Tour  plan  of  annexing  to  the  most  useful,  im- 
portant, and  generally  read  parts  of  fuclid's  Elements,  a  well 
compressed  system  of  Conick  Sections,  seems  well  calculated  to 
diffuse  that  preparatory  knowledge,  and  to  connect  .the  Eucli- 
dean with  the  higher  geometry. — From  the  prospectus,  and  s|»e- 
-cimeps  of  jour  work  I  have  seen,  and  from  my  confidence  in 
your  acknowledged  mathematical  information  and  talents,  I 
have  no  doubt  but  your  publication  will  answer  this  valuable 
purpose,  be  a  useful  acquisition  both  to  preceptors  and  students 
in  matheroaticks,  anil  receive  from  the  publick  a  liberal  patron- 

JOHN  D.  CRAIG, 

Teacher  of  JlJathematicks,  Baltimore. 

Dcah  Sin. — I  have  frequently  regretted,  that,  of  the  many 
works  on  the  Conick  Sections,  we  have  not  any,  which  I  deem 
-sufficiently  simple  and  concise  for  the  present  state  of  education 
in  our  American  corteges.  Most  of  the  modern  writers  on  this 
subject,  instead  of  treating  of  the  three  different  kinds  of  curves 
jointly,  have  done  it  separately,  thereby  rendering  their  works 
exceedingly  prolix  and  tedious  1  highly  approve  of  your  sys- 
tem, because  it  presents,  concisely,  and  at  one  view,  the  cor- 
responding properties  of  the  different  sections,  and  possesses  all 
the  purity  of  the  synthetirk  mctlind  of  the  ancients.  Your  com- 
bining with  them, elements  of  Plain  and  Spherical  Trigonometry, 
with  the  mathematical  principles  of  Astronomy,  will,  I  have  no 
doubt,  tend  very  much  to  diffuse  mathematical  science. 

I  purpose  to  make  use  of  your  work,  as  a  text  book,  in  teach- 
ing the  Mathematicks,  and  to  recommend  it  to  my  friends  and 
former  pupils,  who  are  professors  and  principals  of  literary  in- 
stitutions in  the  southern  statew. 

C.EORGE  BLACKBURN, 
Professor  of  JTathemnticks,  M\mj  College.  Baltimore* 


Reverend  Sir. — The  Mathematical  work  you  intend  to  pub- 
lish, has  ray  decided  approbation-  We  purpose  adopting  it  in 
our  seminary,  and  can,  with  confidence,  recommend  it  to  the 
teachers  of  that  highly  important  branch  of  education.  You  ap- 
pear to  have  been  particularly  careful  to  avoid  the  prolixity  of 
most  other  authors,  and,  at  the  same  time,  have  omitted  nothing 
essential  to  the  full  demonstration  of  the  propositions : — this  will 
certainly  render  it  more  intelligible  to  the  young  student,  as  un- 
necessary minuteness,  and  too  frequent  repetition,  only  tend  to 
embarrass  and  confuse  him.  You  have,  with  much  propriety, 
omitted  the  11th  and  12th  books  of  Euclid,  and  inserted  in  their 
place,  a  plain,  easy,  and  concise  system  of  Conick  Sections. 
Your  system  of  Plain  and  Spherical  Trigonometry  must  render 
your  work  very  valuable  and  complete,  and  cannot  fail  to  insure 
publick  patronage. 

JOSEPH  WALKER, 

Teacher  of  JIatheinaticks  in  the  Rev.  Dr.  Barry9 s  Academy. 

Sir. — Having  perused  the  manuscript,  which  contains  the 
work  you  intend  to  publish,  on  Euclid's  Elements,  Plain  and 
Spherical  Trigonometry,  and  Conick  Sections,  I  recommend  it 
to  the  publick,  as  a  useful  performance.  The  Euclidean  part  is 
concisely  and  clearly  demonstrated,  and  freed  from  the  tedious 
prolixity  used  by  most  other  writers  on  Geometry ;  the  proper- 
ties of  the  Conick  Sections  are  neatly  analysed,  brought  into  a 
narrow  compass,  and  so  blended  together,  that  the  pupil  can  sec, 
at  one  view,  the  true  analogy,  which  exists  between  these  curves, 
and  know  their  properties  with  ease  and  dispatch.  On  the  whole, 
I  think  it  a  very  suitable  work,  to  be  introduced  into  colleges 
and  seminaries  of  learning ;  and  for  my  part,  shall  give  it  a 

decided  preference. 

OWEN  REYNOLDS, 

Professor  of  Mathematicks,  Baltimore  College. 


PREFACE 


The  psalmist,  in  the  twenty  eighth  psalm,  gives  it  as  one 
of  the  characteristic's  of  the  wicked,  that  they  regarded  not  the 
works  of  the  Lord,  nor  the  operation  of  his  hands;  and  indeed 
nothing  can  tend  more,  to  impress  the  human  mind  with  strong 
convictions  and  reverential  sentiments  of  God  and  his  attributes, 
than  an  attentive  and  careful  survey  of  the  various  works  of  ere- 
ation ;  and  among  these  works,  there  arc  none  perhaps  so  well 
calculated  to  answer  this  purpose,  as  those  heavenly  bodies., 
which,  by  tfoir  beauty,  order  and  fitness  to  answer  the  purposes 
for  which  they  appear  to  have  been  formed,  speak  aloui!  the  in- 
finite wisdom,  power  and  goodness  of  their  Almighty  Creator  ; 
the  heavens,  as  the  psalmist  expresses  it,  declaring  the  glory  of 
God,  and  the  firmament  shewing  his  handy  work :  thusjL-he  con- 
templation of  these  tilings  and  the  laws  whereby  they  are  regu- 
lated, tend  much  to  strengthen  and  augment  the  power  of  reli- 
gion over  the  human  mind. 

And  as  the  powers  of  the  human  intellect  appear  to  be  very 
great  on  many  subjects ;  so  on  none  is  the  excellence  of  these  pow- 
ers, so  manifest,  as  on  those  of  a  mathematical  and  astronomical 
nature  :  that  eager  thirst  after  knowledge,  which  is  so  prevalent 
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among  mankind,  is  very  much  gratified,  on  subjects,  which  af- 
ford the  most  clear  and  certain  conclusions;  the  planetary  sys- 
tem, among  its  other  perfections,  performs  the  office  of  a>  most 
correct  and  unerring  chronometer ;  can  man,  who  is  so  curious 
to  pry  into  the  springs  tfnd  causes  of  motion  of  inferior  machines 
of  human  construction,  not  wish  to  discover  the  causes  of  the 
motions  of  so  wonderful  a  machine,  as  the  planetary  system ;  the 
workmanship  of  a  being,  infinite  in  wisdom  and  power? 

But  besides  the  tendency  of  these  sciences  to  improve  man'» 
religious  state,  and  employ,  advance  and  gratify  his  intellectual 
capacities ;  they  are  highly  useful  to  him  in  his  passage  through 
this  sublunary  state;  there  is  hardly  any  situation  of  life  in 
which  a  man  can  be  placed,  wherein  he  wrfl  not  find  mathemati- 
cal knowledge  useful  to  him.  It  is  unnecessary  to  mention  par- 
ticular instances  of  its  utility,  which  is  universally  admitted. 

And  since  the  utility  and  interest  of  mathematical  knowledge 
have,  in  consequence  of  the  improvements  of  N«;wton,t  been  much 
enhanced :  it  seems  matter  of  regret,  that,  since  the  yearl  686,  when 
the  first  edition  of  his  mathematical  principles  of  Natural  Philoso- 
phy was  published,  in  the  lapse  of  nearly  140  years,  so  little  should 
have  been  done,  to  diffuse  the  knowledge  of  his  discoveries,  or 
to  render  them  more  generally  accessible :  among  the  various 
causes  which  have  contributed  to  veil  these  discoveries  from  the 
view  of  the  world,  one  has  been,  the  general  practice  of  publish- 
ing them  and  the  necessary  preparatory  works,  in  a  language 
with  which  comparatively  few  are  acquainted ;  another  has  been, 
the  practice  of  publishing  the  different  preparatory  branches,  not 
only  very  generally  in  a  dead  language,  but  in  separate  works, 
thereby  rendering  the  purchase  of  a  greater  number  of  books  ne- 
cessary ;  and  from  this  mode,  it  has  also  happened,  that  books 
on  those  branches,  which  were  of  less  pressing  and  general  ne- 
cessity, became  extremely  scarce  and  difficult  of  attainment. 

I  have  therefore,  in  this  work,  given  all  the  mrifttematicks  of 
a  synthetical  nature,  which  appeared  necessary  for- understand- 
ing thesfrdiscoverics,  and  have  joined  to  these  parts  of  Euclid's 
elements  which  are  most  useful  and  generally  read,  a  system  of 
conick  sections,  go  compressed,  that  the  whole,  including  many 
other  highly  important  things,  can  be  afforded  at  as  low  a  price, 
as  the  generality  of  editions  of  Euclid,  which  want  much  of  this 
momentous  matter. 

•Much  advantage  has  arisen  from  this  method,  as  in  the  part, 
which  contained  Euclid's  elements,  it  became  important,  to 
give,  in  the  form  of  corollaries  or  otherwise,,  whatever  might  be- 

necessary  in  subsequent  parts  of  the  work  :  and  in  those  subse-- 
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quent  parts,  the  citations  can  generally  be  made  more  distinctly, 
and  the  reader  is  not  referred  to  another  book,  for  the  authority 
of  any  thing  advanced;  whereas  those,  who  give  systems  of  co- 
nick  sections,  without  having  Euclul's  elements  previously  de- 
livered in  the  same  book,  must  be  often  at  a  loss,  if  they  cite 
any  thing  except  Euclid's  original  propositions,  as  to  the  edition 
of  his  elements  to  which  they  should  refer ;  another  advantage 
from  this  mode  is,  that  the  student  of  geometry,  when  the  book 
with  which  he  commences  his  studies,  which  is  usually  Euclid's 
elements,  is  put  into  his  hands,  should  he  have  taste  and  talents 
for  such  pursuits,  which  many  no  doubt  will  be  found  to  have, 
will  be  in  possession  of  the  means  of  advancing  himself  to  very 
high  degrees  in  this  science. 

As  to  the  manner  in  which  this  work  has  been  executed ;  the 
figures,  instead  of  being  in  plates,  arc  on  the  page  with  the  mat- 
ter of  the  work,  this  being  found  by  experience  to  be  by  far  the 
best  mode. 

The  wording  of  the  propositions  throughout  Euclid's  Ele- 
ments, plain  and  spherical  trigonometry,  and  conick  sections, 
are  in  general  terms;  in  order  however  to  avoid  repetition  and 
prolixity,  and  to  render  the  propositions  more  clear  and  explicit, 
the  letters  are  sometimes  added ;  in  which  case  they  are  inclosed 
in  parentheses,  and  the  propositions,  being  read  without  them, 
are  expressed  in  general  terms. 

In  Euclid's  second  book,  besides  his  demonstrations  of  the  nine 
propositions  from  the  2nd  to  the  10th,  both  inclusive,  are  given 
other  demonstrations,  which  were  used  by  Tacquet;  of  which 
the  three  first  are  said  to  be  from  Campanus,  the  rest  from  Mau- 
rolycus. 

In  the  fifth  book  of  Euclid's  Elements,  proportional  magni- 
tudes are  defined  by  submultiples,  instead  of  Euclid's  method  by 
multiples ;  as  this  definition  varies  but  little  from  that  given  by 
Mr.  Elrington,  in  his  edition  of  Euclid's  elements,  I  think  it 
proper,  to  be  particular  in  mentioning  how  I  first  came  to  use  it. 

Being  relieved  from  my  collegiate  studies,  by  obtaining  the 
degree  of  Bachelor  of  Arts,  in  Trinity  College,  Dublin,  Ireland, 
in  February  1784;  I  began  to  compose  elements  of  plain  geome- 
try, being  the  substance  of  the  six  first  books  of  Euclid's  ele- 
ments, but  in  an  order  different  from  his  :  as  I  never  did  like 
Euclid's  definition  of  proportional  magnitudes,  I  thought  it  pro- 
per, to  read  every  thing  I  could  meet  with  on  the  subject;  in 
reading  a  long  dissertation  on  proportionals  by  Tacquet,  I 
found  the  property,  used  in  this  work,  as  a  definition  of  propor- 
tionals, mentioned  by  him,  as  belonging  to   all   proportional 
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magnitudes,  whether  commensurable  or  incommensurable ;  ijl 
immediately  struck  me,  that  a  definition  of  proportionals  from 
this  property,  would  be  preferable  to  that  used  by  Euclid  ;  and 
accordingly  I  investigated  demonstrations  of  the  different  pro- 
perties  of  proportionals  thus  defined,  but  in  a  different  order  from 
Euclid's,  in  nineteen  propositions,  which  are  in  the  fifth  book  of 
a  manuscript  which  I  then  composed ;  and  thinking  it  important, 
on  using  this  definition,  to  shew  how  to  divide  a  given  right  line 
into  any  required  number  of  equal  parts,  without  resorting  to 
the  properties  of  proportionals,  I  investigated  that  also,  anil  in- 
serted it  in  the  same  manuscript,  in  a  scholium  to  the  27  Prop. 
B.  l.  thereof. 

This  manuscript,  containing  the  substance  of  the  six  first 
books  of  Euclid's  elements,  but  in  a  different  order  from  his, 
and  which  is  now  deposited  in  the  library  of  this  university,  I 
put  into  the  hands  of  the  late  Revd.  Matthew  Young,  then  a  fel- 
low of  the  above  college,  and  since  an  Irish  Bishop,  who  was 
my  tutor  in  that  college,  in  the  month  of  May  1785  ;  and  left  it 
in  his  hands  for  about  a  year;  on  returning  me  the  manuscript, 
he  told  ipe,  he  had  consulted  with  several  gentlemen  of  the  col- 
lege respecting  it,  who  thought  highly  of  the  matter  and  execu- 
tion, but  doubted  the  expediency  of  publishing  it,  on  account  of 
its  not  being  in  Euclid's  order;  it  is  not  unlikely,  he  may  have 
shewn  some  of  these  gentlemen  the  manuscript,  as  they  could 
otherwise  hardly  have  formed  a  judgment  of  it,  and  he  had  no 
injunction  to  the  contrary;  in  the  year  1789,  Mr.  Elrington's  Eu- 
clid was  published,  as  appears  from  his  preface,  dated  1st  March 
in  that  year ;  the  only  difference  between  his  definition  of  pro- 
portionals and  mine  is,  that  he  takes  submultiples  of  the  ante- 
cedents, I  of  the  consequents ;  his  order  of  the  propositions  is 
different  from  Euclid's;  he  acknowledges  in  his  preface,  that 
this  part  of  the  work  is  not  entirely  his  own,  in  these  words, 
"h«c  vero  pars  operis  non  tota  quidem  mea  est,  propositionum 
"enim  a  S3*,  ad  38".  et  quoque20"\  demonstrationes  mihi  com- 
•'municavit  collegii,  hujusce  socius,  vir  rcrum  mathematicarum 
44  peritissimus,  cum  ipse  ex  iis  solam  34".  eamque  argumento 
44  multo  diflSciliori,  demonstraveram."  Translated  thus,  "  but 
44  this  part  of  the  work  is  not  indeed  entirely  mine,  for  a  fellow 
"  of  this  college,  a  man  most  skilled  in  mathematical  affairs, 
'» communicated  to  me  the  demonstrations  of  the  propositions 
44  from  the  33rd.  to  the  38th,  and  also  of  the  20th,  when  I  my- 
44  self  had  demonstrated  of  them  only  the  34th,  and  that  by  a 
44  much  more  difficult  proof.* 
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Though  I  have  thought  fit  to  give  the  reader  this  plain  state- 
ment of  facts ;  yet  it  may  have  been,  that  Mr.  Elrington  fell  on 
this  definition,  without  getting  it  through  the  medium  of  my 
manuscript ;  nor  on  any  supposition,  do  1  think  any  injury  done, 
considering  it  favourable  to  the- principle,  that  it  has  been  so 
long  adopted  in  a  college  of  such  eminence  as  Trinity  College, 
Dublin  ;  if  it  were  obtained  through  mine,  I  should  suppose  it 
merely  accidental,  and  in  the  way  of  conversation.  But  I  could 
not  have  it  supposed,  that  I  used  Mr.  Elrington's  principle,  or 
one  similar  to  it,  getting  it  through  him,  without  acknowledg- 
ing it. 

The  properties  of  proportionals,  in  the  5th  B.  of  Euclid's  ele- 
ments, have  never  before,  to  my  knowledge,  been  demonstrated 
in  Euclid's  order,  from  the  definition  of  them  by  submultiples. 

The  first  book  of  the  supplement,  being  on  the  conick  sections, 
is  considered  as  a  very  important  part  of  this  work.  The  an- 
cients considered  these  figures,  as  produced  by  the  intersection  of 
a  plain  with  the  surface  of  a  cone;  which  intersection  produces 
the  same  figures,  as  are  in  this  work  defined  under  this  name,  as 
is  demonstrated  in  the  five  last  propositions  of  the  2nd.  B.  of  the 
supplement;  but  this  mode  of  defining  them  is  useless  for  any 
practical  purpose ;  and,  since  the  discovery,  that  the  planetary 
bodies  move  in  these  figures,  they  have  acquired  additional  im- 
portance, as  the  knowledge  of  their  properties  becomes  highly, 
useful  in  astronomy,  and  the  moderns  have  almost  universally, 
fallen  into  the  mode  of  defining  them  from  their  description  in  a 
plain ;  Boscovitch  and  Mr.  T.  Newton,  have  defined  them  from 
the  property  demonstrated  in  the  6.  1.  Sup.  of  this  work;  but 
as  this  definition  is  unsuitable  for  the  description  of  the  figures, 
and  as  moreover  this  property  easily  follows  from  R.  Simson  and 
Emerson's  definitions,  as  is  shewn  in  this  book ;  I  have  thought 
fit  to  define  them  in  a  manner  similar  to  the  two  latter  authors : 
but  there  is  one  fault,  which  most  writers  on  this  subject  seem  to 
have  fallen  into,  that  of  demonstrating  too  particularly  the  proper- 
ties of  every  different  section,  before  they  prove  the  general  proper- 
ties of  all  of  them,  from  which  the  particular  properties  of  each  sec- 
tion would  easily  follow :  these  general  properties  are  demon- 
strated in  the  beginning  of  the  1st.  B.  of  the  supplement,  and 
occupy  to  the  end  of  the  21st.  proposition.  This  method  is  pro- 
ductive of  many  advantages,  for  hence  it  comes  to  pass,  that 
what  belongs  to  all  the  three  sections  can  always  be  demonstrat- 
ed together ;  and  by  deducing  particular  properties  from  general 
ones,  the  demonstrations  become  more  concise :  we  can  besides, 
i>y  following  this  method;  avoid  the  necessity  of  demonstrating 


Xll  PREFACE. 

propositions,  which  arc  of  no  use,  unless  for  demonstrating  others; 
and  so  arrange  the  propositions,  that  all  the  affections  of  the 
same  kind  can  be  demonstrated  together. 

I  conclude  with  expressing  my  earnest  wish  and  hope,  that  this 
work  may  be  highly  instrumental,  in  promoting  and  diffusing 
useful  and  interesting  knowledge. 

University  of  JWarylMd,  Baltimore,  May  1st,  1822. 


EUCLID'S  ELEMENTS  OF  GEOMETRY. 


tlEOMETRY,  is  that  science,  whereby  we  compare  together 
such  quantities,  as  have  extension. 

•  OBSERVATIONS. 

*  A  Proposition,  proposes  Something  to  be  done  or  demonstrated. 
;.  A  Problem,  proposes  something  to  be  done,  which,  when  taken 
Hat  granted  as  obvious  or  self-evident,  is  called  a  postulate. 
•'  A  Theorem,  proposes  something  to  be  demonstrated,  which, 
Iwhen  taken  for  granted  as  obvious  6r  self-evident,  is  called  an 
atiom. 

A  Lemma,  is  something  demonstrated,  in  order  to  prove 
something  which  follows. 

A  Corollary,  is  something  drawn,  as  an  inference,  from  a 
preceding  proposition. 

A  Scholium,  is  a  remark  or  remarks  on  something  which  pre- 
ceded. ' 

The  rules  of  mathematical  reasoning,  whereby  we  should  be 
directed  in  the  prosecution  of  this  science,  and  which  have  been 
formed  after  mature  consideration,  arc  few  and  obvious  5  and 
are  as  follow : 

1.  The  principles  assumed,  whether  practical  or  theoretical, 
under  the  appellation  of  postulates  and  axioms,  ought  to  be  as 
few  and  as  simple  as  possible. 

£•  Nothing  ought  to  be  assumed,  in  any  construction  or  de- 
monstration, but  these  principles. 
*  JVbte. — When  in  the  quotations  you  meet  two  numbers,1  the 
[  '•  first  shews  the  proposition,  and  the  second  the  book.  Also 
'  Post,  denotes  Postulate;  Ax.  Axiom;  Def.  Definition;  B. 
\  Book;  Constr.  Construction;  Hyp.  Hypothesis,  or  supposi- 
tion ;  contra  hyp.  contra  hypothesin,  or  contrary  to  the  sup- 
position. 
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DEFINITIONS, 

*  * 

1.  A  point,  is  that  which  has  no  part. 

2.  A  line,  is  length  without  breadth.  .   *    ■ 

3.  The  extremes  of  a  line,  are  points. 

4.  A  right  line,  is  that  which  licth  equally  between  its  points^  . 

5.  A  superjicies,  is  that  which  hath  length  and  breadth  only.  I  \ 

6.  The  extremes  of  a  superficies,  are  lines.  ,  '       •  % 

7.  A  plain  superficies,  is  that  which  lieth  equally  between  iijjf  ^ 
lines*  \       •  #v 

8.  The  distance  of  two  points  from  each  other,  is  a  right  lintf  ; 
drawn  from  one  of  them  to  the  other.  •£  . 

9.  A  figure,  is  that  which  is  inclosed  by  one  or  more  boon*  l 
claries.  * 

10.  A  circle,  is  a  plain  figure,  bounded  by  one  line  (ADBA)J 
every  where  equally  distant  from  a  point  (C)  within,  it. 


11.  That  point  (C),  is  called  the  centre  of  the  circle. 

12.  The  bounding  line  (ADBA),  is  called  its  circumference 
or  periphery. 

13.  A  diameter  of  a  circle,  is  a  right  line,  passing  through 
the  centre,  and  terminated  both  ways  by  the  circumference,  (q& 
AB). 

14*  A  radius  of  a  circle  is  a  right  line,  drawn  from  the  centre 
to  the  circumference,  (as  CD). 

15.  A  semicircle,  is  a  figure,  contained  by  a  diameter  of  a 
circle,  and  the  part  of  the  circumference  which  is  cut  off  thereby, 
(teADB). 
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16.  A  plain  angle,  is  the  inclination  of  two  lines  to  each 
•ther  in  a  plain,  which  meet  together,  but  are  not  in  the  same 
direction, 

17.  A  rectilineal  angle,  is  the  inclination  of  two  right  lines, 
..meeting  each  other,  and  not  being  in  the  same  right  line. 

V    18.  The  legs  of  an  angle,  are  the  lines,  which  form  the  angle. 
.  §  v19.  The  vertex  of  an  angle,  is  the  poin*5  *n  which  the  legs 
*  'joyoet  each  other. 


•  i  • 


y  J '..  Aji  angle  is  designated  either  by  one  letter  placed  at  its  ver- 
(|>  •tex,:;ks  E ;  or  by  three  letters,  of  which  the  middle  one  is  at 
^  Jttie  7^rtex,  the  other  two  somewhere  in  the  legs  ;  thus,  the  an- 
? -Me  formed  by  the  lines  DB,  BC,  meeting  in  B,  is  called  the 
Xju^fe  DBC  or  CBD. 

1 1-. ; 

•     - 

\  2().  When  one  right  line  (AB),  standing"  on  another  (CD), 
makes  the  angles  (ABC,  ABD)  on  each  side  of  the  insisting 
line  (AB)  equal,  each  of  these  equal  angles,  are  called  right 
jungles,  and  the  insisting  line,  is  said  to  be  perpendicular  to  the 
•ther. 

21.  The  distance  of  a  point  from  a  right  line,  is  a  perpendi- 
cular drawn  from  the  point  to  the  right  line. 

22.  An  angle  (EBC),  which  is  greater  than  a  right  angle, 
'  is  called  obtuse. 

.'  23.  An  angle  (EBD),  which  is  less  than  a  right  angle,  is 
failed  acute.* 

*  Mathematicians  have  supposed  the  whole  circumference  of  a  circle  to  be 
divided  in  360  equal  parts,  called  degrees,  each  degree  into  60  equal  parts, 
called  minutes,  and  each  minute  into  60  equal  parts,  calied  seconds,  &c.  and  a 
circle  being  described  from  the  vertex  of  an  angle,  as  a  centre,  an  angle  is  said 
to  be  of  as  many  degrees,  minutes,  seconds,  &c  as  are  contained  in  the  arch  ,n- 
'  tercepted  between  the  legs  of  theanglr.  Thus,  see  fig.  to  Def  10,  &bove,the 
angle  DCB,  is  said  to  be  of  as  maoy  degrees,  minutes,  seconds,  &c*  as  are, 
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24.  A  rectilineal  figure,  is ib  plain  one,  bounded  by  right  lines. 

25.  A  triangle,   is  a  plain  figure, .bounded  by   three  right  ■  - 
lines.  /■'-''■*  •■  ■  .l":*'-,i:»  .' 

26.  A  quadrilateral  figure,  or  quaiftangle,  is  one,  bounded,  by^y! 
four  right  lines.  £  ;"mj§  ;: 

27.  Plain  figures,   bounded  by  more  than  four  right  M^> '-*'* 
are  called  polygons.  ■'.•■:.,■:/  j.  i»  'Jjf 

28.  Of  triangles,   those,  whose  three   sides   are  equal,*  aie'»  .'■ 
called  equilateral.  ;  V  ■   "'-'■.»"  -  /•  J 


AAA  „ 

29.  An  isosceles  triangle,  is  one,  which  has  only  two.  c&upft  M 

des.  «iiS**-SS 

30.  A  scalene  Handle,  one,  which  has  three  unequal  aitf*.-*  ".*'.  "j 

31.  A  right-angled  triangle,  is  one,  which  has  one  right  altgh-/!  *^l 


32.  An  obtuse  angled  triangle,  one,  which  has  one  obtuse  angle.' 

33.  An  acute-angled  triangle,  one,  which  has  tlu-ee  .apulf ,'-. 
angles.  '...■    '*'  fc^jrV. 

34.  Parallel  right  lines,  are  such  as,  being  in  the  same  j>f:"ti"n*_:" 
would  never  meet,  though  ever .   !..'    ■  |    h\_  •» 

;  so  much  produced  both  ways. ■  ■■  •  g-  ■■!£';'''-*i? 

35.  Of  quadrilateral  figures  or  quadrangles,  a  paraUelogiiUrhy}'.r'-) 
is  one,  whose  opposite  sides  are  parallel.  ■  >"  :j-';\-i 

36.  A  square,  is  one,  which  has  all  its  sides  equal,  aujrjiQk''^; 
■.  its  angles  right.  .•"•■*("''"•£•"./. 

'''.''^v'v- 

contained   in  the   arch  BD,  h  will  be  more   fully  explained  in  tbe.ttaotpo. ■/;'■■■.. 
plain  trigonometry  in  this  work.  "":.'!  ;V'*^"" 

This  note  ii  inserted,  to  give  beginners  a  more  correct  idea  of  the  tnagiii-"  v 
tode  of  angles,  about  which  they  are  apt  at  first  to  be  pu tiled.  Aikl  it  V.-..V 
chiefly  for  'be  sake  of  setting  them  right  in  tbia  particular,  that  it  waff  tha^hv;. ". 
expedient,  to  place  the  definition  of  a  circle  before  that  of  an  angle,  coritwsy ,-,.-, 
to  the  usual  practice.  .  .  '■'■"'''*. '.'»' 
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37.  An  oblong,  one,  which  has  all  its  angles,  right,  but  not 
its  sides  equal. 

38.  A  rhombus,  one,  which  is  equilateral,  but  not  right 
angled. 

39.  A  rhomboid,  one,  whose  opposite  sides  and  angles  are 
equal,  but  which  is  neither  equilateral  nor  right  angled. 

40.  All  other  quadrilateral  figures,  besides  these,  are  called 
trapeziums. 

POSTULATES. 

1.  It  is  required  to  be  granted,  that  a  right  line,  may  be 
drawn  from  any  point  to  any  othei-  point. 

&•  That  a  terminated  right  line,  may  be  produced  at  pleasure 
in  a  right  line. 

3.  That  from  any  point  as  a  centre,  at  any  distance  from 
that  centre,  a  circle  may  be  described. 

AXIOMS. 


1.  Things,  which  are  equal  to  the  same  thing,  are  equal!;  > 
each  other. 

2.  If  to  equals,  equals  be  added,  the  wholes  are  equal. 

3.  If  from  equals,  equals  be  taken  away,  the  remainders  are 
equal. 

4.  If  to  unequals,  equals  be  added,  the  wholes  are  unequal, 
that,  which  arises  from  the  addition  to  the  greater,  being  the 

greater. 

5.  If  from  unequals,  equals  be  taken  away,  the  remainders 

are  unequal,  that,  which  arises  from  the  subtraction  from  the 
greater,  being  the  greater.  And  if  from  equals,  unequals  be 
taken  away,  the  remainders  are  unequal,  that,  which  remains 
from  the  subtraction  of  the  greater,  being  the  less. 

6.  Things,  which  are  double  of  the  same,  are  equal  to  each 
other. 
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7.  Things,  which  are  halves  of  the  same,  are  equal  to  each 

other. 

8.  Things,  which,  being  applied  to  each  other,  do  coincide, 

are  equal. 

Corollary.    The  whole  is  equal  to  all  its  parts. 

9.  The  whole  is  greater  than  its  part. 

10.  Two  right  lines  cannot  enclose  a  space. 

11.  Two   right  lines  (AB,    CB) 
have  not  a  common  segment  (BD). 

See  notes  on  10th,  11th,  and  12th,       j^ B 

ax.  and  on  Prop.  4.  of  this  book.  g 

12.  If  a  right  line 
(EF),  intersecting  two 
others  (AB,  CD), 
make  the  two  interior 
angles  (AGH,  GHC) 
on  one  side  of  the  in- 
tersecting  right  line,  ^ 
taken  together,  not  7^ 
equal  to  the  two  interior  angles  (BGH,  GHD)  on  the  other  side 
of  the  intersecting  right  line,  token  together ;  the  right  lines 
(AB,  CD),  so  met  by  the  third,  may  be  so  produced  towards 
the  part  (B,  D),  on  which  the  interior  angles  taken  together 
are  least,  as  to  meet. 

See  note  to  Prop.  29th  of  this  book. 
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PROPOSITION  I.  PROBLEM. 


Upon  a  given  right  finite  line  (AB)%  to  make  an  equilateral 

triangle. 

From  the  centre  A,  at  the  dis- 
tance AB,  describe  the  circle 
BEC  (post  3).  From  the  centre 
B,  at  the  distance  BA,  describe 
the  circle  AED  (post.  3).  Pro- 
dace  AB  both  ways  (post.  2),  so 
as  to  meet  these  circles  in  the 
points  C  and  D.  Then,  since  the 
point  C  is  without  the  circle  AED,  and  the  point  B  within 
the  same  circle,  and  the  circles  BEC,  AED,  are  continued 
lines  on  each  side  of  the  right  line  CD  [def.  10],  these  circles 
intersect  each  other- on  each  side  of  that  right  line,  as  in 
E  and  F.  From  one  of  these  intersections  E,  draw  the  right 
lines  EA,  EB  to  the  extremes  of  the  given  right  line  [Post.  1]. 
The  triangle  ABE,  which  is  constituted  on  the  given  right  line 
AB,  is  equilateral.  * 

For  AE  is  equal  to  AB,  being  both  radiates  of  the  same  cir- 
cle BEC  [Def.  10] ;  and  BE  is  equal  to  AB,  being  both  ra- 
diuses of  the  same  circle  AED  [Def.  10] ;  whence  AE  and  BE, 
being  each  equal  to  AB,  are  equal  to  each  other  [Ax.  1]. 
Therefore  AB,  AE  and  BE  are  equal  to  each  other,  and  the 
triangle  ABE  is  equilateral  [Def.  28], 

Scholium.    AF  and  BF  being  drawn*  the  triangle  ABF  may 
in  like  manner  be  proved  to  be  equilateral. 

See  note  on  this  proposition. 

PROP.  II.  PROB. 

At  a  given  point  (A)>  to  put  a  right  line9  equal  to  a  given  right 

line  (BC). 
From  the  given  point  A,  to  either  ex- 
treme C  of  the  given  right  line,  draw  the  Cr, 
right  line  AC  [Post.  1].  On  AC  make  the 
equilateral  triangle  ADC  [l.  1].  From  the 
centre  C,  at  the  distance  CB,  describe  the 
circle  EBF  [Post.  3],  and  produce  DC  to 
meet  its  circumference  in  E  [Post.  2]. 
From  the  centre  D,  at  the  distance  DE, 
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describe  the  circle  EGH  [Post  31.  Produce  DA  to  meet  its 
circumference  in  H  [Post.  2].  AH  is  equal  to  the  given  right 
lineBC.  • 

For  DH  and  DE  are  equal,  being  radiuses  of  the  same  circle 
EGrH  [Def.  10] ;  taking  from  them  the  parts  DA,  DC,  which 
are  equal,  being  sides  of  the  equilateral  triangle  ADC,  the 
residues  AH,  CE  are  equal  [Ax.  31.  But  BC  and  CE  are 
equal,  being  radiuses  of  the  same  circle  EBF  [Def.  10] :  there- 
fore AH  and  BC,  being  each  equal  to  CE,  are  equal  to  each 
other  [Ax.  1].  There  is  therefore  put  at  the  given  point  A,  a 
right  line  AH,  equal  to  the  given  right  line  BC. 

Scholium.  The  position  of  the  right  line  AH  is  varied,  ac- 
cording to  the  extreme  of  the  given  right  line,  to  which  the 
right  line  is  drawn  from  the  given  point ;  and  also,  according 
to  the  part  of  the  right  line»so  drawn,  to  which  the  triangle  is 
constituted. 

PROP.  III.  PROB. 

Two  unequal  right  lines  (AB,  CD  J  bebig  given,  to  cut  off  from 

the  greater,  a  part  equal  to  the  less. 
At  either  extreme  A,  of  the  greater 
of  the  given  right  lines,  put  AE  equal 
to  the  less  CD  [2.  1].  From  the  centre 
A,  at  the  distance  AE,  describe  the  cir- 
cle EFG  [Post  3],  meeting  AB  in  F. 
The  part  AF,  cut  off  from  AB,  is  equal 
to  CD. 

For  AF  is  equal  to  AE,  being  radiuses  of  the  same  circle 
EFG  [Def.  lof$  and  AE  is  equal  to  CD  [By  constr.]  ;  there- 
fore AF  and  CD  are  each  equal  to  AE,  and  therefore  to  each 
other  [Ax.  1] ;  and  so  there  is  cut  off  from  AB,  a  part  AF, 
equal  to  CD. 

PROP.  IV.  THEOREM. 

If  two  triangles  (ABC,  DEF  J,  have  two  sides  (CA  CB),  and 
the  angle  (ACS  J  included  by  them,  of  one  triangle  ;  (ABC J, 
severally  equal  to  two  sides  (FD,  FE),  and  the  angle  (DFEJ 
included  by  them,  of  the  other ;  the  bases  or  third  sides  (AB, 
DE)  are  equal;  as  are  also,  the  angles  at  the  bases,  opposite  to 
the  equal  sides  (CAB  to  FDE*  and  C$A  to  FED  J  ;  and  the 
triangles  themselves. 
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For  the  triangle  ABC, 
being  applied  to  the  trian- 
gle DEF,  so  that  the  point 
C  may  coincide  in  the  point 
F,  the  right  line  CA  with 
the  right  line  FD,  and  the 
right  lines  CB,  FE  be  to 
the  same  part ;  the  point  A  would  coincide  with  the  point  D, 
for  part  of  CA  cannot  coincide  with  FD,  and  part  be  without 
it,  as  in  the  direction  6H,  for  then  two  right  lines  6H,  GD 
would  have  a  common  segment  FG,  contrary  to  the  11th  axiom ; 
and  if  the  point  A  went  beyond  or  fell  short  of  the  point  D, 
the  right  lines  CA,  FD  would  be  unequal  [Ax.  9],  contrary  to 
the  supposition ;  and  because  the  angles  C,  F  are  equal  [Hyp.], 
the  right  line  CB  would  coincide  with  FE  :  and,  because,  CIs, 
FE  are  equal  [Hyp.],  the  point  B  would  coincide  with  the 
point  E« 

But  the  point  A  coinciding  with  D,  and  B  with  E,  the  right 
lines  AB,  DE  would  coincide ;  for,  if  AB  did  not  coincide,  in 
every  part  of  it,  with  DE,  two  right  lines  would  contain  a 
space,  contrary  to  the  10th  axiom.  Therefore  the  bases  AB, 
DE  are  equal  [Ax.  8]. 

And  the  legs  of  the  angle  CAB,  coinciding  with  those  of  the 
angle  FDE,  and  those  of  the  angle  CBA,  with  those  of  the 
angle  FED ;  the  angles  CAB,  FDE,  as  also  the  angles  CBA, 
FED  would  coincide,  and  are  therefore  equal  [Ax.  81. 

And  the  right  lines,  which  contain  the  triangle  ABC,  coin- 
ciding with  the  right  lines  which  contain  the  triangle  DEF,  the 
triangles  themselves  would  coincide,  and  are  therefore  equal 
[Ax.  8]. 

See  bote  on  this  proposition. 


PROP.  V.  THEOR. 


The  angles  (CAB,  CBA),  at  the  base  (AB)  of  an  isosceles  tri- 
angle (ABC),  are  equal:  and,  if  the  equal  sides  (CA9  CB) 
be  produced  below  the  base,  the  angles  under  the  base  (BAD 
ABE)  are  equal. 
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In  either  kg,  as  CA,  produced,  take  any 
point  D ;  on  CB  produced,  take  CE  equal  to 
CD  [3.  1],  and  draw  DB,  AE. 

In  the  triangles  DCB,  EC  A,  the  sides  CD, 
CE  are  equal  [Constr.],  also  the  sides  CB, 
CA  [Hyp.],  and  the  angle  C  is  common  to 
both  these  triangles ;  therefore  the  angle  CBD 
is  equal  to  CAE,  the  angle  CDB  to  CEA, 
and  BD  to  AE  [4.  1].  Whence,  in  the  triangles  ADB,  BE  A, 
the  angle  ADB  is  equal  to  BEA,  the  side  DB  to  AE,  and, 
taking  the  equals  CA,  CB,  from  the  equals  CD,  CE,  the  side 
AD  to  BE  [Ax.  3],  therefore  the  angles  DAB,  ABE,  which 
are  the  angles  under  the  base,  are  equal  [4.  I]. 

And,  in  the  same  triangles,  the  angles  ABD,  BAE  are 
equal ;  which  being  taken  from  the  equal  angles  CBD,  CAE, 
the  residues  CBA,  CAB,  which  are  the  angles  at  the  base  AB, 
of  the  triangle  ABC,  are  equal  [Ax.  3]. 

Corollary. — Hence  every  equilateral  triangle  is  equiangular. 
For,  whichever  side  be  considered  as  base,  the  angles  adjacent 
to  it  are  equal,  being  opposite  equal  sides. 

PROP.  VI.  THEOR, 


If  two  angles  (CAB,  CBA)  of  a  triangle  (ABC)  be  equal,  the 
sides  (CA,  CB),  opposite  to  them,  are  equal. 

For,  if  CA  and  CB  be  not  equal,  let  one  of 
them,  if  possible,  as  CA,  be  the  greater,  and 
take  from  it  AD  equal  to  BC  [3.  1],  and  draw 
BD. 

Because,  in  the  triangles  DAB,  CBA,  the 
sides  DA,  AB  are  severally  equal  to  the  sides 
CB,  BA,  and  the  angles  DAB,  CBA  included  ^ 
by  the  equal  sides,  also  equal  [Hyp.]  ;  the  triangles  DAB,  CBA 
are  themselves  equal  [4.  1],  a  part  to  the  whole,  which  is  ab- 
surd [Ax.  9],  .therefore  the  sides  CA,  CB  are  not  unequal, 
they  arc  therefore  equal. 

Cor. — Hence  every  equiangular  triangle  is  equilateral.  For, 
whichever  side  be  considered  as  base,  the  angles  adjacent  to  it 
are  equal,  and  therefore  the  sides  opposite  to  them. 


_*■  A.  .  ~  '  w    .-.!-.*.  .v  .•£.. 
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PR6P.  VII.  THEOR. 

Upon  the  same  base  CAB  J,  and  on  the  same  side  of  it,  there  can* 
not  be  two  triangles  (ACB,  ABB),  whose  conterminous  sides 
are  equal,  (namely  AC  to  AD,  and  BC  to  BD). 

For,  if  possible,  let  ACB,  ADB  be  such ; 
and  first,  let  the  vertex  of  each  fall  without 
the  other. 

Join  CD,  and  because,  in  the  triangle  CAD, 
the  sides  AC,  AD  are  equal  [Hyp.],  the  an- 
gles ACD,  ADC  arc  equal  [5.  1.] ;  but  the 
angle  ACD  is  greater  than  its  part  BCD 
[Ax.  91,  therefore  the  angle  ADC  is  greater  A? 
than  BUD;  of  course,  the  angle  BDC,  which  is  greater  than 
ADC  [Ax.  91,  is  greater  than  BCD :  but,  because  the  sides 
BC,  BD  of  the  triangle  BDC  are  equal  [Hyp.],  the  angles 
BDC,  BCD  are  equal  [5.  1.] ;  therefore  the  angle  BDC  is 
both  equal  to,  and  greater  than,  the  angle  BCD  ;  which  is  ab- 
surd. Therefore  two  triangles  on  the  same  base  and  same  side 
of  it,  have  not  their  conterminous  sides  equal,  if  the  vertex  of 
each  fall  without  the  other. 

Let  now,  if  possible,  the  vertex  D  of  ^either 
triangle,  as  ADB,  fall  within  the  other. 

Join  CD,  and  produce  AC,  AD,  as  to  E 
and  F ;  and,  because  in  the  triangle  CAD,  the 
sides  AC,  AD  are  equal  [Hyp.],  the  angles 
ECD,  FDC  on  the  other  side  of  the  base  CD 
are  equal  [5.  1]  ;  but  the  angle  BDC  is  greater 
than  FDC  [Ax.  9],  and  therefore  greater  also 
than  ECD ;  and  the  angle  ECD  is  greater  than  BCD  [Ax.  9]  ; 
therefore  the  angle  BDC  is  greater  than  BCD :  but,  in  the 
triangle  BCD,  because  the  sides  BC,  BD  are  equal  [Hyp.],  the 
angles  BDC,  BCD  are  equal  [5.  1]  ;  therefore  the  angle  BDC 
is  both  equal  to,  and  greater  than,  the  angle  BCD$  which  is 
absurd.  Therefore  two  triangles,  on  the  same  base,  and  same 
side  of  it,  have  not  their  conterminous  sides  equal,  if  the  vertex 
of  either  fall  within  the  other. 

Lastly,  let  the  vertex  D,  (see  figure  to  the  preceding  prop.)  of 
one,  fall  on  one  of  the  sides  AC  of  the  other;  and  in  this  case 
AC,  AD  are  unequal  [Ax.  9].  However  therefore  the  vertices 
of  the  triangles  fall,  their  conterminous  sides  are  not  equal. 


y 
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PROP,  VIII.  THEOR. 

• 

If  two  triangles  (ABC,  DEFJ,  have  the  two  sides  (CJL9  CB) 
of  one,  severally  equal  to  tfie  two  sides  ("FD,  FE)  of  the 
other,  and  have  also  their  bases  (AB,  BE)  equal;  the  vertical 
angles  (C,  FJ  are  equal. 

For  the  triangle  ABC  being 
so  applied  to  the  triangle  DEF, 
that  the  point  A  may  coincide 
with  the  point  D,  and  the  right 
line  AB  witkDE,  the  triangles 
ABC,  DFE  being  to  the  same 
part,  the  point  B  would  coin-      •**  **    ** 

'  cide  with  E,  because  AB  is  equal  to  DE ;  and  the  whole  trian- 
gle ACB  would  coincide  with  the  triangle  DFE,  for  if  it  should 
have  a  different  position,  as  DGE,  there  would  be  on  DE,  and 
on  the  same  side  of  it,  two  triangles,  with  equal  conterminous 
sides,  which  is  absurd  \7.  l]j  therefore  the  sides  CA,  CB 
would  coincide  with  the  sides  FD,  FE,  and  the  angle  C  with 
the  angle  F,  which  angles  are  therefore  equal  [Ax.  8]. 

Corollary. — Because  CA,  CB  and  the  included  angle  C,  are 
severally  equal  to  FB,  FE  and  the  included  angle  F,  the  re- 
maining angles  A,  B  of  the  triangle  ACB,  are  severally  equal 
to  the  remaining  angles  FDE,  FED  of  the  triangle  DFE,  and 
also  the  triangles  themselves. 


PROP.  IX.  PROB. 


To  bisect,  or  divide  into  two  equal  parts,  a  given  rectUi- 

lineal  angle  (BAG)* 

Take  any  point  D  in  AB,  and,  on  AC,  take 
AE  equal  to  AD  [3.  1] ;  draw  DE,  on  which 
make  the  equilateral  triangle  DFE  [1.  1] ; 
draw  AF,  which  bisects  the  given  angle  BAC. 

For,  in  the  triangles  ADF,  AEF,  the  sides" 
AD,  AE  are  equal  [Constr.],  AF  common, 
and  the  bases  DF,  EF  also  equal  [Constr.] ; 
therefore  the  angles  DAF,  EAF  are  equal 
[8.  1],  and  of  course  the  given  angle  BAC  is 
bisected  by  the  right  line  AF. 
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Cor.-±-By  the  aid  of  this  proposition,  an  angle  may  be  divid- 
ed into  2,  4,  8,  16,  &c.  equal  parts,  by  repeatedly  bisecting 
the  several  parts. 


PROP.  X.  PROB. 


To  bisect  a  given  finite  right  line  (JLB). 

On  AB  make  the  equilateral  triangle 
ABC  [1.  1],  bisect  the  angle  £CB  by 
the  right  line  CD,  meeting  AB  in  D 
[9.  1].    AB  is  bisected  in  D. 

For,  in  the  triangles  ACD,  BCD,  AC 
and  BC  are  equal  [Constr.],  CD  com- 
mon, and  the  angles  ACD,  BCD   also       

equal  [Constr.],  therefore  the  bases  AD,     **  I* 

DB  are  equal  [4.  1],  and  so  the  right  line  AB  is  bisected 

inD. 


PROP.  XI.  PROB. 


To  draw  a  right  line  perpendicular  to  a  given  right  line  (AB), 

from  a  given  point  (C)  therein. 

Take  any  point  D  in  AC,  on  CB 
take  CE  equal  to  CD  [3.  1],  and  on 
DE  make  the  equilateral  triangle 
DFE  [l.  1];  draw  CF,  which  is 
perpendicular  to  AB. 

For,  in  the  triangles  DCF,  ECF,  A g* — £ 

the    sides     DC,    CE,     are    equal 
[Constr.],    CF  common,  and  the  bases  DF,  EF  also  equal 
[Constr.]  ;  therefore  the  angles  DCF,  ECF  opposite  the  equal  . 
bases  are.  equal    [8.  1],   and  so  CF  is  perpendicular  to  AB    * 
[Def.  20]. 


£6 
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TAeorem.-rAll  right  angles  [as  BACf  EDF,]  are  equal  to 
each  other. 

Let  CA  and  FD  be  produced,  as  to  G  and  H  [Post.  2]. 


mi 
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The  angle  BAC  being  applied  to  the  angle  EDF,  so  that  the 
point  A  may  coincide  with  the  point  D,  and  the  right  line  AC 
with  DF,  the  right  line  AG  would  coincide  with  DH,  for  if 
AG  did  not  coincide  with  DH,  hut  had  a  different  situation,  as 
DK,  two  right  lines  HD,  KD  would  have  a  common  segment 
DF,  which  is  absurd  [Ax.  11]  ;  also  AB  would  coincide  with 
DE,  for  if  not,  let  it,  if  possible,  fall  on  either  side  of  DE, 
as  towards  H,  in  the  right  line  DL;  then  because  EDF  is 
equal  to  EDH  (Def.  20),  and  LDF  greater  than  EDF  (Ax.  9), 
LDF  is  greater  than  EDH  ;  whence,  EDH  being  greater  than 
LDH  (Ax.  9),  LDF  is  greater  than  LDH ;  but  the  angle  BAC 
is  equal  to  LDF  (Hyp.),  and  BAG  to  LDH  (Hyp.),  therefore 
BAC  is  greater  than  BAG,  which  is  absurd,  BAC  being,  by 
supposition,  a  right  angle,  and  therefore  the  angles  BAC, 
BAG  equal  to  each  other  (Def.  20).  A  like  absurdity  would 
follow,  if  AB  were  to  fall  on  the  other  side  of  DE  towards  F, 
Therefore  AB  coincides  with  DE,  and  so  the  angles  BAC, 
EDF  coincide,  and  are  of  course  equal  [Ax.  8]. 

PROP.  XII.  PROB. 


Front  a  given  point  (C)9  without  a  given  right  line  (AB),  pro- 
ducible  at  pleasure,  to  draw  a  perpendicular  to  it. 

Let  any  point  whatever,  as  D,  be 
taken  on  the  other  side  of  AB  with 
respect  to  the  given  point  C,  and  from 
the  centre  C,  at  the  distance  CD,  let 
the  circle  EDF  be  described  (Post.  3) ; 
which,  because  the  points  C,  D  arc 
on  different  sides  of  the  right  line  j£ 
AB,  meets  the  same  right  line,  pro- 
duced if  necessary,  in  two  points,  as  E  and  F.    Bisect  EF  in 
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G  (10.  1),  and  join  CG,  which  is  the  perpendicular  required. 
For,  CE,  CF  being  drawn,  in  the  triangles  CGE,  CGF,  the 
sides  GE,  GF  arc  equal,  by  construction,  CG  common,  and  the 
bases  CE,  CF  equal,  being  radiuses  of  the  same  circle  EDF 
(Def.  10) ;  therefore  the  angles  CGE,  CGF  arc  equal  (8.  1), 
and  of  course  CG  \&  perpendicular  to  AB  (Def.  20).  *  / 

jUtM.  ^  X/'U-  jJlAA*JL   vi  O&aAjAjB^**,  P'ak-^^ 

*  PROP.  MIL  THE  OR. 

The  angles  {ABC,  ABB),  which  one  right  line  (AB),  makes  with 
aiwther  (CD),  on  one  side  of  it,  are  together  equal  to  two  right 
angles. 


**M 


£}£*-&• 


<s  b  to    c _ 

If  the  angles  ABC,  ABD  be  equal,  (see  figure  1),  they  are 
both  right  angles  (Def.  20),  and  therefore  together  equal  to  two 
right  angles ;  if  unequal,  (see  fig.  2),  draw  BE  perpendicular 
to  CD  (11.  1),  and  EBC,  EBD  arc  both  right  angles  (Constr.), 
and  therefore  together  equal  to  two  right  angles;  but,  because  the 
angle  ABC  is  equal  to  all  its  parts,  the  two  angles  ABE,  EBC 
taken  together  (Cor.  Ax. 8),  if  to  each  be  added  the  angle  ABD, 
the  two  angles  ABC,  ABD  are  together  equal  to  the  three 
angles  CBE,  EBA,  ABD  (Ax.  2);  again,  because  the  whole 
angle  EBD  is  equal  to  all  its  parts  EBA,  AND  (Cor.  Ax.  8), 
if  to  each  CBE  be  added,  the  two  angles  CBE,  EBD,  arc  to- 
gether equal  to  the  three  angles  CBE,  EBA,  ABD,  (Ax.  2): 
whence,  the  two  angles  CBA,  ABD,  and  the  two  angles  CBE, 
EHD  being  each  equal  to  the  three  angles  CBE,  EBA,  ABD, 
are  equal  to  each  other  (Ax.  1) :  but  CBE,  EBD  are  right  an- 
gles (Constr.),  and  therefore  together  equal  to  two  right  angles, 
therefore  CBA,  ABD  arc  also  together  equal  to  two  right 
angles. 

Cor. — If  more  right  lines  stand  on  the  same  right  line 
(CD),  on  the  same  side  of  it,  and  at  the  same  point  (B),  not 
being  an  extreme  \  they  make  angles  equal  to  two  right  angles. 
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PROP.  XIV.  THEOR. 

Two  right  lines  (CB,  BD),  which,  at  the  same  point  (B),  and  on 
different  sides  of  a  right  line  (AB),  make  with  it,  the  adjacent 
angles  (CBA,  DBA),  together  equal  to  two  right  angles,  are 
in  the  same  right  line. 

If  BD  be  not  in  the  same  right 
line  with  CB,  let  some  other  right 
line,  as  BE,  be  the  production  of 
CB;  and,  because  the  right  line 
AB  falls  on  the  right  line  CBE, 
the  angles  CBA,  ABE  are  equal  C 
to  two  right  angles  (13.  1);  but 
the  angles  CBA,  ABD  are,  by  supposition,  equal  to  two  right 
angles;  therefore  the  angles  CBA,  ABE  together,  and  the 
angles  CBA,  ABD  together,  being  each  equal  to  two  right 
angles,  and  all  right  angles  being  equal  to  each  other  (Theor.  at 
11.  1),  are  equal  (Ax.  1);  taking  from  each  the  common  angle 
CBA,  the  remaining  angles  ABE,  ABD  are  equal  (Ax.  3), 
part  and  whole,  which  is  absurd  (Ax.  9) :  therefore  *>E  is  not 
the  continuation  of  CB.  In  like  manner  it  may  be  shewn,  that 
no  other  right  line,  but  BD,  can  be  the  continuation  of  CB  ; 
therefore  BD  is  that  continuation,  and  CB,  BD  are  in  the  same 
right  line. 

PROP.  XV.   THEOR. 

IJ  two  right  lines  (AB,  CD)  intersect  each  other,  the  vertical  or 
opposite  angles  are  equal;  (AEC  to  BED,  and  AED  to  CEB,). 


The  angles  AEC,  AED,  which  AE  makes  with  CD,  are 
equal  to  two  right  angles  [13.  1.]  also  the  angles  AED,  DEB, 
which  DE  makes  with  AB,  are  equal  to  two  right  angles 
£13.  1];  therefore  the  angles  AEC,  AED  together,  are  equal 


I 
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to  AED,  DEB  together  (Theor.  at  11.  1.  and  Ax.  1.):  taking 
away  the  common  angle  AED,  the  remaining  angles  AEC  ana 
DEB  are  equal  (Ax.  3).  In  like  manner,  the  angles  AED, 
CEB  may  be  proved  equal. 

Cor.  1 — Two  intersecting  right  lines  (AB,  CD),  make  an- 
gles, equal  to  four  right  angles. 

Cor.  2 — If  more  right  lines  be  drawn  to  the  point,  wherein 
two  right  lines  intersect  each  other,  all  the  angles  taken  to- 
gether, are  equal  to  four  right  angles. 

#  PROP.  XVI.   THEOR. 

If  any  side (BC)  of  a  triangle  (ABC)  beproduced,  the  exterior 
angle  (ACD)  is  greater  than  either  of  the  interior  remote  an- 
gUs  (A  or  ABC) 

Bisect  AC  in  E  (10.  1),  join  BE, 
on  which  produced  take  EF  equal  to 
BE  (3.  1),  and  join  CF. 

In  the  triangles  AEB,  CEF,  the 
sides  CE,  EF  are  severally  equal  to 
AE,  EB   [Constr.],   and  the  angles  \<* 

CEF,  AEB,  being  vertical  angles,  are  equal  (15.  1);  there- 
fore the  angles  ECF  and  A  are  equal  (4.  1);  whence  ACD, 
being  greater  than  ECF  [Ax.  9],  is  also  greater  than  its  equal 
A.  In  like  manner,  if  AC  be  produced,  as  to  G,  the  angle 
BCG  may  be  proved  to  be  greater  than  ABC ;  and  therefore 
ACD,  which  is  equal  to  BCG  (15.  1),  is  also  greater  than  ABC. 

PROP.  XVII.  THEOR. 


Any  two  angles  of  a  triangle  (ABC),  are  together  less  than  two 

right  angles.  * 

Produce  any  side  BC,  as  to  D, 
and  the  exterior  angle  ACD  of  the 
triangle  ABC  is  greater  than  the 
interior  remote  angle  B  (16.  1)  ; 
adding  to  each  the  angle  ACB, 
the  angles  ACD,  ACB  together, 
are  greater  than  the  angles  B  and 
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ACB  together  [Ax,  4]  ;  but  the  angles  ACD,  ACB,  which 
AC  makes  with  BD,  are  together  equal  to  two  right  angles 
(13.  1),  therefore  the  angles  B  and  ACB  are  together  less  than 
two  right  angles.  In  like  manner  it  may  be  shown,  that  any 
other  two  angles  of  the  triangle  ABC  are  less  than  two  right 
angles. 

Cor. — If,  in  any  triangle,  one  angle  be  obtuse  or  right,  both 
the  others  are  acute  $  and  if  two  angles  be  equal,  they  are  both 
aoute. 


PROP.  XVIIL  THEOR. 


If  two  sides  (AB9  AC),  of  a  triangle  (ABC),  be  unequal;  the 
angle  (ABC),  opposite  the  greater  side  (AC),  is  greater  than 


lhat  (C),  opposite  tlie  less  (AB). 


From  the  greater  side  AC,  take  away  AD,  equal  and  con- 
terminous to  the  less  AB  [3.  1],  and  join  BD. 

Because  the  triangle  ABD  is  isosceles,  the  angles  ABD, 
ADB  are  equal  [5.  1]  ;  but  the  external  angle  AJDB  of  the 
triangle  BDC  is  greater  than  the  internal  remote  angle  C, 
[16.  1J,  therefore  ABD  is  greater  than  C;  of  course  ABC, 
which  is  greater  than  ABD  [Ax.  9],  is  also  greater  than  C. 


PROP.  XIX.  PROB. 


If  two  angles  (B,  C),  of  a  triangle  (ABC),  be  unequal ;  the 
side  (AC)  opposite  the  greater  angle  (B),  is  greater  than  that 
(AB),  opposite  the  less  (C)\ 
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If  AC  be  not  greater  than  AB,  it  is  cither  equal  to  op  less  than 
it ;  it  is  not  equal  to  AB,  for  then  the  angles  ABC,  ACB  would 
be  equal  [5.  1],  contrary  to  the  supposition  ;  it  is  not  less  than 
AB,  for  then  the  angle  B  would  be  less  than  the  angle  C 
[18.  1],  which  is  also  contrary  to  the  supposition. 


Cor.  1. — A  perpendicular  (CA),  drawn  from  any  point  (C), 
to  any  right  line  (AB),  is  less  than,  any  other  right  line  (CB), 
drawn  from  the  same  point,  to  the  same  right  line. 

For  the  angle  CAB  being  right,  CBA  is  acute  [Cor.  17.  1], 
therefore  CB  is  greater  than  CA  (by  this  prop). 

Cor.  2. — If  perpendiculars  let  fall  from  two  points  (C,  F), 
on  two  right  lines  [AB,  DE],  be  equal;  and  from  the  same 
points,  right  lines  [CB,  FE],  be  drawn  to  points  [B,  E],  in 
those  right  lines,  at  unequal  distances  [AB,  DE],  from  the  in- 
cidences [A,  D]  of  the  perpendiculars,  that  [fE],  which  is 
drawn  to  the  most  distant  point  [E],  is  greater  than  the  other 
[CB]. 

On  DE,  take  DG  equal  to  AB  [3.  1],  and  draw  FG;  in  the 
triangles  CAB,  FDG,  CA,  AB  and  the  angle  CAB,  are  seve- 
rally equal  to  FD,  DG  and  the  angle  FDG,  therefore  FG  is 
equal  to  CB  [4.  1  ]  ;  and  the  external  angle  FGE  of  the  triangle 
FDG  is  greater  than  the  interior  FDG  [16.  1]  ;  whence,  FDG 
being  a  right  angle,  FGE  is  obtuse,  and  therefore  FEG  acute 
[Cor.  17.  1],  and  so  FE  greater  than  FG  [19.  1],  or  its  equal 
CB. 
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PROP.  XX.  THEOR, 

Any  two  sides  {as  BA,  AC)  of  a  triangle  (ABC),  are  greater  than 

the  remaining  side  {BC). 

On  either  of  the  sides  to  be  prov- 
ed greater  than  the  remaining  one, 
as  BA,  produced,  take  AD  equal  to 
the  other  AC,  and  join  CD. 

The  angles  D  and  ACD  at  the  base 

of  the  isosceles  triangle  ACD   are ,  •» m 

equal   [5.  1],  whence  BCD,    being  C 

greater  than  ACD  [Ax.  9],  is  greater  thin  the  angle  D  ;  there- 
fore, in  the  triangle  BCD,  the  side  BD,  opposite  the  greater 
angle  BCD,  is  greater  than  the  side  BC,  opposite  the  less  angle 
D  [19.  1]  ;  but,  because  AD  is  equal  to  AC,  BD  is  equal  to 
BA  and  AC  together  [Ax.  3],  therefore  BA  and  AC  together 
are  greater  than  BC. 


PROP.  XXI.  THEOR. 

Two  right  lines  (DB9  DC),  drawn  from  any  point  (D),  within 
a  triangle  (ABC),  to  the  extremes  of  any  side  (BC),  are  to- 
gether less  than  tlie  other  sides  (AB,  AC)  of  the  triangle,  but 
contain  a  greater  angle  (BBC). 

Produce  BD  to  meet  AC  in  E,  and  be- 
cause the  sides  BA,  AE  of  the  triangle 
BAE,  are  greater  than  the  remaining 
side  BE  (20.  1),  adding  to  each  EC, 
the  right  lines  BA  and  AC,  are  greater 

than  BE  and  EC  [Ax.  4] ;  but  the  sides       

DE,  EC  of  the  triangle  DEC,  arc  great-    B  c 

er  than  the  remaining  side  DC  (20.  1),  therefore,  adding  to 
each  BD,  the  right  lines  BE  and  EC  are  greater  than  BD  and 
DC  [Ax.  4]$  hut  it  has  been  prWed,  that  B  A  and  AC  arc 
greater  than  BE  and  EC,  therefore  BA  and  AC  are  also  great- 
erthan  BD  and  DC. 

And,  because  the  external  angle  BDC,  of  the  triangle  DEC,  is 
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greater  that)  the  internal  remote  angle  BE  C  (16.  1),  and  the 
external  angle  BEC,  of  the  triangle  ABE,  is  greater  than  the 
internal  remote  angle  A,  the  angle  BDC  is  greater  than  A. 


PROP.  XXII.  PROB. 

* 

Three  right  lines  (A9  B  and  Q)  being  given,  any  two  of  which 
are  greater  than  the  remaining  one,  to  make  a  triangle  having 
its  sides  severally  equal  to  these  right  lines. 


At  any  point  D,  put  the  right  line  DF  equal  to  A  (2.  1),  on 
which  produced  take  FG  equal  to  B,  and  GH  to  C  (3.  1) ;  from 
the  centre  F,  at  the  distance  FD,  describe  the  circle  DKM,  and 
from  the  centre  G,  at  the  distance  GH,  describe  the  circle  NKH 
[Post.  3]  ;  and,  since  A  and  C,  or  their  equals  FM,  NG  to- 
gether, are  greater  than  B  or  FG  [Hyp.],  taking  NG  from  each, 
FM  is  greater  than  FN  [Ax.  5]  ;  and  B  and  C,  or  their 
equals  FG,  GH  together,  or  FH,  is  greater  than  A  or  FM 
[Hyp.] ;  whence,  FM  being  greater  than  FN  and  less  than  FH, 
the  point  M  is  between  the  points  N  and  H  :  in  like  manner,  the 
point  N  may  be  shewn  to  be  between  the  points  D  and  M : 
whence,  the  circles  DKM,  NKH,  being  continued  lines  between 
the  points  D  and  M,  and  the  points  N  and  H,  on  each  side  of  the 
right  line  DE  [Dcf.  10],  intersect  each  other  on  each  side 
thereof,  as  in  K  and  L  :  join  FK,  KG  ;  the  triangle  FKG  has 
its  sides  severally  equal  to  the  given  right  lines  A,  B  and  C. 

For,  because  F  is  the  centre  of  the  circle  DKM,  FK  is  equal 
to  FD  [Def.  16],  or  its  equal  [Constr.]  A ;  in  like  manner,  GK 
may  be  proved  equal  to  C ;  and  FG  is  equal  to  B  (Constr.) 

Schol.  The  reasoning  in  this  proposition  to  prove  the  intersec- 
tion of  the  circles,  is  accommodated  to  the  figure,  but  the  same 
reasoning  is  manifestly  applicable  to  all  possible  cases.  (See 
note  on  this  proposition.) 
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PROP.  XXIII.  PROB. 

To  a  given  right  line  (AB),  at  a  given  point  therein  (A),  to  make  a 
rectilineal  angle,  equal  to  a  given  rectilineal  angle  (C). 


Take  any  points  D,  E  in  the  legs  of  the  given  angle  C,  join 
DE,  and  let  the  triangle  FAG  be  made  equilateral  to  the  trian- 
gle DCE,  so  that  its  sides  FA,.  AG  meeting  at  the  given  point  A 
may  be  severally  equal  to  the  legs  DC,  CE  of  the  given  angle  C, 
and  one  of  these  sides  AF  may  be  taken  on  the  given  right  line 
AB  (22.  1).    The  angle  A  is  eqiial  to  the  given  angle  C. 

For  because  the  triangles  FAG,  DCE  are  mutually  equilat- 
eral, the  angles  A,  C,  opposite  the  equal  sides  FG,  DE,  are 
equal  (8.  1). 

PROP.  XXIV.  THEOR. 


If  two  triangles  (ABC,  DEF),  have  two  sides  (AB,  AC)  of  the 
one,  severally  equal  to  two  sides  (DE,  DF)  of  the  other,  but  the 
angles  (A  and  EDF)  contained  by  tliese  equal  sides  unequal,  (the 
angle  A  being  greater  titan  the  angle  EDF,)  the  base(BC)  of 
that  triangle  (ABC)  which  lias  the  greater  angle  (A),  is  greater 
titan  the  base  (EF)  of  the  other. 


At  the  point  D,  with  the  tight  line  DE,  make  the  angle  EDG 
equal  to  the  angle  A  [2fr.  1  J,  take  DC  equalto  AC,  and  drawEG, 
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Because  the  angle  EDG  or  A  is  greater  than  EDF,  the  right 
line  DG  falls  without  the  triangle  EDF,  apd  the  point  F  falls 
either  below  the  right  line  EG,  or  on  it,  or  above  it 

If  the  point  F  fall  below  EG,  draw  FG;  and  because  DF, 
DG  are  equal,  the  angles  DFG,  DGF  are  also  equal  [5.  1] ; 
whence  the  angle  EFG  being  greater  than  DFG,  and  DGF 
than  EGF  (Ax.  9),  the  angle  EFG  is  greater  than  EGF,  there- 
fore EG  is  greater  than  EF  [19*  1.] ;  but,  because  ED,  DG  and 
the  included  angle  EDG  are  severally  equal  to  BA,  AC  and  the 
included  angle  A,  EG  is  equal  to  BC  [4.  1] ;  therefore  BC 
is  also  greater  than  EF. 

If  the  point  F  fall  on  EG,  the  right  line  EG,  or  its  equal 
BC,  is,  in  that  case,  greater  than  EF  [Ax.  9]. 

If  F  falls  above  EG,  the  right  lines  DG,  GE  together  am 
greater  than  DF,  FE  together  [21.  1] ;  taking  from  each  tip 
equals  DG,  DF,  the  residue  EG,  or  its  equal  BC,  is  greater 
than  the  residue  EF. 


PROP.  XXV.  THEOR. 

#  two  triangles  (ABC,  DEF)9  have  two  sides  (AB9  AC)  of  the 
one,  severally  equal  tot  two  sides  (DE9  DF)  of  the  other 9  bat 
the  bases  or  third  sides  (BC9  EF)  unequal  (BC  being  greater 
than  EF)  ;  the  angle  (A)  opposite  the  greater  base  (BC)9  s 
greater  than  tliat  (D)  opposite  the  less  (EF). 


For  if  the  angle  A  be  not  greater  than  D,  iti  s  either  equal 
to  or  less  than  it. 

The  angle  A  is  not  equal  to  D,  for,  if  it  were,  the  sides  BA, 
AC  being  severally  equal  to  ED,  DF,  the  bases  BC,  EF 
would  be  equal  [4.  l] ;  contrary  to  the  hypothesis. 

The  angle  A  is  not  less  than  D,  for,  if  it  were,  the  sides 
BA,  AC  being  severally  equal  to  ED,  DF,  the  base  BC  would 
be  less  than  the  base  EF  [24.  1]  j  which. is  again  contrary 
the  hypothesis. 
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Therefore  the  angle  A,  being  neither  equal  to  nor  less  than 
D,  is  greater  than  it. 

■  i 

PROP.  XXVI.  THEOR. 


ijf  two  triangles  (ABC,  BEF),  have  two  angle*  (A  and  ABC  J 
of  one,  severally  equal  to  two  angles  (D  and  E)  of  the  other,  and 
one  side  of  one  to  one  side  of  the  other,  namely  either  the  sides 
CAB,  BE  J  between  the  equal  angles,  or  those  (AC,  BF)  oppo- 
site to  equal  angles  ;  the  remaining  sides  are  severally  equal  to 
earih  other,  and  the  remaining  angle  (ACB)  of  the  one,  to  the  re- 
maining angle  (F)  of  the  other.    % 


% 


Let  first,  AB  be  supposed 
equal  to  DE,  then  is  AC  equal 
toDF. 

For  if  not,  let  one  of  iiem, 

asAC,be,  if  possible,  the  great-  ^__ 

er,  and  on  AC  take  AG  equal  A  B^    D  is 

toDF,  and  draw BG. 

In  the  triangles  ABG,  DEF,  the  sides  AB,  AG  and  the  angle 
A,  arc  severally  equal  to  the  sides  DE,  DF  and  the  angle  D 
[Constr.  and  Hyp.]  ;  therefore  the  angles  ABG  and  E  are 
equal  (4.  1) ;  but  the  angles  ABC  and  E  are  equal  [Hyp.]  ; 
therefore  the  angles  ABG,  ABC,  being  each  equal  to  E,  are 
equal  to  each  other  [Ax.  1],  part  and  whole,  which  is  absurd 
[Ax.  9]  ;  therefore  the  sides  AC,  DF  are  not  unequal,  they  are 
therefore  equal  $  whence  AB  being  equal  to  DE,  and  the  angle 
A  to  the  angle  D  [Hyp.],  BC  is  equal  to  EF,  and  the  angle  ACB 
to  the  angle  F  (4.  1). 

Let  now  AC,  DF,  opposite  the  equal  angles,  ABC  and  E, 
be  supposed  equal,  then  is  AB  equal  to  DE. 

For  if  not,  let  one  of  them,  as  AB,  be  the  greater,  and  on 
AB  take  AH  equal  to  DE,  and  draw  CH. 

In  the  triangles  AHC,  DEF,  the  sides  AH,  AC  and  the 
angle  A,  are  severally  equal  to  the  sides  DE  DF  and  the  angle 
D  {Constr.  and  Hyp.],  therefore  the  angles  AHC  and  E  are 
equal  [4.  1] ;  but  the  angles  ABC  and  E  are  equal  [Hyp.], 
therefore  the  angles  AHC,  ABC,  being  each  equal  to  E,  are 
equal  to  each  other  [Ax.  1],  namely,  the  external  angle  AHC 
of   the  triangle   CHB    to  the  internal  remote    angle  ABC, 
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which  is  absurd  [16.  11 ;  therefore  AB,  DK  are  not  unequal; 
they  are  therefore  equal ;  whence;  AC  being  equal  to  DF,  and 
the  angle  A  to  the  angle  D  [Hyp.],  BC  is  equal  EF,  ^nd  the 
angle  ACB  to  the  angle  F  [4.  ij; 

Cor. — A  right  line  [CD J,  drawn  from  the  vertex  [C]  of  an 
isosceles  triangle  [ACB],  bisecting  the  base  [AB],  is  perpen- 
dicular to  it ;  and,  if  it  be  perpendicular  to  the  base,  it 
bisects  it 


Part  l,— Let  CD  bisect  AB,  it  is  per- 
pendicular to  it  ,  In  the  triangles  CAD, 
CBD,  the  sides  CD,  DA,  and  the  base 
CA;  are  severally  equal  16  CD,  DB  and 
the  base  CB  Hyp;],  therefore  the  angle 
CDA,  CDB  are  equal  [8.  1],  and  s6 
CD  perpendicular  to  AB  [Def.  20]. 


Part  2. — Let  CD  be  perpendicular  to  AB,  it  bisects  it  In 
the  triangles  ACD,  BCD,  the  angles  A  and  B  are  equal 
(5.  1),  as  are  also  the  angles  ADC,  BDC  [Hyp.  and  Def.  20], 
and  CD  opposite  the  equal  angles  A,  B  is  common,  therefore 
AD  is  equal  to  DB  (26.  1). 

Schol. — Only  two  equal  right  lines  (C A;  CB)  can  be  drawn 
from  the  same  point  (C)  to  any  right  line  (AB)  ;  since  any  two 
right  lines,  drawn  from  C  to  AB,  on  the  same  side  of  the  per- 
pendicular CD,  are  unequal  [Cor.  2.  19.  1].  And  these  equal 
right  lines  form  equal  angles  with  that  to  which  they  are  drawn 
(5:  1)  i  and  two  right  lines  (CA,  CB),  drawn  td  kny  right  line 
(AB),  from  a  point  (C)  without  it,  and  making  equal  angles 
(CABj  CBA)  with  it;  are  equal  (6.  1). 


PROP.  XXVIL  THEOR. 


Fjf  a  right  line  (EF)>  meeting  two  other  right  lines  (AB9  CD  J, 
make  the  alternate  angles  (AEF,  EFD)  equal  ;  the  right  limn 
(&B,  CD)  so  met,  we  parallel. 


% 
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For,  if  AB  and  CD  be  not  parallel,  they  may  be  so  produced, 
as  to  meet  either  towards  B,  D  or  A,  C  [Def.  34.1 ;  let  them,  if 
possible,  being  produced  towards  B,D,  meet,  as  in  6,  and  the  ex- 
ternal angle  AEF,  of  the  triangle  EFG,  is  greater  than  the  in* 
ternal  remote  one  EFG  (16. 1),  but  it  is  also  equal*  to  it  [Hyp.], 
which  is  absurd ;  therefore  AB,  CD  do  not  meet  towards  B,  D. 
In  like  manner  it  may  be  shewn,  that  they  do  not  meet  towards 
A,  C :  since  therefore  they  do  not  meet  towards  either  party 
they  are  parallel. 

PROP.  XXVIIL  THEOR. 

If  a  right  line  (EF),  cutting  two  other  right  lines  (AB9  CDJ9 
makenn  external  angle  (EGB),  equal  to  the  internal  remote  on 
the  same  side  CGHDJ,9  or  two  internals  onthe  same  side  (BGU9 
GHD  J  equal  to  two  right  angles  ;  the  right  tine*  (ABf  CD)  so 
chty  are  parallel. 


— D 


First — Let  EGB  be  equal  to  GHD ;  and  because  AGH  is  equal 
to  EGB  (15.  1),  AGH  is  equal  to  GHD  [Ax.  11,  and  they  are 
alternate  angles,  therefore  AB  and  CD  are  parallel  (27.  1). 

Let  now  the  angles  BGH,  GHD  be  equal  to  two  right  angles ; 
and  because  AGH,  BGH  are  also  equal  to  two  right  angles  (13.1;, 
tile  angles  BGH,  GHD,  together,  are  equal  to  AGH,  BGH  to- 
gether ;  take  away  from  each  the  common  angle  BGH,  and  the 
angle  AGH  is  equal  to  GHD,  and  they  are  alternate  angles, 
therefore  AB  and  CD  are  parallel  (27.  1). 
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PROP.  XXIX.  THEOR. 

A  right  line  (EF9  see  Jig.  to  the  preced.  prop.  J  9  cutting  two  paral- 
lel right  lines  (J&B9  CD  J,  makes  the  alternate  angles  equal, 
(AGE.  to  GHD,  and  BGH  to  GHC  J  ;  any  external  angle  (as 
EGB),  to  the  internal  remote  on  the  same  side  (QHDJ  ;  and 
any  two  interior  angles  on  tlie  same  side  (as  BQH,  GRD9 
together  equal  to  two  right  angles. 

First.— The  alternate  ajiglcs,  as  AGH,  GHD,  are  equal.  For  if 
not,  let  one  of  them,  as  AGH,  be  the  greater ;  and  the  angles 
AGH,  H6B  being  together  equal  to  two  right  angles  (13.  1 ),  or, 
which  is  equal  (13.  1.  and  Theor.  at  11.  1),  to  CHG,  GHD  ; 
taking  from  them  the  unequals  AGH,  GHD,  the  remainder  CHG 
is  greater  than  the  remainder  BGH  [Ax.  5]  ;  whence,  AGH  being 
greater  than  GHD  [Hyp.],  AGH,  GHC  together  are  greater  than 
BGH,  GHD  together,  therefore  AB,  CD  may  be  so  produced 
towards  the  part  B,  D,  as  to  meet  [Ax.  12],  which  is  absurd  [Hyp. 
and  Def.  34] ;  therefore  the  angles  AGH,  GHD  are  not  unequal, 
they  are  therefore  equal.  In  like  manner  the  angles  BGH, 
GHC  may  be  proved  equal. 

Secondly. — An  exterior  angle,  as  EGB,  is  equal  to  the  inte- 
rior remote  on  the  same  side  GHD.  For  the  angle  EGB  is  equal 
to  AGH  [15.  1].  and  AGH  is  equal  to  the  alternate  GHD 
[part  1.  of  this],  therefore  EGB  is  equal  to  GHD  [Ax.  1]. 

Thirdly. — Two  interior  angles  on  the  same  side,  as  BGH, 
GHD,  are  equal  to  two  right  angles.  For  the  alternate  angles' 
AGH,  GHD  are  equal  [part  1,  of  this],  adding  to  each  BGH, 
the  angles  BGH,  GHD  together,  are  equal  to  AGH,  BGH  to- 
gether [Ax.  2.],  but  AGHJ  BGH  together  are  equal  to  two 
right  angles  [13.  1],  therefore  BGH,  GHD  together  are  equal 
to  two  right  angles. 

Theorem. — If  a  right  line  [EF],  meeting  two  other  right  lines 
\  AB,  CD],  make  the  interior  angles  on  one  side  of  it  [BGH, 
GHD  less  than  two  right  angles ;  these  right  lines  may  be  so  pro- 
duced towards  the  part  [B,  D],  on  which  the  angles  are  less  than 
two  right  angles,  as  to  meet. 

For,  because  the  right  line  HG  falls  on  AB,  the  angles*  AGH, 
HGB  are  together  equal  to  two  right  angles  [13.  1]  $  for  the 
same  reason,  the  angles  CHG,  GHD  are  together  equal  to  two 


/ 
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right  angles ;  therefore  the  four  angles  AGH,  HGB,  CHG, 
GHD  are  together  equal  to  four  right  angles  ;  hut  the  angles 
BGH,  GHD  are  together  less  than  two,  right  angles  [Hyp. jt 
therefore  ths  angles  AGH,  GHC  are  together,  greater  than  two 
right  angles,  and  therefore  greater  than  the  angles  BGH,  GHD 
together,  'and  of  course  the  right  lines  AB,  CD  maybe  so  pro: 
duced  towards  the  part  B,  D,  as  to  meet  [Ajc.  12]. 

PROP.  XXX.  THEOR. 

Two   right  lines  (AB,  CD  J,  which  are  parallel  to  the  same  right 

tine  (EF),  are  parallel  to  each  other. 


A- 


Draw  the  right  lhfe  GHK,  cutting  AB  EF  a,nd  CD  in  G,  H 
3Uid  K.  And*  because  AB,  EF  are  parallel,  ai\4  GK  cuts  them, 
the  angle  AGH  is  equ^l  to  the  alternate  GIJE  [29.  1]  ;  and,  be- 
cause GK  cuts  the  parallels  EF,  CD,  the  angle  GHF  is  equal  to 
the  internal  remote  HKD  [29.  1[;  whence,  the  angles  AGH* 
HKD,  being  each  equal  to  GHF,  are  equal  to  each  other  [Ax.  1], 
and  therefore  AB  and  CD  are  parallel  [27.  1].  ' 

PROP.  XXXI.   THEOR. 

,  ..... 

lb  a  given  right  lene  (BC),  through  a  girven  point  (AJ  without 

it,  to  draw  a  parotid  right  line. 

To  any  point  I)  in  B  C,  join  AD, 
and  at  the  point  A,  with4 the  right    E  -^  — 

line  AD,  make  the  angle  DAE 
equal  to  ADC  [23.  1],  on  contra- 
ry sides  of  the  right  line  AD  ;  the    B  ______ 

light  line  EAF  is  parallel  to  BC.  ot 


^ 
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For  the  right  line  AD,  meeting  the  right  lines  EF,  BC,  makes 
the9  alternate  angles  EAD,  ADC  equal j  therefore  EF  is  paral- 
lel to  BC  [27.  1]. 


PROP.  XXXII.  THEOR. 


If  any  side  (BC)  of  a  triangle  (ABO)  be  produced,  the  exterior 
angle  (ACB)  is  equal  to  the  two  interior  remote  ones  (A  and 
B).  And  the  three  interim:  ^ngles  (A9  B  and  ACB),  of  every 
triangle  (ABC),  are  equpl  tq  two  right  tangles. 


Through  C  draw  CE  parallel  to  BA  [31.  1].  Because  AC 
meets  the  parallels  BA%  CE,  the  alternate  angles  ACE,  BAC 
are  equal  [29.  1] ;' and  because  BD  meets  the  same  parallels, 
the  external  angle  ECD  is  equal  to  the  interior  remote  on  the 
same  side  ABC  [29-  11;  therefore  the  angles  ACE,  ECD 
together,  or  the  angle  ACD,  i^s  equal  to  the  two  angles  A  and 
B  together  [Ax.  2]. 

To  each  of  these  equals  add  the  angle  ACB,  and  the  two 
angles  ACD  and  ACB  are  together  equal  to  the  three  angles 
A,  B  and  ACB  [Ax.  2] ;  but  the  angles  ACD  and  ACB  are 
together  equal  to  two  right  angles  [13.  lj,  therefore  the  angles 
A,  B  and  ACB  are  equal  to  two  right  angles. 

Cor.  1* — All  the  interior  angles  (ABC, 
?CD,  CDE,  DEA  and  EAB)  of  any  rec- 
tilineal figure  (ABCDE),  are  equal  to  twice 
as  many  right  angles*  except  four,  as  the 
figure  has  sides. 

Take  any  point  F  within  the  figure,  and 
dr*w  FA,  FB,  FC,  FD,  FE  ;  there  are 
formed  as  many  triangles  as  the  figure  has  sides,  all  the 
angles  of  which  are  equal  to  twice  as  many  right  angles  as  the 
figure  has  sides  [by  this  prop.] ;   but  of  these  all  the  angles. 
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about  the  point  F  are  equal  to  four  right  angles  [Cbr.  2.  15.  1]  ; 
therefore  the  remaining  angles,  which  constitute  the  interior 
angles  of  the  figure,  are  equal  to  twice  as  many  right  angles, 
Except  four,  as  the  figure  has  bides. 


/ 


Cor.  2. — All  the  exterior  angles,  of  any  rectilineal  figure 
(AC),  are  together  equal  to  four  right  angles. 

For  every  exterior,  as  ABD  and  its  adjacent  interior  ABC, 
are  together  equal  to  two  right  angles  [13.  1]  ;  therefore  all  the 
exterior  and  interior  angles  of  the  figure  are  together  equal  to 
twice  as  many  right  angles  as  the  figure  has  sides  ;  but  the  in- 
terior angles  are  equal  to  twice  as  many  right  angles,  except 
four,  as  the  figure  has  sides  [by  the  preceding  Cor.],  therefore 
the  exterior  angles  are  equal  to  these  four. 

Cor.  3. — If  from  the  vertex  (C,  see  fig.  1,  2  and  3),  of  an 
isosceles  triangle  (ABC),  a  'right  line  (CD)  be  drawn  without 
the  triangle,  equal  to  one  of  its  equal  sides  (AC  or  CB),  the 
angle  (ADB)  formed  at  its  other  extreme  (D),  by  right  lines 
(DA,  DB)  drawn  to  the  extremes  (A,  B)  of  the  base,  is  equal 
to  half  the  vertical  angle  (ACB). 


\ 


B      A. 


First,  let  one  of  the  right  lines,  drawn  from  D  to  the  ex- 

•  treraes  of  the  base,  pass  by  the  vertex  C,  as  in  fig.  1 ;  and, 

«nce  tfae  triangles  CBD  is  isosceles,  the  angles  CBD,  CDB 

are  equal  [5.  1],  whence,  the  external  angle  ACB  of  the  tri- 
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i 
angle  BCD,  being  equal  to  the  two  internal  remote  angles  CBD, 
CDB  [by  this  prop.],  is  double  to  ADD. 

Secondly,  let  the  point  C  be  within  the  triangle  ADB,  s»  in 
fig.  2.  Draw  DC,  which  produce  beyond  C,  aft  to  E  ;  and,  by 
case  1,  the  angle  ACE  is  equal  to  the  double  of  ADC,  and  BCE 
to  the  double  of  BDC,  and  therefore,  the  whole  ACB  to  the 
double  of  the  whole  ADB  [Ax.  2j. 

Thirdly,  let  the  point  C  be  without  the  triangle  ADB,  as  m 
fig.  3.  Draw  DC,  which  produce  beyond  C,  as  to  E ;  the  angle 
ECB  is  [by  case  1,]  equal  to  the  double  of  EDB,  and  ECA  to 
the  double  of  EDA;  therefore,  taking  the  latter  from  the  former, 
ACB  is  equal  so  the  double  of  ADB  [Ax.  3]. 

Cor.  4. — If  the  angle  (APB,  see  fig.  1.  2  and  3,]  formed  at 
any  point  (D),  above  the  base  (AB),  of  an  isosceles  triangle 
(ACB),  by  right  lines  (DA,  DB)  drawn  to  the  extremes  of  the 
base,  be  equal  to  half  the  vertical  angle  (ACB) ;  the  right  lino 
(CD),  joining  that  point  to  the  vertex  of  the  triangle,  is  equal 
to  one  of  the  equal  sides  of  the  triangle  (AC  or  CB). 

First,  let  CD  be  in  the  same  right  line  with  one  of  the  equal 
sides  AC,  as  in  fig.  1  above;  then,  since  ACB  is  equal  to 
CBD  and  CDB  [by  this  prop.],  and  CDB  equal  to  the  half  of 
ACB  [Hyp.],  CBD  is  also  the  half  of  ACB ;  therefore  the 
angles  CBD,  CDB  are  equal  [Ax.  7],  and  therefore  CD  is 
equal  to  CB  [6.  1]. 

Secondly,  let  the  angle  ACB  be  included  within  the  angle 
ADB,  as  in  fig.  2  above ;  CD  is  in  this  case  also  equal  to  CB  ; 
for,  if  not,  it  is  either  greater  or  less  than  it ;  let  CD,  if  pos- 
sible, be  greater  than  CB,  and  take  thereon  CF  equal  to  CB 
[3.  1],  and  join  FA,  FB  ;  the  angle  AFB  is  equal  to  half  the 
angle  ACB  [by  preceding  Cor.],  but  ADB  is  equal  to  half  the 
angle  ACB  [Hyp.],  therefore  the  angles  AFB,  ADB  are  equal 
[Ax.  7],  which  is  absurd  [2i.  l],  therefore  CD  is  not  greater 
than  CB ;  in  like  manner  it  may  be  shewn,  that  CD  is  not  less 
than  CB ;  it  is  therefore  equal  to  it. 

Thirdly,  let  C  be  without  the  triangle  ADB,  as  in  fig.  5 
above;  CD  is  in  this  case  also  equal  to  CB :  for,  if  not,  it  is 
either  greater  or  less  than  it;  and  first,  let  CD,  if  possible,  be 
greater  than  C13,  and  on  it  take  CF  equal  to  CB  ;  from  the  cen- 
tre C,  at  the  distance  CF,  describe  an  arch  of  a  circle  FG 
[Post  3],  which,  (because  CF  and  C  3  are  equal),  being  con- 
tinued, would  pass  through  B,  whence,  the  points  F,  B  of  the 
circumference,  being  on  contrary  sides  of  AD,  that  circumfe- 
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rence  must  meet  AD  between  these  points ;  let  it  meet  AD  in  G, 
and  join  FA,  CG,  GB ;  and  because  CG  is  equal  to  CB  [Def. 
10],  the  angle  AGB  is  half  of  ACB  [by  last  Cor.],  but  ADB 
is  also  half  of  ACB  [Hyp.],  therefore  the  angles  AGB,  ADB  are 
equal  (Ax.  7 /,  the  external  angle  AGB  of  the  triangle  GBD  to 
the  interna]  remote  GDB,  which  is  absurd  (16.  1);  therefore 
CD  is  not  greater  than  CB  :  Let  now  CD,  if  possible,  be  less 
than  CB,  and,  on  CD  produced,  take  CH  equal  to  CB ;  from  th6 
centre  C,  at  the  distance  Cti,  describe  an  arch  of  a  circle,  meet- 
ing AD  produced  in  K,  and  jtiito  KB ;  and  because  a  right  line 
joining  the  points  C,  K  is  equal  id  CH  (Def.  10);  or  its  equal 
(Constr.)  CB,  the  angle  AKB  is  half  the  angte  ACB  [by  preced. 
Cor.],  bujthe  angle  ADB  id  alsb  Half  of  ACB  (Hyp.);  thereforfe 
the  angles  ADB;  AKB  are  equal  (Ax.  7),  the  external  angle 
ADB  of  the  triangle  DDK  to  the  internal  remote  DKB,  which  ih 
absurd  (16. 1) ;  therefore  CD  id  not  less  than  CB ;  and  it  is  above 
shewn  not  to  be  greater  than  CB ;  since  therefore  CD  is  neither 
greater  nor  lesft  than  CB,  it  is  equal  to  it. 

PROP;  XXXIIL  PROS; 


Bight  lines  (AC,  BD [)  ,  joining  the  adjacent  extremes  of  equal  and 
parallel  right  lines  (AB9  CD)9  are  themselves  equal  and  par* 
aUd. 


Join  CB,  and  in  the  triangles  ABC,  BCD,  the  sides  AB; 
CD,  are  equal  [Hyp.];  BC  common,  and,  because  Ai>  and  CD 
are  parallel  [Hyp.],  the  alternate  angles  ABC,  BCD  are  equal 
[29.  1],  therefore  [by  4.  1,]  AC  is  equal  to  BD,  and  the  angle 
ACB  to  CBD  ;  but  these  are  alternate  angles,  formed  by  thfe 
right  line  BC  meeting  the  right  lines  AC,  J*D;  therefore  AC  and 
BD  are  parallel  [27.  1]. 
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PROP.  XXXIV.  THEOR. 

The  opposite  sides  (AB,  CD,  and  AC,  BD),  and  opposite  angles 
(A,  D,  and  ABD,  ACD  J,  of  a  parallelogram  (AD)*  are 
equal,  and  a  diagonal,  or  right  line,  joining  two  of  its  opposite 
angles  Cos  CBJ,  bisects  it. 


In  the  triangles  ABC,  BCD,  the  angles  ABC,  BCD  are 
equal,  as  also  the  angles  ACB,  CBD,  being  alternate  angles, 
formed  by  BC  meeting  the  parallels  AB,  CD,  and  AC,  BD 
[29.  1] ;  but  the  side  CB,  between  the  equal  angles,  is  common 
to  both  these  triangles,  therefore  AB  is  equal  to  CD,  AC  to 
BD,  and  the  angle  A  to  D  [26.  1] ;  and,  because  AB,  CD  are 
parallel,  the  angles  A  and  ACD  are  equal  to  two  right  angles 
£29.  1],  or,  which  is  equal  [29.  1  and  Theor.  at  11,  1],  to  th« 
angles  D  and  ABD  ;  taking  from  each,  the  equal  angles  A,  D, 
the  remaining  angles  ACD,  ABD  are  equal  [Ax.  3j. 

And,  since  AB,  BC  and  the  included  angle  ABC,  are  seve- 
rally equal  to  CD,  CB  and  the  included  angle  BCD,  the  tri- 
angles ABC.  BCD  are  equal  [4.  1J  ;  therefore  CB  bisects  the 
parallelogram  AD. 

Cor.  1.— If  one  angle  of  a  parallelogram  be  right,  the  rest 
are  right. 

For  either  adjacent  angle  is  right,  because  it  and  a  right 
angle  are  equal  to  two  right  angles  [29.  1];  and  the  opposite 
angles  are  right,  because  equal  to  these  right  angles  [by  this 
prop.] 

Cor.  2. — Two  parallelograms,  which  have  one  angle  of  one 
equal  to  one  angle  of  another,  are  mutually  equiangular. 

For  the  angles,  which  are  opposite  these  equal  angles,  are 
equal  to  them  L34.  1],  and  therefore  to  each  other  ;  and  the  an- 
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gles  which  are  adjacent  to  them,  because  with  them  they  are 
equal  to  two  right  angles  [29.  1],  are  also  equal. 

Cor.  3— Two  parallelograms,  which  are  mutually  equiangu- 
lar and  equilateral,  are  equal. 

^  For,  drawing  a  diagonal  in  each,  subtending  equal  angles, 
either  of  the  two  triangles  into  which  one  of  the  parrallel- 
ograms  is  divided,  is  equal  to  either  of  those  into  which  the  other 
is  divided  [4.  1],  therefore  the  parallelograms,  which  are  double 
to  these  triangles  [34.  1],  are  equal  [Ax.  6]. 

€or.  4. — Every  quadrilateral  figure  [ABDC],  whose  oppo- 
site sides  are  equal,  [AB  to  CD,  and  AC  to  BD,]  is  a  paralle- 
logram. 

Join  CB,  and,  in  the  triangles  ABC,  DCB,  the  sides  CA, 
AB  are  severally  equal  to  BD,  DC  [Hyp.],  and  BC  is  com- 
mon, therefore  the  angles  A,  D  are  equal  [8.  1]  $  whence  also, 
the  angle  ABC  is  equal  to  B€P,  and  ACB  to  CBD  [4.  1], 
therefore  AB  is  parallel  to  CD,  and  AC  to  BD  [27.  1],  and 
ABDC  is  a  parallelogram  [Def.  §5]. 

Cor.  5. — Every  quadrilateral  figure  [ABDC],  whose  oppo- 
site angles  are  equal,  [A  to  D,.  and  ABD  to  ACD,]  is  a  paral- 
lelogram. 

Because  the  angle  A  is  equal  to  D,  and  ABD  to  ACD  [Hyp.], 
the  four  angles  A,  ABD,  D  and  ACD  are  double  to  the  two 
angles  A  and  ABD  ;  but  the  four  angles  A,  ABD,  D  and  ACD, 
of  the  quadrilateral  figure  ABCD,  are  equal  to  four  right 
angles  [Cor.  1.  32.  l] ;  therefore  the  angles  A  and  ABD  are 
equal  to  two  right  angles,  and  therefore  AC  and  BD  are  paral- 
lel [28.  1].  In  Jike  manner  it  may  be  proved,  that  AB  and  CD 
are  parallel;  of  course  ABDC  is  a  parallelogram  [Def.  35]. 

Cor.  6.— Two  finite  right  lines  [AB,  AC],  meeting  in  an 
angle,  being  given,  to  make  a  parallelogram,  whereof  they  are 
sides. 

Through  B  draw  BD  parallel  to  AC,  and  through  C,  CD 
parallel  to  AB  [31.  1];  and,  having  joined  CB,  because  the 
two  angles  ABC,  ACB  of  the  triangle  ABC,  are  less  than 
two  right  angles  [17.  l],  the  two  angles  BCD,  CBD,  being 
alternates  to  them,  and  therefore  severally  equal  to  them  [29.  1J, 
are  also  less  than  two  right  angles ;  therefore  BD,  CD  may  be  so 
produced  as  to  meet  [Theor.  at  29.  1]  ;  let  them  meet,  as  in  D  ; 
the  quadrilateral  ABDC  is  a  parallelogram,  whereof  the  given 
right  lines  AB,  AC  are  sides  [Def.  35J. 
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Cor.  7. — To  divide  a  given  right  line  [AB],  into  any  requir- 
ed number  of  equal  parts. 


Draw  AH,  making  any  angle  whatever  with  AB,  and  take 
thereon  as  many  equal  parts  AC,  CD,  DE,  as  those  into  which 
AB  is  required  to  be  divided  [3.  1],  draw  EB,  and  parallel 
thereto  CF,  DG  [31.  1]  \  AB  is  divided  as  required  in  F 
and  G. 

For  CK,  DL,  being  drawn  parallel  to  AB,  are  parallel  to 
each  other  [30.  i] ;  and,  since  AH  meets  the  parallels  CK, 
DL,  the  angle  EDL  is  equal  to  the  internal  remote  qn  the  same 
side  DCK  [29.  1] ;  and,  since  AH  meets  the  parallels  DG, 
EB,  the  angle  CDK  is  equal  to  the  internal  remote  on  the  same 
side  DEL  [29.  l] ;  therefore,  in  the  triangles  CDK,  DEL, 
the  angles  DCK,  CDK  are  severally  equal  to  EDL,  DEL, 
and  the  sides  CD,  DE  between  the  equal  angles  are  equal 
[Constr.],  therefore  CK  is  equal  to  DL  [26.  1].  In  like  man- 
ner, AF  may  be  proved  equal  to  CK  ;  but,  because  of  the  pa- 
rallelogram CG,  the  right  line  FG,  is  equal  to  CK  [34.  l] ; 
whence  AF,  FG,  being  each  equal  to  CK,  arc  equal  to  each 
other  [Ax.  1].  In  like  manner  FG,  GB  may  be  proved  equal, 
and  so  the  parts  AF,  FG,  GB,  into  which  the  given  light  line 
is  divided,  are  equal. 


PROP.  XXXV.  THEOR. 

Parallelograms  (BB  and  BFJ9  on  the  same  base  (BC)>  and  be- 
tween the  same  parallels  (BCf  JiFJ,  are  equal. 

Produce  BC,  as  to  G.  The  exter- 
nal angle  DCG  is  equal  to  the  inter- 
nal remote  angle  ABC  [29.  1]  $  tak-  v 
ing  from  these  equals,  the  external 
FCG  and  internal  EBC,  which  are 
also  equal  [29.  1],  the  remainders 
DCF,    ABE  are    equal  [Ax.    3]; 
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whence  the  triangles  DCF,  ABE,  having  also  DC,,  CF,  seve-, 
rally  equal  to  AB>  BE  [34.  1],  are  equal  [4.%  1]  ;  but  the  tri- 
angle DCF  being  taken  from  the  quadrangle  ABCF,  the  remains 
the  parallelogram  BD  ;  and  the  triangle  ABE  being  taken  from 
the  same  quadrangle,  there  remains  the  parallelogram  BF; 
the  parallelograms  BD,  BF  are  therefore  equal  [Ax.  3]. 

Scholium.—  The  demonstration  is  evidently  the  same,  though 
the  point  E  should  coincide  with  D,  or  be  between  the  points  A 
and  D. 


[PROP.  XXXVI.  THEOR. 

Parallelograms  (BD9   FH)9  on  equal  bases  (BC9  FGJ,  and 
between  the  same  parallels  (BG,  AH)*  are  equal* 


Join  BE,  CH,  and  because  BC  is  equal  to  FG  [Hyp.],  and 
EH  to  FG  (34.  1),  BC  is  equal  to  EH  (Ax.  1) ;  and  BC,  EH 
are  parallel  [Hyp.],  therefore  BE,  CH,  which  join  them,  are 
parallel  (33.  1),  and  BH  is  a  parallelogram  (Def.  35),  and  is 
equal  to  the  parallelogram  BD,  being  on  the  same  base  BC, 
and  between  the  same  parallels  BC,  AH  (35.  1);  and  the  paral- 
lelogram BH  is  also  equal  to  FH,  being  on  the  same  base  EH, 
and  between  the  same  parallels  BG,  EH  (35.  1);  whence,  the 
parallelograms  BD  and  FH,  being  each  equal  to  the  parallelo- 
gram BH,  are  equal  to  each  other. 


PROP.  XXXVII.  THEOR. 

Triangles  (JIBC,  DBCJ,  on  the  same  base  CBC)9  and  between 
the  same  parallels  (BC.  JIDJ,  are  equal* 
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Through  B,  draw  BE  parallel  to  CD, 
and  through  C,  CF  parallel  to  BA  [31.  1];    E        ^  *» 
meeting  AD  produced  in  E  and  F  ;  the  pa- 
rallelograms EC,  BF  are  equal,  being  on 
the  same  base  BC,  and  between  the  same 

parallels  BC,  EF  [35.  1] ;  but  the  trian-         

gles  DBC,  ABC   are  the  halves  of  these      B  C 

parallelograms,   because  the  diagonals  BD,   AC  bisect  them 
[34.  l] ;  therefore  these  triangles  arc  equal  [Ax.  7]. 

•  PROP.  XXXVIII.  THEOR. 

Triangles  (ABC,  DEF),  on  equal  bases  (BC,  EF),  and  be- 
tipeen  the  same  parallels  (BF,  AD  J,  arc  equal* 


Through  B,  draw  BG  parallel  to  CA,  and  through  F,  FH 
parallel  to  ED  [31.  1],  meeting  AD  produced  in  G  and  H  ;  the, 
parallelograms  GC,  EH  are  equal,  being  on  equal  bases  13 C, 
EF,  and  between  the  same  parallels  BF,  GH,  [36.  1]  ;  whence, 
the  triangles  ABC,  DEF,  being  the  halves  of  these  parallelo- 
grams [34.  I],  are  also  equal  [Ax.  7]. 


PROP.  XXXIX.  THEOR. 

Equal  triangles  (ABC,  DBC  J,  on  the  same  base  (BC),  and  on 
the  same  side  of  it,  are  between  the  same  parallels. 

Join  AD,  which  is  parallel  to  BC  ;  for,   A 
if  not,  through  A,  draw  AE  parallel   to 
BC  [31.  IT,  meeting  either  side  BD  of  the 
triangle  BDC,  in  a  point  E,  different  from 
the  vertex,  and  join  EC.  .        Jtf 
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The  triangles  ABC,  EBC,  being  on  the  same  base  BC,  and 
between  the  same  parallels  BC,  AE,  are  equal  [37.  l]  ;  but 
the  triangle  DBC  is  equal  to  ABC  [Hyp.]  ;  therefore  the  tri- 
angles EBC,  DBC  are  equal  [Ax.  l]9  part  and  whole,  which 
is  absurd ;  therefore  AE  is  not  parallel  to  BC.  In  like  man- 
ner it  may  be  shewn,  that  no  other  right  line  drawn  through  A, 
except  AD,  is  parallel  to  BC  ;  therefore  AD  is  parallel  to  BC. 


PROP.  XL.  THEOR. 

Equal  triangles  (ABC,  DEF  J,  on  equal  bases  in  the  same  right 
line  (BC,  EFJ,  and  tora^ards  the  same  part,  are  between  the 
same  parallels. 


Join  AD  which  is  parallel  to  BF ;  for,  if  not,  through  A, 
draw  AG  parallel  to  BF  [31.  l],  cutting  either  side  DE  of  the 
triangle  DEF,  in  a  point  G  different  from  the  vertex,  and 
join  GF. 

The  triangles  ABC,  GEF,  being  on  equal  bases  BC,  EF, 
and  between  the  same  parallels  BF,  AG,  are  equal  [38.  1] ; 
but  the  triangle  DEF  is  equal  to  ABC  [Hyp.]  $  therefore  the 
triangles  DEF,  GEF  are  equal  [Ax.  1],  whole  and  part, 
which  is  absurd ;  therefore  AG  is  not  parallel  to  BF.  In  like 
manner  it  may  be  shewn,  that  no  other  right  line  drawn 
through  A,  except  AD,  is  parallel  to  BF ;  therefore  AD  is  pa- 
rallel to  BF. 


PROP.  XLI.  THEOR. 

Jf  a  parallelogram  (BDJ,  and  triangle  (BECJ,  be  on  the  same 
base  (BC),  and  between  the  same  parallels  (BC,  JIE),  Vie 
parallelogram  is  double  to  the  triangle. 


» 
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Join  CA.       The   triangle  BEC    is 
equal  to  BAC,   being  on  the  same  base 

BC,  and  between  the  same  parallels  BC, 
AEf    [37.    1] ;     but  the    parallelogram 

BD,  being  bisected  by  the  diagonal  AC 
[34.    1],    is  double  the  triangle  BAC;     W 
therefore  the  parallelogram  BD  is    also  double  the  triangle 
BEC.  s 


PROP.  XL1I.  PROB. 

To  constitute  a  parallelogram,  equal  to  a  given  triangle  (ABC), 
and  liaving  an  angle,  equal  to  a  given  reciilitieal  angle  (B). 


Through  A,  draw  AG  parallel  to  BC  [31.  1],  bisect  BC  in 
E  (10.  1),  and  at  the  point  E,  with  the  right  line  EC,  make 
the  angle  CEF  equal  to  the  given  angle  D  (23.  1 ) ;  through  C, 
draw  CG  parallel  to  EF  (SI.  1),  meeting  AG  in  G,  and  join 
AE  ;  ECGF  te  a  parallelogram  (Def.  35),  and  double  the  tri- 
angleAEC  (41.  1);  and  since  the  triangles  ABE,  AEC  are 
equal,  being  on  equal  bases  BE.  EC,  and  between  the  same 
parallels  BC,  AG  (38.  1),  the  triangle  ABC  is  double  the  tri- 
angle AEC  ;  whence,  the  parallelogram  EG  and  triangle  ABC, 
being  each  of  them  double  the  triangle  AEC,  are  equal  (Ax.  6) ; 
and  one  angle  FEC  of  the  parallelogram  is  equal  to  the  given 
angle  D  (Constr.).  There  is  therefore  constituted  a  parallelo- 
gram EG,  equal  to  the  given  triangle  ABC,  and  having  an 
angle  FEC,  equal  to  the  given  angle  D,  as  was  required. 

PROP.  XLIII.    THEOR. 

In  any  parallelogram  (BB)9  the  complements  (BK,  KB),  vf 
the  parallelograms  (EH,  GF),  which  are  about  the  diagonal 
(AC),  are  equal. 
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The  parallelograms  EH,  GF,  about 
the  diagonal  AC,  are  formed,  by 
drawing  through  any  point  K  of  that 
diagonal,  the  right  lines  EF,  HG 
parallel  to  BC,  AB;  and  BK,  ED 
are  their  complements  to  the  whole, 
which  are  equal. 

For,  because  AC  bisects  the  parallelogram  BD  (34.  1),  the 
triangles  ABC,  ADC  are  equal ;  and,  because  the  same  diago- 
nal bisects  the  parallelograms  EH,  GF  (34.  1),  the  triangles 
AEK,  KGC  are  severally  equal  to  the  triangles  AHK,  RFC ; 
therefore  the  triangles  AEK,  KGC  together,  are  equal  to  AHK, 
KFC  together  (Ax.  2),  which  being  taken  from  the  equal  tri- 
angles ABC,  ADC,  the  remaining  complements  BK,  KD  are 
equal  (Ax.  3). 


PROP.    XLIV.  PROB. 


To  a  given  right  line  (AB),  to  apply  a  parallelogram,  equal  to  a 
given  triangle  fCJ9  and  liaving  an  angle,  equal  to  a  given 
rectilineal  angle  (DJ. 


Make  the  parallelogram  EFGH  equal  to  C,  having  an  angle 
EFG  equal  to  D  (42.  1);  in  EF  produced,  take  Fl  equal  to 
AB  {3.  1),  complete  the  parallelogram  GI  (Cor.  6.  34.  1),  and 
join  FK  ;  because  the  angle  FGK  is  equal  to  the  internal  remote 
Angle  EHG  (29.  1),  and  the  angles  FGK,  FKG  are  together 
less  than  two*  right  angles  (17.  1),  the  angles  EHK,  FKH 
are  also  together  less  than  two  right  angles,  therefore  HE,  KF 
may  be  so  produced  towards  E,  F,  as  to  meet  (Theor.  at  29. 
1);  let  them,  being  produced,  meet,  as  in  1j,  and  through  L, 
draw  LN  parallel  to  EI,  meeting  GF,  KI  produced  in  M  and 
N;  make  the  angle  BAO  equal  to  1FM  (23.  1),  AO  to  FM,  and 
complete  the  parallelogram  AOPB  (Cor.  6.  3  4.  1) 
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In  the  parallelogram  HN,  the  complements  HF,  FN  are 
equal  (43. 1),  but  the  parallelogram  HF  is  equal  to  C  (Constr.  j, 
therefore  the  parallelogram  FN  is  equal  to  C  (Ax.  1) ;  and  the 
parallelogram  AP  is  equahto  FN  (Cor.  3.  34.  1),  therefore 
the  parallelogram  AP  is  also  equal  to  C  (Ax.  1),  and  it  is  ap- 
plied to  the  given  right  line  AB,  having  an  angle  A,  equal  to 
the  angle  MFI  (Constr.),  and  therefore  [15.  1],  to  EFG,  and 
therefore  [Constr.]*  to  D. 

PROP.  XLV.  PROB. 

To  make  a  parallelogram,  equal  to  a  given  right-lined  jigure 
(JkBCD)9  and  having  an  angle,  equal  to  a  given  rectilineal 
angle  (E). 


a  id 


Join  AC,  and  make  the  parallelogram  JLG,  equal  to  the  tri- 
angle ACD,  having  the  angle  K,  equal  to  the  angle  £  (42.  1) ; 
and  to  the  right  line  GH,  apply  the  parallelogram  GM,  equal 
to  the  triangle  ABC,  having  the  angle  GHM  equal  to  E  (44.  1); 
the  angles  GHM  and  K,  being  each  equal  to  the  angle  E 
(Constr.),  are  equal  to  each  other,  adding  to  each  the  angle 
GHK,  the  angles  GHM,  GHR  together,  are  equal  to  K  and  GHK 
together  (Ax.  2) ;  but  the  angles  K'and  GHR  together,  are 
equal  to  two  right  angles  (29.  1),  therefore  the  angles  GHM, 
GHK  together,  are  equal  to  two  right  angles,  and  therefore  the 
right  lines  KH,  HM  make  one  right  line  (14.  1);  and,  since 
the  angles  HGF,  HGL  are  severally  equal  to  their  alternate 
angles  GHM,  GHK  (29.  1),  the  angles  HGF,  HGL  together, 
are  also  equal  to  two  right  angles,  and  therefore  the  right  lines 
FG,  GL  make  one  right  line  (14.  1) ;  and  FK  and  LM,  being 
each  of  them  parallel  to  GH,  are  parallel  to  each  other  (30.  1) ; 
and  FL  is  parallel  to  KM ;  therefore  FM  is  a  parallelogram, 
equal  to  the  given  right-lined  figure  ABCD  (Constr.  and  Ax. 
2),  and  having  an  angle  K  equal  to  E  (Constr.) 

8 
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Cor. — Hence  it  appears,  how  there  may  be  applied,  to  a  given 
right  line  FK,  a  parallelogram,  equal  to  a  given  rectilineal 
figure  ABCD,  and  having  an  angle,  equal  to  a  given  rectilineal 
oneE;  namely,  by  applying  to  FK,  a  parallelogram,  equal  to 
the  triangle  ACD,  having  an  angle,  equal  to  the  given  one 
(44.  1),  and  then  proceeding,  as  in  this  proposition. 

PROP.  XLVI.  PROB. 

On  a  given  right  line  (AB)9  to  constitute  a  square. 

From  the  point  A,  draw  AC  at  right 
angles  to  AB  (11.  1)>  on  which  take  AD 
equal  to  AB  (3*  1)>  and  complete  the  paral- 
lelogram AE  (Cor.  6.  34.  1).  Because 
AB,  AD  are  equal  (Constr.),  and  the  sides 
DE,  EB  opposite  to  them,  severally  equal  to 
AB,  AD  (34.  1),  the  four  sides  AB,  AD, 
DE,  EB  are  equal  to  each  other,  and  the  parallelogram  AE  is 
equilateral :  it  is  also  right  angled,  for  the  angle  A  being  right 
(Constr.),  its  other  angles  are  right  (Cor.  1.  34.  1));  therefore 
ABED  is  a  square  (Def.  36),  and  is  constituted  on  the  given 
right  line  AB. 


D 

C   H 

£ 

K 

A  IBK  F 

Cor.  1.— Equal  squares  (ABCD,  EFGH),  have  equal  sides, 
(asAB,  EF). 

For  if  AB  and  EF  be  not  equal,  let  one  of  them,  as  AB,  hi 
the  greater,  and  take  thereon  AI  equal  to  EF,  on  which 
make  the  square  AIKL  (by  this  prop.)  $  and  because  AI,  AL 
are  equal  (Constr.  and  Def.  36),  as  also  AB  and  AD  (Hyp.  and 
Def.  36),  and  AI  is  less  than  AB,  AL  is  less  than  AD,  and  the 
square  AIKL  contained  within  the  square  ABCD;  but  the 
squares  AIKL,  EFGH,  having  equal  sides,  are  equal  (Cor.  S. 
34.  1),  and  the  squares  ABCD,  EFGH  are  also  equal  (Hyp,) 
whence,  the  squares  AIKL  and  ABCD,  being  each  equal  to 
EFGH,  are  equal  to  each  other  (Ax.  1),  part  and  whole,  which 
is  absurd  (Ax.  9) ;  therefore  AB  is  not  greater  than  EF.  In 
like  manner,  it  may  be  shewn,  that  AB  is  not  less  than  EF. 
Therefore  AB,  being  neither  greater  nor  less  than  EF,  is  equal 
to  it. 


J.-.       .  W_J 


*00K  I. 


OF  GEOMETRY* 


55 


Cor.  2.— Parallelograms  (CK,  HF), 
about  a  diagonal  (DB)  of  a  square  (AE), 
are  squares. 

Because  all  the  angles  of  the  triangle 
ABD  are  equal  to  two  right  angles  (32. 1), 
and  the  angle  A  a  right  angle  (Hyp.  and 
Def.  36),  the  angles  ABD,  ADB  are  to- 
gether equal  to  a  right  angle,  and  being, 
because  of  the  equal  sides  AB,  AD,  equal 
to  each  other  (5.  1),  either  of  them,  as  ABD,  is  half  a  right 
angle;  and,  in  the  triangle  CBG,  the  angle  BCG  is  equal  to 
the  internal  remote  on  the  same  side  A  (29.  1),  and  therefore  a 
right  angle,  and  CBG  has  been  shewn  to  be  half  a  right  angle, 
therefore  CGB  is  also  half  a  right  angle ;  whence,  the  angles 
CBG,  CGB  being  equal,  CB  is  equal  to  CG  (6.  1);  and,  in  the 
parallelogram  CK,  the  sides  opposite  to  these  are  severally 
equal  to  them  (34.  1)  $  therefore  the  parallelogram  CK  is  equi- 
lateral ;  and  because  its  angle  at  B  is  right  (Hyp.  and  Def.  36), 
right  angled  (Cor.  1.  34.  1);  it  is  therefore  a  square  (6ef.  36). 
In  like  manner  it  may  be  demonstrated,  that  HF  is  a  square.    * 


PROP.  XLVII.  THEOR. 


In  every  right  angled  triangle  (ABC),  the  square  of  the  side 
(BCJ9  opposite  the  right  angle  (BACJ,  is  equal  to  the  squares 
of  the  otlwr  sides  (ABand  AC  J. 

On  the  sides  BC,  BA,   AC,   describe 
the  squares  BE,  FA,  AK  (46.  1),  through 
A,  draw  AL  parallel  to  BD  or  CE  (31.  1),  F 
and  join  AD,  FC. 

Because  the  angles  BAC,    BAG  are 
light  angles  (Hyp.    and  Def.    36),    and 
therefore  together  equal  to  two  right  an- 
gles, the  right  lines  GA,  AC  make  one 
right  line  (14,  1) ;  and  because  the  angles 
FBA,  DBC,  being  each  of  them  right  an- 
gles (Def.  36),  are  equal  (Theor.  at  11. 1), 
adding  to  each  the  angle  ABC,  the  angles  FBC,  ABD  are 
equal  (Ax.  2),  arid  the  sides  FB,  BC  are  severally  equal  to  the 
sides  AB,  BD  (Def.  36),  therefore  the  triangles  FBC,  ABD 
are  equal  (4.  I);  but  the  parallelogram  FA  is  double  the  tri- 
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angle  FBC,  being  on  the  same  base  FB,  and  between  the  same 
parallels  FB,  GC  (41.  1);  and  the  parallelogram  BL  is  double 
the  triangle  ABD,  being  on  the  same  base  BD,  and  between 
the  same  parallels  BD,  AL  (41.  1);  whence,  the  parallelo- 
grams FA,  BL,  being  double  the  equal  triangles  FBC,  ABD, 
are  equal  (Ax.  6).  In  like  manner,  joining  BK,  AE,  the  pa- 
rallelograms AK,  CL  may  be  proved  equal;  therefore  the 
square  BE  of  BC  is  equal  to  the  squares  FA,  AK  of  the  other 
sides  AB,  AC  (Ax.  2). 

Cor.  1. — Any  number  of  squares  being  given,   to  find  one 
equal  to  them  all. 

Let  the  right  lines  A,  B  and  C 
be  sides  of  the  given  squares ;  draw 
the  right  line  DE,  and,  perpendi- 
cular thereto,  from  any  point  D 
therein,  DF  (11.  1);  on  DE,  take 
DG  equal  to  A,  and  on  DF,  DH 
equal  to  B  (3.  1) ;  join  HG,  and  on 

DE,  take  DI  equal  to  HG,  and  on 

DF,  DK  equal  to  C  (3.  1);  join  KI,  the  square  of  which  is 
equal  to  the  squares  of  A,  B  and  C  ;  for  it  is  equal  to  the  squares 
of  Dl,  DK  (47.  1),  and  the  square  of  DI,  or  its  equal  HG,  is 
equal  to  the  squares  of  DG,  DH  (47.  I);  therefore  the  square 
of  KI  is  equal  to  the  squares  of  DG,  DH  and  DK,  or  of  their 
equals  A,  B  and  C. 


Cor.  2.~Two  unequal  right  lines  (AB  and  C)  being  given,  to 
find  a  right  line,  whose  square  is  equal  to  the  excess  of  the 
square  of  the  greater  (AB),  above  that  of  the  less  (C). 

From  the  centre  B,  at  the  distance  BA,  describe  the  semicir- 
cle AFD  (Post.  3),  meeting  AB  produced  in  D ;  BD  and  BA 
are  equal  (Def.  10),  and  therefore  BD  greater  than  C ;  on  BD 
take  BE  eqiul  to  C  (3.  1),  and  from  the  point  E,  draw  EF  per- 
pendicular to  BD  (11.  1),  meeting  the  arch  AFD  in  F ;  EF  is 
the  right  line  required. 
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Join  BF.  The  square  of  BF,  or  of  its  equal  B  A,  is  equal 
to  the  squares  of  BE  and  EF  (47.  1),  therefore  the  square  o£ 
EF  is  equal  to  the  excess  of  the  square  of  AB  above  that  of  BE 
or  C. 


PROP.  XLVIII.  THEOR. 

If  the  square  of  one  side  (BC)9  of  a  triangle  (ABC),  be  equal 
to  ihe  squares  of  the  other  two  sides  (AB9  AC)  ;  the  angle 
(BAC)  contained  by  these  two  sides9  is  a  right  angle. 


From  the  point  A,  draw  AD,  perpendicular  to  one  of  the 
sides  AC  containing  the  right  angle,  and  equal  to  the  other 

AB,  and  join  DC. 

„  Because  DA  is  equal  to  AB,  the  square  of  DA  is  equal  to  the 
square  of  AB  (Cor.    3.  34.  1),  adding  to  each  the  square  of 

AC,  the  squares  of  AD  and  AC  are  equal  to  the  squares  of  BA 
and  AC;  but  the  square  of  DC  is  equal  to  the  squares  of  DA 
and  AC  (47.  1),  and  the  square  of  BC  is  equal  to  the  squares  of 
BA  and  AC  (Hyp.),  therefore  the  squares  of  DC  and  BC  are 
equal,  and  therefore  the  right  line  DC  is  equal  to  BC  (Cor.  1. 
46.  1) ;  whence,  the  right  lines  DA,  AC  being  severally  equal 
to  BA,  AC,  the  angles  DAC,  BAC  are  equal  (8.  1) ;  but  the 
angle  DAC  is  a  right  angle  (Constr.),  therefore  the  angle  BAC 
is  a  right  angle. 
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DEFINITIONS. 


1.  A  Rectangle,  is  aright  angled  parallelogram,  (as  ABCD,) 
and  is  said  to  be  contained  under  any  two  of  the  right  line* 
(AB,  AD),  which  make  one  of  its  right  angles. 


The  rectangle  under  two  right  lines,  is  that  contained  by 
these  right  lines,  or  by  right  lines  equal  to  them,  which  is  equal 
by  Cor.  3.  34.  1. 

Whe»  a  rectangle  is  denoted  by  three  letters,  the  middle  one 
is  an  extreme  of  both  the  right  lines  containing  it,  the  other  two 
letters  being  at  the  other  extremes  of  these  right  lines ;  thus, 
the  rectangle .  DAB,  denotes  the  rectangle  contained  by  the 
right  lines  DA,  AB. 

2.  In  any  parallelogram,  either  of  the  parallelograms  (HG 
or  EK),  which  are  about  a  diagonal,  together  with  the  two 
complements  (AF  and  FC),  is  called  a  Gnomon. 

A  gnomon  is  generally  denoted  by  three  letters,  which  are  at 
the  opposite  angles  of  the  parallelograms  which  make  the  gno- 
mon ;  thus,  the  gnomon,  made  by  the  parallelogram  EK  with 
the  complements,  is  denoted  by  the  leters  AKG  or  HEC. 
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PROPOSITION  I.  THEOREM. 

If  there  be  two  right  lines  {A  and  BC)9  whereof  one  (BC)  is 
divided  into  any  number  of  parts  (BD9  DE9  EC) ;  the  rectan- 
gle under  these  right  lines9  is  equal  to  the  rectangles  wider  the 
undivided  line  (J),  and  all  the  parts  of  the  divided  one  {BD, 
BE  and  EC). 


From  B#  draw  BF  perpendicular  to  BC  (11.  1),  on  whick 
take  BG  equal  to  A  (3.  1),  through  G,  draw  Gil  parallel  to 
BC,  and  through  D,  E,  C,  draw  DK,  EL,  CH  parallel  to  BG 
(31.  1),  meeting  GH  in  K,  L,  H. 

The  rectangle  BH  is  equal  to  all  its  parts  the  rectangles  BK, 
DL,  EH  (Cor.  Ax.  8),  but,  because  BG  is  equal  to  A  (Constr.), 
the  rectangle  BH  is  equal  to  the  rectangle  under  BC  and  A 
(Cor.  S.  34.  1),  and  because  BG  is  equal  to  A  (Constr.),  and 
DK,  EL  each  equal  to  BG  (34.  1),  and  therefore  to  A  (Constr. 
and  Ax.  1),  the  parallelograms  BK,  DL,  EH  are  equal  to  those 
under  BD  and  A,  DE  apd  A,  and  EC  and  A.  «, 

PROP.  II.  THEOR. 

If  a  right  line  (AB)9  be  divided  into  any  two  parts  {AC,  CB); 
the  square  of  the  whole  (AB)9  is  equal  to  the  rectangles {BAC9 
ABC)9  under  ilie  whole  (AB)9  and  each  of  the  parts  (AC9  CB) 

On  AB  describe  the  square  AE  (46.  1), 
and  through  C,  draw  CF  parallel  to 
AD  [31.  1]. 

The  square  AE  of  AB,  is  equal  to  the 
rectangles  AF,   CE   [Cor.  Ax.   8];    but 
the  rectangle  AF  is  equal  to  the  rectan- 
gle under  AB,  AC,  because  AD  is  equal         _____ 
to  AB  ;  and  the  rectangle  CE  is  equal  to       s 
the  rectangle  under  AB,  CB,  because  BE  is  equal  to  AB. 
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Otherwise. 
• 
Tajte  the  right  line  Z  equal  to  AB  [3.  1].  The  rectangle 
under  Z  and  AB,  or,  which  is  equal  [Cor.  3.  34.  1],  the 
square  of  AB,  is  equal  to  the  rectangles  under  Z  and  AC,  and 
under  Z  and  CB  [1.  2];  or,  which  is  equal  [Cor.  3.  34,  1], 
to  the  rectangles  under  AB,  AC,  and  under  AB,  CB. 


PROP.  III.  THEOR* 

If  a  right  line  (AC),  be  divided  into  any  two  parts  (&B,  BC)  ; 
the  rectangle  (CAB J,  under  the  whole  (AC),  and  one  of  the 
parts  (AB)9  is  equal  to  the  rectangle  (ABC)  under  the  parts, 
with  the  square  of  the  first  mentioned  part  (AB). 


E       IF 


On  AB  describe  the  square  AE  [46.  1],  and  through  C  draw 
CF  parallel  to  BE,  meeting  DE  produced  in  F. 

The  rectangle  AF,  is  equal  to  the  square  AE,  with  the  rect- 
angle BF  i  but  AF  is  the  rectangle  under  AC,  AB,  because 
AD  is  equal  to  AB  [Constr.  and  Def.  36.  1],  AE  is  the  square 
of  AB  (Constr.),  and  BF  is  the  rectangle  under  AB,  BC,  be- 
cause BE  is  equal  to  AB. 

Otherwise. 

Take  Z  equal  to  AB  [3.  1].  The  rectangle  under  Z  and 
AC,  is  equal  to  the  rectangles  under  Z  and  AB,  and  under  Z 
and  BC  [l.  2];  but,  because  Z  is  equal  to  AB  [Constr.],  the 
rectangle  under  Z  and  AC,  is  the  rectangle  CAB,  the  rect- 
angle under  Z  and  AB,  the  square  of  AB,  and  the  rectangle 
under  Z  and  BC,  the  rectangle  ABC. 
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Scholium.— This  proposition  and  the  preceding,  may  be  vir- 
tually comprised  in  one,  namely, 

The  square  of  the  greater,  of  two  unequal  right  lines,  is  greater 
than  the  rectangle  under  the  greater  and  their  difference,  and  the 
square  of  either  of  two  right  lines,  is  less  than  the  rectangle  under 
it  and  their  sum,  by  the  rectangle  under  the  same  right  lines;  as  is 
manifest,  by  supposing,  in  both  these  propositions,  the.  right 
lines  to  be  AB,  BC. 


PROP.  IV.  THEOR. 

If  a  right  line  (AB),  be  cut  into  any  two  parts  (AC,  CB),  the 
square  of  the  whole  (AB),  is  equal  to  the  squares  of  the  parts 
(AC,  CB),  with  double  the  rectangle  (ACS J  under  the  parts* 


On  AB  describe  the  square  ABED  [46.  1],  draw  BD,  through 
C,  draw  CF  parallel  to  AD,  meeting  BD  in  G,  and  through  G, 
draw  HK  parallel  to  AB. 

The  square  AE,  is  equal  to  CK,  HF,  with  the  rectangles 

AG,  GE. 

ButCK  is  the  square  of  CB  [Constr.  an#Cor.  2.  46.  1]; 
and,  because  HG  is  equal  to  AC  [34.  1],  HF  is  the  square  of 
AC  [Constr.  and  Cor.  2.  46.  1] ;  and  AG  is  the  rectangle  under 
the  parts  AC,  CB,  because  CG  is  equal  to  CB  [Def.  36.  1] ; 
whence*  the  complements  AG,  GE  being  equal  [43.  1],  GE  is 
also  the  rectangle  under  AC,  CB. 

Otherwise. 

The  square  of  AB  is  equal  to  the  rectangles  BAC  and  ABC 
[2.  2]  ;  but  the  rectangle  BAC  is  equal  to  the  rectangle  ACB 
with  the  square  of  AC  [3.  2],  and  the  rectangle  ABC  is  equal 
to  the  rectangle  ACB,  with  the  square  of  CB  [3.  2],  therefore 
Ihe  square  of  AB,  which  is  equal  to  the  rectangles  BAC  and 
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ABC,  is  equal  to  the  squares  of  AC  and  CB,  with  double  the 
rectangle  ACB. 

Cor. — The  square  of  a  right  line,  i&  four-fold  the  square  of  its 
half 

For,  a  right  line  being  bisected,  the  rectangle  under  the  ptfrtd, 
is  equal  to  the  square  of  the  half  line* 


PROP.  V.  THEOR. 

If  a  right  line  (AB),  be  divided  into  two  equal  parts  (AC,  CB), 
and  two  unequal  paits  (AB,  DB)  ;  the  rectangle  under  the  \ 
unequal  parts  (JIB,  BB),  with  the  square  of  the  intermediate 
part,  or  part  between  the  points  of  section  (CB),  is  equal  to  the 
square  oj  the  half  line  (CB). 


On  CB,  describe  the  square  CBFE  [46.  ll,  draw  BE,  and 
through  D,  DG  parallel  to  BF,  meeting  BE  in  H  ;  through  II 
draw  KLM  parallel  to  AB,  which  let  a  right  line,  drawn  • 
through  A,  parallel  to  CE,  meet  in  K. 

Because  AC,  CB  are  equal  [Hyp.],  the  rectangles  AL,  CM 
are  equal  [36.  11 ;  and  the  rectangles  CH,  HF,  being  comple-  ■ 
ments,  are  equal  [43.  1]  ;  therefore  the  rectangle  AH  is  equal 
to  the  gnomon  CMG  [Ax.  2] ;  adding  to  each  the  square  LG, 
the  rectangle  AH,  with  the  square  LG,  is  equal  to  the  square  . 
CF ;  but  the  rectangle  AH  is  the  rectangle  under  AD,  DB, 
because  DH  is  equal  to  DB  [Cor.  2.  46.  1.  and  Def.  36.  I], 
LG  is  the  square  of  LH  [Cor.  2.  46.  1],  or  its  equal  [34.  1] 
CD,  and  CF  is  the  square  of  CB. 

Otherwise. 


The  rectangle  ADB  is  equal  to  the  rectangles  under  AC,  DB 
and  under  CD,  DB  [l  .2]  ;  but  the  rectangle  under  AC,  DB  is, 
because  of  the  equals  AC,  CB,  equal  to  the  rectangle  CBD, 
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or,  which  is  equal  [3.  2],  to  the  rectangle  CDB,  with  the 
square  of  DB  ;  therefore  the  rectangle  ADB  is  equal  to  double 
the  rectangle  CDB,  with  the  square  of  DB ;  adding  to  each 
the  square  of  CD,  the  rectangle  under  AD,  DB  with  the'square 
of  CD  is  equal  to  double  the  rectangle  CDB  with  the  squares 
of  CD,  DB,  or,  which  is  equal  [4.  2],  to  the  square  of  CB. 

Car.  1. — Hence,  the  rectangle  under  the  parts  of  any  right 
line  divided  into  two  parts,  is  greatest,  when  the  right  line  is 
bisected,  as  in  C  ;  and,  the  nearer  the  point  of  division  is  to  the 
middle  of  the  line,  the  greater  the  rectangle ;  the  difference 
between  it  and  the  square  of  the  half  line,  being  [by  this  prop*] 
the  square  of  the  intermediate  part  CD. 

Cm.  2. — If  from  the  extremes  [A,  B],  of  any  right  line  [AB], 
equal  parts  [AE,  DB]  be  taken,  and  any  point  [F]  be  taken 
between  them  ;  the  rectangle  [AFB],  under  the  segments  [AF, 
FB]  of  the  whole  line  [AB]  between  its  extremes  and  the  last 
assumed  point,  is  equal  to  a  rectangle  [ADB],  under  the  seg- 
ments [AD,  DB]  of  the  same  whole  line  between  its  extremes 
and  one  of  the  first  assumed  points,  with  the  rectangle  [EFD] 
under  the  segments  between  the  last  assumed  point  [F],  ana 
those  [E,  D],  which  are  equidistant  from  the  extremes  of  the 
whole. 

A      E  C  F    D     B 

I 1 1 1— I 1 

Bisect  AB  in  C. 

The  rectangle  AFB  with  the  square  of  CF,  is  equal  to  the 
square  of  CB  [5.  2] ;  or,  which  is  equal  [by  the  same],  to  the " 
rectangle  ADB  with  the  square  of  CD ;  or,  the  square  of  CD 
being  equal  to  the  rectangle  EFD  with  the  square  of  CF  [5.  2], 
to  the  rectangles  ADB,  EFD  and  the  square  of  CF ;  taking 
fiwn  each  the  common  square  of  CF,  there  remains  the  rectan- 
gle AFB,  equal  to  the  rectangles  ADB,  EFD. 
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PROP.  VI.  THEOR. 

If  a  right  line  (AB)  be  bisected,  and  another  right  line  (BD) 
be  added  in  continuation;  the  rectangle  (ABB)  under  the  whole 
compound  (AD)  and  the  part  added  (BD)*  with  the  square 
of  the  half  line  CB)9  is  equal  to  the  square  of  the  compound 
of  the  hmf  line  and  part  added  (CD)* 


On  CD  describe  the  square  CDFE  [46.  1],  draw  DE, 
through  B,  draw  BG  parallel  to  DF,  meeting  ED  in  H;  and 
through  H,  draw  MK  parallel  to  AD,  meeting  a  right  line, 
drawn  through  A  parallel  to  CE,  in  K. 

Because  AC,  CB  are  equal,  the  rectangles  AL,  CH  are  equal 
[36.  1],  but  CH,  HF.  being  complements,  are  equal  [43.  1], 
therefore  the  rectangles  AL,  HF  are  equal  [Ax.  1.  1]  ;  adding 
to  each  the  rectangle  CM,  the  rectangle  AM  is  equal  to  the  gno- 
mon CMG,  and  adding  to  each  of  these  LG,  the  rectangles 
AM,  LG  are  equal  to  the  square  CF  of  CD. 

But  AM  is  the  rectangle  under  AD  and  BD,  for  DM  is  equal 
to  DB  [Cor.  2.  46.  1.  and  Def.  36.  1]  ;  and  LG  is  the  square 
of  LH  [Cor.  2.  46.  1],  and  therefore  of  CB,  which  is  equal 
toLH[34.  1]. 

Otherwise. 

On  the  given  right  line  DA  produced  beyond  A,  take  AZ 
equal  to  BD  [3.  1],  adding  to  each  AB,  ZB  is  equal  to  AD  ; 
and  ZD  is  divided  equally  in  C,  and  unequally  in  B,  therefore 
the  rectangle  ZBD  with  the  square  of  CB,  is  equal  to  the  square 
of  CD  [5.  £],  and  therefore,  the  rectangle  ZBD  being  equal 
to  the  rectangle  ADB,  because  ZA  is  equal  to  BD  and  ZB  to 
AD,  the  rectangle  ADB  with  the  square  of  CB,  is  equal  to  the 
square  of  CD. 
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Scholium. — A  like  observation,  as  is  made  in  the  scholium  to 
prop.  3  of  this  book,  is  applicable  to  this  proposition  and  the 
preceding,  which  may  be  virtually  comprised  in  one  proposition, 
namely,  "  The  difference  of  the  squares  of  two  right  lines,  is 
equal  to  the  rectangle  under  their  sum  and  difference  ;"  as  is  mani- 
fest, by  supposing,  in  both  propositions,  the  right  lines  to  be 
AC,  CD. 

Theorem. — If  the  excess  of  the  first  [AB]  of  four  magnitudes 
[AB,  CD,  EF,  GH1  above  the  second  [CD],  be  equal  to  the 
excess  of  the  third  [EF]  above  the  fourth  [GH],  the  first  [AB] 
being  greater  than  the  third  [EF]  ;  the  excess  of  the  first  [AB], 
above  the  third  [EF],  is  equal  to  the  excess  of  the  second  [CD] 
above  the  fourth  (GH).  K 

A 1 B 

Let  AK  be  a  part  taken  on  AB  equal  to  C— — D 

CD,  and  EL  a  part  on  EF  equal  to  GH  ;  L 

and,  KB,  LF  are  the  excesses  of  AB  above    E 1— F 

CD,  and  of  EF  above  GH,  and  are  equal    G H 

(Hyp.) ;  whence  the  excess  of  AB  above  EF,  being  equal  to  the 
excess  of  AB  above  EL  and  LF  together,  or  above  their  equals 
GH  and  KB  together ;  taking  from  each  KB,  the  excess  of  AB 
above  EF,  is  equal  to  the  excess  of  AK,  or  its  equal  CD, 
above  GH. 

Corollaries  to  the  two  preceding  propositions* 

Cor.  1. — If  a  perpendicular  (CD)  be  let  fall  on  the  base  (AB) 
of  a  triangle,  from  the  opposite  angle  (ACB) ;  the  rectangle 
under  the  sum  and  difference  of  the  sides  [AC,  CB),  is  equal 
to  the  rectangle  under  the  sum  and  difference  of  the  segment* 
(AD,  DB)  of  the  base,  intercepted  between  its  extremes  (A,  B), 
and  the  perpendicular  (CD). 


Let  AC,  see  both  figures  to  this  cor.,  be  that  side,  which  is 
not  the  less  of  the  two ;  and  the  difference  of  the  squares  of  AC 
and  AD,  and  of  RC  and  BD  are  equal,  being  each  equal  to  the 
square  of  CD  (47.  1);  therefore  by  (Theor.  at  this  prop.)  the 
difference  of  the  squares  of  AC  and  CB,  or,  which  is  equal 
(Schol.  to  this  prop.),  the  rectangle  under  the  sum  and  difference 
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of  AG  and  CB,  is  equal  to  the  difference  of  the  squares  of  AD 
and  BD,  or,  which  is  equal  (Scbol.  to  this  prop.),  the  rect- 
angle under  the  sum  and  difference  of  AD  and  DB. 

A  C  E     B 

Cor.  2. — To  divide  a  given  right  line    I— 1 — | 1 

(AB)  so  into  two  parts,  that  the  rectan-  D 

gle  under  the  parts,  may  be  equal  to  the 

square  of  a  given  right  line  (D),  not  greater  than  the  half  (CB) 
of  the  first  mentioned  right  line. 

On  CB,  take  CE,  whose  square  is  equal  to  the  excess  of  the 
square  of  CB  above  that  of  D  (Cor.  2.  47.  1);  and,  since  the 
square  of  CB  is  eqdal  to  the  two  squares  of  CE  and  D  (Constr.), 
taking  from  each  the  square  of  CE,  there  remains  the  square 
of  D  equal  to  the  excess  of  the  square  of  CB  above  that  of  CE, 
or,  which  is  equal  [5.  2],  the  rectangle  AEB. 

A      C      B      E 

Cor.  3. — To  add  to  a  given  right  line     I ! 1 1 

(AB)  such  a  part,  that  the  rectangle  under  D 

the  whole  and  part  added,  may  be  equal  to 

the  square  of  a  given  right  line  (D). 

Bisect  AB  in  C,  and  on  CB  produced  take  CE,  whose  square 
is  equal  to  the  squares  of  CB  and  D  together  ( Cor.  1. 47. 1 ) ;  and, 
since  the  square  of  CE  is  equal  to  the  two  squares  of  CB  and  D 
together  (Constr.),  taking  from  each  the  square  of  CB,  there 
remains  the  square  of  D  equal  to  the  excess  of  the  square  of 
CE  above  that  of  CB,  or  which  is  equal  (6.  2),  the  rectangle 
AEB. 

Cor.  4.— In  equiangular  triangles  (ABC,  DEF,  having  the 
angles  at  A  and  D  equal,  as  also  those  at  B  and  E,  and  at  C 
and  F),  the  rectangles  under  the  sides  about  any  of  the  equal 
angles  (as  ABC  and  E^  taken  alternately,  are  equal,  (namely, 
the  rectangles,  formed  of  sides,  taken  from  different  triangles  and 
opposed  to  contrary  angles,  as  under  AB,  EF,  and  under  BC, 
DE). 
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In  AB  produced,  take  BG  equal  to  EF,  and  in  CB  produced. 
BH  equal  to  DE,  and  join  GH  ;  and,  because  the  augle  HBG  is 
equal  to  ABC  (15.  1),  or  its  equal  (Hyp.)  E,  and  the  sides  BG, 
BH  severally  equal  to  EF,  ED  (Constr.),  the  triangle  HBG  is 
equiangular  to  the  triangle  DEF  (4.  1),  and  therefore  to  the 
triangle  ABC  (Hyp.  and  Ax.  1.  1),  having  the  angles  at  A  andH 
equal,  and  at  C  and  G ;  join  CG,  bisect  AC.  CG  in  K  and  L. 
by  the  perpendiculars  KM,  LM  (10.  and  11.  1).  meeting  each 
other  in  M. 

Join  MA,  MG,  and  draw  MN  perpendicular  to  AG  (12.  1), 
and,  because  ML,  LG  and  the  angle  MLG,  arc  severally  equal 
to  ML,  LC  and  the  angle  MLC,  the  right  lines  MG,  MC  are 
equal  (4.  1);  in  like  manner  MA,  MC  may  be  proved  equal; 
and,  because  the  triangle  MCG  is  isosceles,  and  MA  equal  to 
MC,  the  angle  CAG  is  half  of  the  angle  CMG  (Cor.  3.  32.  1) ; 
and,  since  CIIG  has  been  proved  equal  to  CAG,  the  angle  CHGis 
also  half  of  CMG,  therefore  Mil  is  equal  to  MC  (Cor.  4.  32.  1); 
and,  in  the  isosceles  triangle  AMG,  the  perpendicular  MN  bi- 
sects the  base  AG  in  N  (Cor.  26. 1) ;  and,  in  the  triangle  BMG, 
the  rectangle  under  the  sum  and  difference  of  MG  and  MB,  or, 
BH  being  equal  to  the  sum,  and  CB  to  the  difference,  of  these 
right  lines,  the  rectangle  CBH,  is  equal  to  the  rectangle  under 
the  sum  and  difference  of  GN,  Bft,  or  the  rectangle  ABG 
(Cor.  1.  5  and  6.  2);  and  BH  is  equal  to  DE,  and  BG  to 
to  EF,  therefore  the  rectangle  •  under  BC  and  DE,  is  equal  to 
the  rectangle  under  AB  and  EF. 
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Secondly,  let  the  point  M  be  without  the  right  line  CH,  as  in 
flg.  £•  and  3. 


Construct  as  in  the  former  case,  join  moreover  MB,  MC, 
juid  draw  MO  perpendicular  to  CH ;  and,  as  before,  the  tri- 
angles ABC,  HBG  may  be  proved  equiangular,  and  the  right 
lines  MA,  MC,  MG  equal ;  and,  because  the  triangle  CMG  is 
isosceles,  and  MA  equal  to  MC,  the  angle  CAG  is  equal  to  half 
of  CMG  (Cor.  3.  32.  1);  but  CHG  is  equal  to  CAG,  and 
therefore  also  the  half  of  CMG,  therefore  MH  is  equal  to  MC 
(Cor.  4.  32.  1),  and  the  triangle  MCH  isosceles,  therefore  the 
perpendicular  MO  bisects  the  base  CH  (Cor.  26.  1);  and,  in  the 
triangle  BMH,  the  rectangle  under  the  sum  and  difference  of  BO, 
OH,  or  the  rectangle  CBH,  is  equal  to  the  rectangle  under  the 
sum  and  difference  of  BM,  MH  (Cor.  1.  5  and  6.  2),  or  of  BM, 
MG,  or,  which  is  equal  (by  the  same  Cor.),  to  the  rectangle  under 
the  sum  and  difference  of  BN,  NG,  or  the  rectangle  ABG  ; 
but  BH  is  equal  to  DE,  and  BG  to  EF,  therefore  the  rectangle 
under  BC  and  DE,  is  equal  to  the  rectangle  under  AB  and  EF. 
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In  like  manner  it  may  be  proved,  that  the  rectangle  under 
the  sides  about  the  equal  angles  at  C  and  F,  or  at  A  and  D,  of 
the  triangles  ABC,  DEF,  taken  alternately,  are  equal. 


PROP.  VII.  THEOR. 


y  a  right  line  (AC),  be  divided  into  any  two  parti  (AB,  BC); 
the  squares  of  the  whole  (AC),  and  one  of  its  parts  (BC), 
are  equal  to  double  the  rectangle  (ACB)  under  the  whole  and 
that  part,  with  the  square  of  the  oilier  part  (AB). 


On  AC  describe  the  square  ACFD  [46. 1],  draw  CD,  through 
B,  draw  BE  parallel  to  AD,  meeting  CD  in  G,  and  through 
6,  HK  parallel  to  AC. 

The  square  AF  is  equal  to  the  rectangles  AR,  KE  with  the 
square  HE ;  add  to  each,  the  square  BR,  the  squares  AF,  BR 
of  AC,  BC,  are  equal  to  the  rectangles  AR,  BF  with  the 
square  HE. 

But  the  rectangles  AR,  BF  are,  each  of  them,  equal  to  the 
rectangle  ACB,  because  CR  is  equal  to  BC,  and  CF  to  AC 
[Cor.  2.  46.  1.  and  Def.  36.  1],  and  HE  is  the  square  of  HG, 
or  its  equal  [34.  1]  AB  ;  therefore  the  squares  of  AC,  BC,  are 
equal  to  double  the  rectangle  ACB  with  the  square  of  AB. 

Otherwise. 

The  square  of  AC,  is  equal  to  the  squares  of  AB,  BC  with 
double  the  rectangle  ABC  (4.  2)$  add  to  each  the  square  of 
BC,  and  the  squares  of  AC,  BC,  are  equal  to  the  square  of  AB 
with  double  the  square  of  BC  and  double  the  rectangle  ABC; 
but  double  the  square  of  BC  with  double  the  rectangle  ABC,  is 
equal  to  double  the  rectangle  ACB  [3.  2] ;  therefore  the  squares 

10 
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of  AC,  BC  are  equal  to  double  the  rectangle  ACB  with  the 
square  of  AB. 

Scholium. — A  like  observation,  as  is  made  in  the  scholium  to 
the  preceding  proposition,  and  3rd.  of  this  book,  is  applicable 
to  the  4th  proposition  and  this,  that  they  may  be  virtually  re- 
duced to  one,  namely;  The  sum  of  the  squares  of  two  right 
lines,  is  less  than  the  square  of  their  sum9  and  greater  titan  the 
square  of  their  difference,  by  double  the  rectangle  under  these  right 
lines  ;  as  is  manifest,  by  supposing,  in  both  propositions,  the 
right  lines  to  be  AC,  CB. 

Corollaries  to  the  preceding  propositions  of  this  book. 

Cor.  1.— If  a  right  line  (AB)  be  so      A      G  H      B 

divided  into  two  points  (G,  H),  that      I 1 1— I 

the  rectangle  (AGB)  under  the  distances  of  one  of  these  points 
from  its  extremes,  be  equal  to  the  rectangle  ( AHB)  under  the 
distances  of  the  other  point  from  the  same  extremes,  the  extreme 
segments  (AG,  HB)  are  equal. 

For  since  the  rectangles  AGB,  AHB  are  equal  (Hyp.),  taking 
from  each  the  rectangle  under  AG  and  HB,  there  remain  (by  1. 
of  this,)  the  rectangles  AGH,  GHB  equal  to  each  other; 
whence,  the  side  GH  being  common  to  both  rectangles,,  the 
other  sides  AG,  HB  are  equal  (40  and  41.  1 ). 

Cor.    2.— If  to  a  right  line  (AB),    G      A  B      H 

there  be  added  on  both  extremes,  such     I 1 1 1 

parts  (AG,  BH%  that  the  rectangles  (AGB,  BHA)  under 
the  added  parts  (AG,  BH,)  and  the  compounds  (GB,  AH)  of 
the  same  right  line  and  parts  added,  be  equal ;  the  added  parts 
(AG,  BH)  are  equal. 

For  since  the  rectangles  AGB,  AHB  are  equal  (Hyp.),  add- 
ing to  each  the  rectangle  under  AG  and  BH,  the  totals,  which 
are  (by  1.  of  this,)  the  rectangles  AGH,  BHG,  are  equal ; 
whence,  the  side  GH  being  common  to  both  rectangles,  the 
other  sides  AG,  BH  are  equal  (40  and  41.  1). 
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PROP.  VIII.  THEOR.    (Seemtte.) 

Jf  a  right  time  fAB),  be  divided  into  any  two  parti  fAC,  CB) ; 
Jaw  times  the  rectangle  under  the  whole  CAB  J,  and  either  part 
(fit  CB),  with  the  square  of  the  other  part  {AC),  is  equal  to  the 
square  of  the  compound  of  the  whole  (AB)  and  part  first  taken 
(CB),  as  of  one  right  line. 


\. 

.\ 

K      Pi 

\ 

On  AB  produced,  take  BD  equal  to  CB,  and  on  AD  describe 
the  square  ADFE  [46.  1];  draw  DE,  through  B  and  C, 
BL  and  CH  parallel  to  DF  [SI.  1],  meeting  DE  in  K  and  P, 
and  through  K  and  P,  MN,  XO  parallel  to  AB. 

Because  BN,  GR  are  squares  of  BD,  GK  (Cor.  2.  46.  1), 
or  of  their  equal  (Constr.  and  34.  1}  CB,  and  CK  the  square 
of  CB,  because  BK  the  side  of  the  square  BN  is  equal  to  CB, 
and  KO  its  equal  (43.  l),  also  equal  to  the  square  of  CB  ;  the 
four  rectangles  CE,  BN,  GR,  KO  arc  each  equal  to  the  square 
of  CB  {  again,  AG,  MP  are  rectangles  under  AC  CB,  because 
CG,  GP  are  each  equal  to  CB,  being  sides  of  the  squares  just 
'mentioned,  and  MG  to  AC  (34.  1),  and  the  rectangle  PL  is 
eqnal  to  MP  (43.  1),  and  therefore  equal  to  the  rectangle  under 
AC,  CB;  also  RF  is  equal  to  the  rectangle  under  AC,  CB, 
because  RO  is.  equal  to  BD  (34.  l.),  or  CB,  and  RL  is  (by  the 
same)  equal  to  PH  a  side  of  the  square  XH,  on  XP  equal  to 
AC  ;  therefore  the  four  rectangles  AG,  MP,  PL,  RF  are  each 
equal  to  the  rectangle  AG  under  AC,  CB  ;  therefore  the  four 
squares  CK,  BN,  GR,  KO  with  the  four  rectangles  AG,  MP, 
PL,  RF,  or,  which  is  equal,  the  gnomon  AOH,  is  equal  to 
lour  times  the  square  CK  and  rectangle  AG,  or,  which  is  equal 
(3.  s),  four  times  the  rectangle  AK;  whence,  four  times  the 
rectangle  AK  being  equal  to  the  gnomon  AOH,  adding  to  each 
the  square  XH,  four  times  the  rectangle  AK  with  the  square 


72  euclia'b  ELEMENTS  BOOK  II* 

XH,  is  equal  to  the  gnomon  AOH  and  square  XH,  or,  which 
is  equal,  to  the  square  AF  of  AD. 

But  the  rectangle  AK  is  under  AB.  BC,  because  BK  and 
BC  are  equal,  being  sides  of  the  same  square,  and  XH  is  the 
square  of  AC,  because  XP  is  equal  to  AC  (34.  1). 

Otherwise,  (see  the  above  figure). 

On  AB  produced,  take  BD  equal  to  BC,  and  the  square  of 
AD  is  equal  to  the  squares  of  AB,  BD  with  double  the  rectangle 
ABD  (4.  2) ;  or,  CB  and  BD  being  equal,  to  the  squares  of 
AB,  BC  with  double  the  rectangle  ABC;  but  the  squares  of 
AB,  BC,  are  equal  to  double  the  rectangle  ABC  with  the  square 
of  AC  (7.  2),  therefore  the  square  of  AD,  is  equal  to  four 
times  the  rectangle  ABC  with  the  square  of  AC. 

PROP.  IX.  THEOR. 

If  a  right  line  (AB)9  be  divided  into  two  equal  parts  (AC,  CB)9 
and  two  unequal  parts  (AD9  DBJ  ;  the  squares  of  the  uneqiial 
parts  (AD9  DB)9  are  togetlier  double  the  square  of  the  half 
line  (AC)  with  the  square  of  the  intermediate  part  (CD). 

From  C,  draw  CE  perpendicu- 
lar to  AB,  and  equal  to  AC  or  CB 
(11  and  8.  1);  join  AE  and  EB, 
through  D,  draw  DF  parallel  to 
CE,  meeting  E  B  in  F,  and  through 
F,  FG  parallel  to  AB,  and  join  AF. 

Because  the  angle  ACE,  of  the  j^ 
triangle  ACE,  is  a  right  angle,  the 
two  angles  CAE,  CEA  together  are  equal,  are  equal  to  a  right 
angle  (32. 1) ;  find,  because  of  the  equality  of  AC,  CE,  are  equal  to 
each  other  (5. 1),  and  therefore  either  of  them  as  CEA  is  half  a 
right  angle ;  in  lijce  manner,  CEB  may  be  proved  to  be  half  a 
right  angle,  therefore  AEB  is  a  right  angle ;  and  the  angle  EGF 
is,  because  of  the  parallels  6F,  CD,  equal  to  the  internal  remote 
an§le  ECB  (29,  1),  and  therefore  right;  whence  GEF  being  half 
a  right  angle,  the  remaining  angle  EFG,  of  the  triangle  EGF, 
is  half  a  right  angle  (32.  1),  and  therefore  EG  is  equal  to  GF 
(6.  1) ;  and  the  angles  FDB,  DFB  are,  because  of  the  paral- 
lels FD,  EC,  severally  equal  to  the  internal  remote  angles 
ECB,  CEB  (29.  1),  therefore  FDB  is  a  right  angle,  and  DFB 
half  a  right  angle,  and  therefore  FBD  also  half  a  right  angle 
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(S3.  1);  whence,  the  angles  D'  B,  DBF  being  equal,  DF  is 
equal  to  DB  (6.  1) :  But,  because  AC,  CE  are  equal,  and  the 
angle  ACE  a  right  one,  the  square  of  AE,  which  is  equal  to  the 
two  squares  of  AC,  CE  (47.  1),  is  double  of  one  of  them,  as 
of  the  square  of  AC ;  also,  because  EG,  GF  are  equal,  and 
the  angle  EGF  right,  the  square  of  EF,  which  is  equal  to  tlie 
two  squares  of  EG,  GF  (47.  1),  is  double  of  one  of  them,  as  of 
the  square  of  GF,  or  of  its  equal  (34.  1)  CD;  therefore  the 
squares  of  AE,  EF,  or,  which,  because  of  the  right  angle 
AEF,  is  equal  (47.  1)«  the  square  of  AF,  is  double  the  squares 

AC,  CD ;  but  the  square  of  AF  is,  because  of  the  right  angle 
ADF,  equal  to  the  squares  of  AD,  DF  (47.  1),  or,  DF,  DB 
being  equal,  to  the  squares  of  AD,  DB ;  therefore  the  squares 
of  AD,  DB  together,  are  double  the  squares  of  AC,  CD  to- 
gether. 

Otherwise9  (see  the  above  Jigure). 

The  square  of  AD,  is  equal  to  the  two  squares  of  AC,  CD 
with  twice  the  rectangle  ACD  (4.  2),  or,  AC,  CB  being  equal, 
to  the  two  squares  of  AC,  CD  with  twice  the  rectangle  BCD  ; 
adding  to  each  the  square  of  DB,  the  squares  of  AD,  DB,  are 
equal  to  the  squares  of  AC,  CD,  DB  with  twice  the  rectangle 
BCD;  but  twice  the  rectangle  BCD  with  the  square  of  DB  is 
equal  to  the  squares  of  CB  and  CD  (7.  2),  or,  AC,  CB  being 
equal,  to  the  squares  of  AC  and  CD ;  therefore  the  squares  of 

AD,  DB,  are  equal  to  double  the  square  of  AC  with  double  the 
square  of  CD. 

PROP.  X.  THEOR. 

If  a  right  line  (AB)9  be  bisected  (as  in  C9J  and  another  right 
line  (BD)  be  aided  to  it  in  continuation ;  the  squares  of  the 
whole  continued  line  (ADJ9  and  of  the  part  added  (BDJ9  are 
together  double  the  squares  of  the  half  line  (AC J  and  of  the 
compound  (CD)  of  the  half  line  and  part  added. 

From  C,  draw  CE,  per- 
pendicular to  AB,  and 
equal  to  AC  or  CB  (11 
and  3.  1);  join  AE,  EB, 
through  D,  draw  DF  pa- 
rallel to  CE,  meeting  EB 
produced  in  F;  and  through 
F  FG  parallel  to  AB,meet- 
ing  EG  produced  in  G,  and 
join  AF. 
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Because  the  angle  ACE  is  right,  the  two  angles  CAE,  CEA 
are  together  equal  to  a  right  angle  (32.  1),  and,  because  of  the 
equality  of  AC,  CE,  are  equal  to  each  other  (5.  1),  .and  there- 
fore either  of  them  as  CEA  is  half  a  right  angle  ;  in  like  man- 
ner, CEB  may  be  proved  to  be  half  a  right  angle;  therefore 
AEB  is  a  right  angle;  and  because  CE,  DF  are  parallel,  the 
angles  BDF,  BFD  are  severally  equal  to  their  alternates  BCE, 
BEC  [29.  1),  therefore  BDF  is  a  right  angle,  and  BFD  half 
a  right  angle,  and  therefore  DBF  half  a  right  angle  (32.  1), 
and  DB  equal  to  DF  (6.  1) ;  and  because  the  angle  FEG  is  half 
a  right  angle,  and  the  angle  G,  being  equal  to  its  opposite  angle 
D  (34.  1),  a  right  angle,  EFG  is  half  a  right  angle,  and  there- 
fore GE,  GF  are  equal  (6.  1):  But,  because*  AC,  CE  are 
equal,  and  the  angle  ACE  a  right  one,  the  square  of  AE,  which 
is  equal  to  the  two  squares  of  AC,  CE  (47.  1),  is  double  to 
either  of  them,  as  the  square  of  AC ;  and,  because  GE,  GF 
are  equal,  and  the  angle  G  right,  the  square  of  EF,  which  is 
equal  to  the  two  squares  of  EG,  GF,  is  double  to  either  of  them, 
as  to  the  square  of  GF,  or  of  its  equal  (34.  1)  CD  ;  therefore  the 
squares  of  AE,  EF,  or,  which,  because  of  the  right  angle 
AEF,  is  equal  (47.  1),  the  square  of  AF,  is  double  the  squares 
of  AC,  CD ;  but  the  square  of  AF  is,  because  of  the  right 
angle  ADF,  equal  to  the  squares  of  AD,  DF  (47.  1),  or  BD, 
DF  being  equal,  to  the  squares  of  AD,  DB;  therefore  the 
squares  of  AD,  DB  together,  are  double  the  squares  of  AC, 
CD  together. 

Otherwise. 

Z  A  C  B         D 

I 1 1 1 1 

On  B A  produced  beyond  A,  take  AZ  equal  to  BD ;  the  right 
line  ZD  is,  because  of  the  equals  ZA,  BD,  and  AC,  CB, 
bisected  in  C,  and  divided  unequally  in  B  ;  therefore  the  squares 
of  ZB,  BD  are  double  the  squares  of  ZC,  CB  (9.  2);  but, 
because  ZA  is  equal  to  BD,  ZB,  AD  are  equal,  and  also  ZC, 
CD  (Ax.  2.  1);  therefore  the  squares  of  AD,  DB,  are  double 
the  squares  of  CD  and  CB  or  AC. 

Sdwl.—A  like  observation,  as  is  made  in  the  scholiums  to  the 
3rd,   6th,   and  7th  propositions  of  this  book,  is  applicable  to 
this  10th  proposition  and  the  preceding,  which  may  be  virtually 
included  in  this  one,  namely  :  ,  The  squares  of  the  sum  and  dif- 
ference of  two  right  lines,  are  together  double  the  squares  of  the 
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right  Hnes  themselves;    as  may  appear,  by  supposing,  in  the 
figures  to  both  propositions,  the  right  lines  to  be  AC,  CD. 


PROP.  XI.  PROB. 


lb  divide  a  given  finite  right  line  (AB)  so  into  two  parts,  that 
the  rectangle  under  the  whole  and  one  part,  may  he  equal  to  the 
square  of  the  other  part. 

At  A  draw  AC  perpendicular  and  equal 
to  AB  (11  and  3.  1),  bisect  AC  in  E,  join 
EB,  and  on  EA  produced  take  EF  equal  to 
EB ;  on  AB  take  AH  equal  to  AF ;  the 
square  of  the  part  AH,  is  equal  to  the  rect- 
angle under  A  B  and  the  other  part  HB. 

Complete  the  square  AD  of  AB  (46.  1), 
through  H,  draw  KG,  parallel  to  FC,  and 
through  F,  FG  parallel  to  AB,  meeting 
KG  in  G. 

Because  AC  is  bisected  in  E  and  AF  add- 
ed to  it,  the  rectangle  CFA  with  the  square  of  E A,  is  equal  to 
the  square  of  EF  (6.  2),  or  of  EB,  its  equal  (Constr.),  or,  to 
the  squares  of  EA  and  AB,  which  are  equal  to  the  square  of  EB 
(47.  1)4  taking  from  each  the  square  of  EA,  the  rectangle 
CFA  remains  equal  to  the  square  of  AB  (Ax.  3.  1) ;  but  CG  is 
the  rectangle  under  CF,  FA,  because  FG,  equal  to  AH  (34.  1), 
is  equal  to  AF  (Constr.) ;  from  the  rectangle  CG,  and  the  square 
AD  of  AB,  thus  proved  equal,  taking  away  AK,  which  is  com- 
mon, the  residues  AG  and  HD  arc  equal  (Ax.  3.  1 ) ;  but,  because 
AF  is  equal  to  AH,  and  the  angle  FAH  right,  AG  i*  the  square 
of  AH,  and  HD  is  the  rectangle  under  AB,  HB,  because  AD 
is  equal  to  AB ;  therefore  AB  is  so  divided  in  H,  that  the 
square  of  one  part  AH,  is  equal  to  the  rectangle  under  AB  and 
the  other  part  HB,  as  was  required. 
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PROP.  XIJ.  THEOR. 

In  obtuse  angled  triangles  (JIBC9  obtuse  angled  at  C),  the  square 
of  the  side  {JIB)  opposite  the  obtuse  angle  (ACB),  is  greater  than 
the  squares  of  the  sides  (AC,  CB)  including  the  obtuse  angle,  by 
twice  the  rectangle  under  either  of  these  sides  (as  BC),  and  the 
external  part  (CD)  of  the  same  side  produced,  between  a  per- 
pendicular (AD)  let  fall  on  it  from  the  opposite  angle,  and  the 
Muse  angle* 

The  square  of  BA  is  equal  to  the  squares 
of  BDt  DA  (47.  1),  and  the  square  of  BD  is 
equal  to  the  squares  of  BC,  CD  with  twice 
the  rectangle  BCD  (4.  2) ;  therefore  the 
square  of  AB  is  equal  to  the  squares  of  BC, 
CD  and  DA  with  twice  the  rectangle  BCD ; 
but  the  square  of  AC  is  equal  to  the  squares  B"  €T 
of  CD,  DA  (47.  1),  therefore  the  square  of  AB  is  equal  to  toe 
squares  of  BC,  CA  with  twice  the  rectangle  BCD  ;  and  so  the 
square  of  AB  is  greater  than  the  squares  of  BC,  CA,  by  twice 
the  rectangle  BCD. 


PROP.  XIII.  THEOR. 

In  any  triangle  (ABC,  see  all  the  figures  to  this  prop.),  tlie  square 
of  a  side  (JIB)  subtending  an  acute  angle  (C),  is  less  than  the 
squares  of  the  sides  (JiC,  CB)  including  that  angle,  by  twice 
the  rectangle  under  either  of  tlie  sides  including  that  angle  (BC), 
and  the  right  line  (L/C),  intercepted  between  the  perpendicular 
(AD)  let  fall  on  that  side,  produced,  if  necessary,  from  the 
opposite  angle,  and  the  acute  angle. 


The  squares  of  BC  and  CD  are  equal  to  twice  the  rectangle 
BCD  with  the  square  of  BD  (7.  2)  j  adding  to  each  the  square 
of  AD,  the  squares  of  BC,  CD,  and  AD,  are  equal  to  twice 
the  rectangle  BCD  with  the  squares  of  BD  and  AD  j  but  the 
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squares  of  CD,  AD  are  equal  to  the  square  6f  AC  (47.  1),  and 
the  squares  of  BD,  AD  to  the  square  of  AB  (by  the  same)  j 
therefore  the  squares  of  BC,  AC  are  equal  to  twice  the  rect- 
angle BCD  with  the  square  of  AB,  and  so  the  square  of  AB,  is 
less  than  the  squares  of  BC,  AC,  by  twice  the  rectangle 
BCD. 

Schol.  1. — The  demonstration  of  the  case  of  the  3rd  or  right 
hand  figure,  when  the  angle  ABC  is  right,  may  also  be  thus : 
The  square  of  AC  is  equal  to  the  squares  of  AB,  BC  (47.  I); 
adding  to  each  the  square  of  BC,  the  squares  of  AC,  BC  are  equal 
to  the  square  of  AB  with  twice  the  square  of  BC ;  and  so  the 
square  of  AB,  is  less  than  the  squares  ol  AC,  BC,  by  twice 
the  square  of  BC. 

Schol.  2. — This  proposition,  the  preceding,  and  the  47th  of 
the  1st  book,  may  be  all  comprised  in  one  proposition,  thus  : — 
The  difference  of  the  square  of  any  side  of  a  triangle,  from  the 
squares  of  tiie  otlier  two  sides  taken  together,  is  equal  to  double  the 
rectangle,  under  either  of  the  sides  including  the  angle  opposite  the 
first  mentioned  side,  and  the  segment  of  that  side,  produced,  if 
necessary,  between  the  same  angle,  ana  a  perpendicular  let  fall 
thereon,  from  the  opposite  angle ;  the  square  of  thefirtt  mentioned 
side  being  equal  to,  or  greater  or  less  than,  the  squares  of  the  other 
two  sides,  according  as  the  angle  opposite  thereto,  is  eqxud  to,  err 
greater*  or  less  than,  a  right  angle. 

Schol.  3. — The  diagonals  (AD, 
CB)  of  a  parallelogram  bisect 
each  other. 

Let  G  be  the  point  in  which 
they  meet  $  because  the  triangles 

AGB,  DGC  have  the  angles  at  G 

equal   (15.     1),    the  angle   BAG   c^B  B   J^ 

equal  to  its  alternate  CDG  (29.  I), 
and  the  sides  AB,  CD  equal  (34.    1) ;  AG  is  equal  to  GD 
(26.  1).     In  like  manner;  CG,  GB  may  be  proved  equal. 

Cor.  1. — The  squares  of  the  diagonals  (AD,  CB)  of  a  paral- 
lelogram (AD)  taken  together,  arc  equal  to  the  squares  of  all 
its  sides  (AB,  BD,  CD  and  CA). 

On  CD,  produced  as  necessary,  let  fall  the  perpendiculars 
AE,  BF  (12.  1)  ,•  and  hi  the  triangles  ACE,  BDF,  the  angles 
CEA,  DFB  are  equal,  being  right  angles,  and,  because  of  the 
parallels  AC,  BD,  the  external  angle  BDF  is  equal  to  the  in- 
ternal remote  ACE  (29,  1),  and  the  sides  AC,  BD  opposite 
the  right  angles  at  E  and  F,  are  equal  (34.  1);  therefore  CE 
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is  equal  to  DF  (S6.  1) :  But  the  square  of  AD,  opposite  the 
acute  angle  ACD  of  the  triangle  CAD,  and  twice  the  rectangle 
DCE   are  equal  to  the  squares  of  AC  CD  (13.  2);  and  the 

auare  of  CB,  opposite  the  obtuse  angle  CDB  of  the  triangle 
BD,  is  equal  to  the  squares  of  CD,  DB,  and  twice  the  rect- 
angle CDF  [12.  2]  $  or,  CE,  DF  being  equal,  as  also  AC, 
BU  (34.  1],  to  the  squares  of  AC,  CD  and  twice  the  rect- 
angle DCE;  whence,  adding  equals  to  equals,  the  squares  of 
AD,  CB  with"  twice  the  rectangle  DCE,  are  equal  to  double 
the  squares  of  AC,  CD  with  twice  the  rectangle  DCE  $  taking 
from  each,  twice  the  rectangle  DCE,  there  remain  the  squares 
of  AD  and  CB,  equal  to  double  the  squares  of  AC  and  CD,  or, 
AB,  BD  Being  severally  equal  to  CD,  CA,  to  the  squares  of 
AB,  BD,  CD  and  CA. 

Cor.  2. — The  squares  of  the  sides  [AC,  AB]  of  a  triangle 
[ACB],  are  double  the  squares  of  half  the  base  [CB],  and  of  a 
right  line  [AG],  drawn  to  the  middle  [G]  of  the  base,  from  the 
vertical  angle  (CAB]. 

Complete  the  parallelogram  ACDB  [Cor.  6.  34.  1] ;  the 
Squares  of  its  sides,  being  equal  to  the  squares  of  its  diagonals 
AD,  CB  [by  the  preced.  cor.],  the  squares  of  AC  and  AB  ark 
equal  to  half  the  squares  of  AD,  CB ;  but  the  squares  of  AD, 
CB  are  fourfold  the  squares  of  their  halves  [Cor.  4.  2],  and 
AG,  CG  are  the  halves  of  AD,  CB  [Schol.  3.  above] ;  there- 
fore the  squares  of  AC  and  AB,  are  double  the  squares  of  CG 
and  AG. 

PROP.  XIV.  PROB. 

To  constitute  a  square*  equal  to  a  given  rectilineal  figure  (A). 


Make  the  right  angled  parallelogram  BCDE  equal  to  A 
[45.  13 ;  and  if  its  adjacent  sides  BE,  ED  are  equal,  it  is  a 
squate,  and  what  was  proposed  is  done. 
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If  not,  on  either  of  these  sides  as  BE,  produced,  take  EF 
equal  to  the  other  ED  ;  bisect  BF  in  6,  and  from  the  centra 
6,  at  the  distance  GB  or  GF,  describe  the  semicircle  BHF; 
let  DE  be  produced  to  meet  the  semicircle  in  H ;  the  square 
described  on  EH,  is  equal  to  the  given  rectilineal  figure  A. 

For,  drawing  GH,  because  BF  is  bisected  in  G,  and  divided 
unequally  in  E,  the  rectangle  BEF  with  the  square  of  GE,  ig 
equal  to  the  square  of  GF  (5.  2);  or,  GH,  GF  being  equal 
(Def.  10.  1),  to  the  square  of  GH ;  and  therefore  (47.  1),  to 
the  squares  of  GE  and  EH;  taking  from  each  the  common 
square  of  GE,  the  rectangle  BEF  is  equal  to  the  square  of  EH 
(Ax.  3.  1);  but  the  rectangle  BEF  is  equal  to  the  rectangle 
BD,  because  ED  is  equal  to  EF,  and  so  the  square  described 
on  EH  is  equal  to  the  rectangle  BD,  *nd  therefore  to  the  recti- 
lineal figure  A. 
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DEFINITIONS. 


1.  A  right  line,  is  said  to 
touch  a  circle,  or  to  be  a  tan- 
gent to  it,  which  meeting  it,  and 
being  produced,  does  not  cut  it. 

2.  Circles,  are  said  to  touch 
one  another,  which  meet,  but 
do  not*  cut  each  other. 

3.  A  right  line,  is  said  to  be 
inscribed  in  a  circle,  when  its 
extremes  are  in  the  circumfe- 
rence of  the  circle. 

4.  Right  lines,  are  said  to  be  equally  distant 
from  the  centre  of  a  circle,  when  the  perpen- 
diculars drawn  to  them  from  the  centre  are 
equal.     See  def.  21.  Book  1. 

5.  And  the  right  line,  on  which  the  greater 
perpendicular  falls,  is  said  to  be  more  remote 
from  the  centre. 

6.  A  segment  of  a  circle,  is  a  figure  contain- 
ed by  a  right  line,  and  the  part  of  the  circum- 
ference it  cuts  off. 

7.  The  angle  of  a  segment,  is  that  which  is  included  by  the 
right  line  and  the  circumference. 

8.  An  angle  in  a  segment,  is  an  an- 
cle, contained  by  two  right  lines,  drawn 
from  any  point,  in  the  part  of  the  cir- 
cumference, by  which  the  segment  is 
bounded,  to  its  extremes. 

9.  An  angle,  is  said  to  insist,  or  stand 
on,  the  part  of  the  circumference  (or 
arch),  included  between  the  legs  of  the 
angle. 
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10.  A  sector  of  a  circle  is,  a  figure,  contained  by  two  radiates, 
and  the  part  of  the  circumference  between  them.     * 

11.  Similar  segments  of  circles,  are  such  as  receive  equal 
angles. 

PROPOSITION  I.  PROBLEM. 

Tojind  the  centre  of  a  given  circle  (J&BCJ. 

Draw  within  the  given  circle  any  right 
line  AB,  which  bisect  in  D  (10.  1) ;  from 
D,  draw  DC  at  right  angles  to  AB  (11.  1), 
which  produce  to  meet  the  circumference  in 
E;  bisect  EC  in  F.  The  point  F  is  the 
centre  of  the  circle. 

No  other  point  in  EC,  but  F,  can  be 
the  centre,  for,  if  it  were,  the  radiuses 
drawn  from  thence  to  C  and  E  would  be 
unequal,  which  is  absurd  (Def.  10.  1): 
if  therefore  F  be  not  the  centre,  let  some  point,  as  6,  without 
EC,  be,  if  possible,  the  centre,  and  draw  GA,  6D,  GB. 

Because,  in  the  triangles  GDA,  GDB,  the  side  DA  is  equal 
to  DB  (Constr.),  DG  common,  and  GA  equal  to  GB  (Hyp.  and 
Def.  10.  1),  the  angles  GDA,  GDB  are  equal  (8.  lj,  and 
therefore  right  angles  (Def.  20.  1);  but  the  angle  CDB  is  a 
right  angle  (Constr.),  therefore  the  angles  GDB,  CDB  are 
equal  (Theor.  at  11.  1),  part  and  whole,  which  is  absurd 
(Ax.  9.  1)  ;  therefore  G  is  not  the  centre  of  the  circle.  In  like 
manner  it  may  be  shewn,  that  no  other  point  without  EC  is  the 
centre  of  the  circle;  and  it  is  above  shewn,  that  no  other  point 
in  EC,  butF,  is  the  centre;  therefore  F  is  the  centre. 

PROP.  II.  THEOR. 

A  right  line,  which  joins  any  two  points  (A9  B)  in  the  circum- 
ference of  a  circle  (JLCB),  fails  wholly  within  the  circle. 

If  not,  let  AEB  be  a  right  line,  of  which 
a  point  E  falls  without  the  circle ;  find  the 
centre  of  the  circle  D  (l.  3),  draw  DE 
meeting  the  circumference  in  F,  and  join 
DA,  DB. 

Because,  in  the  triangle  DAB,  the  sides 
DA,  DB  are  equal  (Def.  10.  1),  the  angle 
DAB  is  equal  to  the  angle  DBA  (5.  1) ;  and 
the  external  angle  DEB,  of  the  triangle 
AED,  is  greater  than  the. internal  remoje 
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angle  DAB  (16.  1),  and  therefore  than  it»  equal  DBE, 
and  so  the  side  DB  is  greater  than  DE  (19.  1) ;,  but  DF  is 
equal  to  DB  [Def.  10.  l],  therefore  DF  is  greater  than  DE, 
the  part  than  the  whole,  which  is  absurd :  therefore  the  right 
line  drawn  from  A  to  B  does  not  in  any  part  fall  without  the 
circle.  In  like  manner  it  may  be  proved,  that  no  part  of  it 
falls  on  the  circumference,  it  falls  therefore  wholly  within  the 
circle. 

PROP.  III.  THEOR. 

If  a  right  (CDJ,  passing  through  the  centre  of  a  circle  (ABC), 
bisect  a  right  line  inscribed  in  it  (&B),  not  passing  through  its 
centre,  it  cuts  it  at  right  angles  ;  and  if  it  cut  it  at  right  angles, 
it  bisects  it 


Find  the  centre  of  the  circle  E  [1.  3], 
and  join  E  A,  EB,  which,  being  radiuses 
of  the  circle,  are  equal  [Def.  10.  1],  and 
the  triangle  EAB  is  isosceles  [Def.  29. 
1] ;  therefore  if  EF  or  CD  bisect  the 
base  AB,  it  cuts  it  at  right  angles,  and, 
if  it  cut  it  at  right  angles,  it  bisects  it 
[Cor.  26.  1], 


PROP.  IV.  THEOR. 

Two  right  lines  inscribed  in  a  drde,  cutting  each  other,  and  not 
passing  both  through  the  centre,  do  not  bisect  each  other* 

If  one  of  the  right  lines  pass  through 
the  centre,  it  is  manifest,  it  is  not  bisect- 
ed by  the  other,  not  passing  through  the 
centre. 

But  if  neither  of  them,  as  AC,  BD, 
pass  through  the  centre,  they  cannot  bi- 
sect each  other ;  for  let  them,  if  possible, 
do  it,  and  find  the  centre  of  the  circle  F 
(1.  3),  and  join  EF$  and  since  AC  is 
bisected  in  E  [Hyp.],  FE  is  perpendicular  to  AC  [3.  3],  and 
the  angle  FEC  right ;  and  since  BD  is  bisected  in  E,  FE 
is  perpendicular  to  BD  [3.   3],   and  the  angle  FED  right, 
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and  therefore  equal  to  FEC,  the  part  to  the  whole,  which  is 
absurd.    Therefore  AC  and  BD  do  not  bisect  each  other. 


PROP.  V.  THEOR. 


tf  two  circles  (ACF9  JDC6J  cut  each  other,  they  have  not  the 

same  centre. 

Fori  if  possible,  let  E  be  the  cen- 
tre of  both  circles,  and  draw  EC  to 
the  intersection,  and  EFG  meeting 
the  circles  in  F,  G. 

Because  E  is  the  centre  of  the  cir- 
cle ACF  [Hyp.],  EF  is  equal  to  EC 
[Def.  10.  11;  and.  because  E  is  the 
centre  of  the  circle  DCG,  EG  is 
equal  to  EC  [Def.  10.  l]$  whence 
EF,  EG,  being  each  equal  to  EC, 
are  equal  to  each  other  [Ax.  1.  1],  part  and  whole,  which  is 
absurd ;  therefore  E  is  not  the  centre  of  both  the  circles  ACF* 
DCG.  In  like  manner  it  may  be  shewn,  that  no  other  point  can 
be  their  centre. 


PROP.  VI.  THEOR. 


If  two  circles  (ACB,   DCE  J  touch  each  other  internally,  they 

have  not  the  same  centre. 

For,  if  possible,  let  F  be  the  centre 
'Of  both  circles,  and  drawT  FC  the  contact, 
and  FEB  meeting  them  in  E  and  B. 

Because  F  is  the  centre  of  the  cir- 
cle DCE  [Hyp.],  FE  is  equal  to  FC 
[Def.    10.    1];  and  because  F  is  the 
centre  of   the    circle    ACB,    FB    is 
equal  to  FC   [Def.  10.    1];    whence, 
FE,  FB,     being  each  equal   to  FC, 
are  equal  to  each  other  [Ax.  1.  1],  part  and  whole,  which  is 
absurd :  therefore  F  is  not  the  centre  of  both  the  circles  ACB,  ' 
DCE.    In  like  maimer  it  may  be  shewn,  that  no  other  point 
can  be  their  centre. 
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If  any  point  (B),  be  taken  within  a  circle  (GEA),  different  froin 
the  centre  (CJ;  the  greatest  right  line  which  can  be  drawn  from 
%t  -to  the  circumference,  is  thai  (BG),  which  passes  through  the 
centre  (CJ. 

The  remaining  part  (BA)  of  the  diameter  (GA),  passing  through 
the  point  so  taken,  is  the  least. 

Of  others  f'BB,  BE)  drawn  from  tliat  point  to  the  circumfe- 
rence, the  right  line  (BB),  which  is  nearer  to  that  passing 
thtough  the  centre,  is  greater  than  one  (BE)  which  is  more 
remote* 

And  from  that  point,  {here  can  be  drawn  to  the  circumference,  but 
two  right  lines  (as  BF,  BR)  equal  to  each  other. 

Part  1. — D6  passing  through  the  cen- 
tre, is  greater  than  any  other,  as  DB. 

Draw  CB,  and  CG  is  equal  to  CB 
[Def.  10.  1],  add  to  each  CD,  and  DG 
is  equal  to  DC,  CB  together ;  but  DC, 
CB  together  are  greater  than  DB  [20. 1], 
therefore  DG  is  also  greater  than  DB. 

Part  2. — The  remaining  part  DA  of  the 
diameter  GA  is  less  than  any  other,  as 
DF. 

Draw  CF,  and  CD,  DF  together  are  greater  than  CF  [20.  1  J, 
and  therefore  than  its  equal  CA ;  taking  from  each  CD  which  is 
^common,  DF  is  greater  than  DA  [Ax.  5]. 

Part  3. — DB  which  is  nearer  to  that  DG  which  passes 
through  the  centre,  is  greater  than  any  DE,  which  is  more 
remote. 

Draw  CE,  and  in  the  triangles  BCD,  ECD,  the  sides  BC,  . 
CD  are  severally  equal  to  the  sides  EC,  CD,  but  the  angfo 
BCD  is  greater  than  the  angle  ECD,  the  whole  than  its  part> 
therefore  the  base  BD  is  greater  than  tlte  base  ED  [24.  1]. 
In  like  manner  ED  may  be  proved  greater  than  FD. 

Part  4. — More  than  two  equal  right  lines  cannot  be  drawn 
from  that  point  to  the  circumference. 

For  however  three  right  lines  be  drawn  from  D  to  the  cir- 
cumference, either  one  of  them  is  part  of  the  diameter,  and 
therefore  greater  or  less  than  either  of  the  others,  by  part  1st 
«Yid  2nd ;  or  two  of  them  are  on  the  same  part  of  the  diameter, 
and  therefore  unequal,  by  part  3rd-. 
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PROP.  VIII.  THEOR. 


If  from  any  point  (D)  -without  a'cirde,  right  lines  be  drawn  to 
the  circumference  of  a  circle  ( GMJi) ;  of  those  drawn  to  the 
concave  circumference,  the  greatest  it  that  (HA)  which  passes 
through  the  centre  (C). 

Of  the  rest,  that  which  is  nearer  to  that  through  the  centre,  it 
greater  than  the  more  remote. 

But  of  tliose  which  fall  on  (he  convex  circumference,  the  least 
is  thai,  which,  being  produced,  would  pass  through  the  centre. 

Of  the  rest,  that  which  is  nearer  to  the  least,  is  less  than  the  more 
remote. 

Only  two  equal  right  lines  can  be  drawn  from  that  point  to  the 
circumference. 

Part  1. — Of  those  which  fall  on  the 
concave  circumference,  that  DA  which 
passes  through  the  centre,  is  greater  than 
any  other,  as  DE. 

Draw  CE,  and  CE  is  equal  to  CA 
(Def.  10.  1),  add  to  each  CD,  and  DA 
is  equal  to  DC,  CE  together;  but  DC, 
CE  together  are  greater  than  DE  (20.  1), 
therefore  DA  is  greater  than  DE. 

Part  2. — That  DE,  which  is  nearer  to  1 
that  DA-  through  the  centre,  is  greater 
than  the  more  remote  DF. 

Draw  CF,  and  in  the  triangles  DCE, 
DCF,  the  sides  DC,  CE  are  severally  equal  to  DC,  CF,  and 
the  angle  DCE  is  greater  than  DCF,  therefore  the  base  DE  is 
greater  than  the  base  DF  (24.  1).  In  like  manner  DF  may  be 
proved  greater  than  DM. 

Part.  3. — Of  those  which  fall  on  the  convex  circumference, 
that  DC,  which  being  produced  would  pass  through  the  centre, 
is  less  than  any  other,  as  DK. 

Draw  CG,  CK;  and  DK,  KC  are  greater  than  DC  (SO.  1), 
taking  from  them,  the  equals  CK,  CG,  the  right  line  DK  is 
greater  than  DG  (Ax.  5). 

fart  4. — That  DK,  which  is  nearer  to  the  least  DG,  is  less 
man  the  more  remote  DL. 


86  EUCXID*S  ELEMENTS  BOOK   III. 


'i 


Draw  CLj  and  DL,  LC  together,  are  greater  than  DK, 
KC  together  (21.  1);  taking  from  them  the  equals  CL,  CK, 
the  right  line  DL  is  greater  than  DR  (Ax.  5.  1).  In  like  man- 
ner it  may  be  proved,  that  DL  is  less  than  DH. 

Part  5. — Only  two  equal  right  lines  can  be  drawn  from  D  to 
the  circumference. 

^  For  however  three  right  lines  be  drawn  from  D  to  the  circum- 
ference, either  one  of  them,  produced  if  necessary,  passes 
through  the  centre,  and  is  therefore  either  greater  or  less  than 
either  of  the  others,  by  parts  1  and  3 ;  or  two  of  them  are  on 
the  same  part  of  the  diameter,-  and  therefore  unequal,  by  parts 
2  and  4. 

PROP.  IX.  THEOR. 

If  from  any  point  within  a  circle,  more  than  two  equal  tight 
lines  can  be  drawn  to  the  circumference,  that  point  is  the  centre 
of  the  circle. 

For  if  it  were  not  the  centre,  only  two  equal'  right  lines 
could  be  drawn  from  it  to  the  circumference  (7.',  3),  which  is 
contrary  to  the  hypothesis. 

PROP.  X.  THEOR. 

One  circle  (BAF J  cannot  cut  another  (BBFJ  in  more  than  twe 

points. 


If  possible,  let  them  cut  each  other  in  more  than  two  points, 
as  B,  Gfc  F;  find  the  centre  K  of  the  circle  BAF  (1.  3), 
and  draw  KB,  KG,  KF,  which  are  equal  (Def.  10.  1) ;  there- 
fore, in  the  case  of  figure  1,  when  K  is  within  the  circle  BDF, 
K  is  the  centre  of  the  same  circle  BDF  (9.  3),  therefore  the 
circles  BAF,  BDF,  cutting  each  other,  have  a  common  cen- 
tre, which  is  absurd  (5.  3);    therefore  the  circles  cannot  cut 
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each  other  in  more  than  two  points  in  this  case.  In  the  case  of 
figure  2,  when  the  centre  of  each  is  without  the  other,  more  than 
two  equal  right  lines,  as  KB,  KG,  KF  are  drawn  tn  the  cir- 
cumference of  the  circle  BDF  from  a  point  K  without  it,  which 
is  absurd  (8.  3) ;  therefore  neither  in  this  case  can  the  circles 
cut  each  other  in  more  than  two  points. 


PROP.  XI.  THEOR. 


If  two  circles  (ABC,  ADE),  touch  each  other  internally,  the 
the  right  line  which  joins  their  centres,  being  produced,  passes 
through  their  contact.  • 

For  if  not,  let  the  right  line  BDC  join- 
ing the  centres,  cut  the  circles  in  D,  B, 
the  centre  of  the  circle  ABC  being  F,  and 
that  of  ADE,  G;  and  draw  AF,  AG. 

The  sides  AG,  GF  of  the  triangle  AGF 
are  greater  than  AF  (20.  1),  or,  than  its 
equal  [Def.  10.  l]  FB,  taking  from  each 
GF,  which  is  common,  AG  is  greater  than 

GB ;  but  because  G  is  the  centre  of  the  cir-  

cle  ADE,  GD  is  equal  to  GA ;  therefore  GD  is  greater  than 
GB,  the  part  than  the  whole,  which  is  absurd ;  therefore  the 
right  line  joining  the  centres  of  the  circles  ABC,  ADE  cannot 
Call  otherwise  than  on  the  contact  A,  and  must  therefore  pass 
through  it. 


PROP.  XII.  THEOR. 


If  two  circles  (ABC,   AEB)   touch  each  ottier  externally,    the 
right  line  joining  their  centres,  passes  through  their  contact 

For  if  not,  let  F  and  G  be 
their  centres,  and  let  the  right 
line  FG  joining  them,  not 
pass  through  their  contact 
A,  but  meet  the  circles  in  C 
and  D,  and  join  FA,  AG. 

Because  FA  and  AG  are 
greater  than  FG  (20.  1),  and 
FC  equal  to  FA,  and  DG  to 
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AG  [Def.  10.  1\  therefore  FC  and  DG  together  are  greater 
than  FG,  the  part  than  the  whole,  which  is  absurd.  Therefore 
the  rig^tline,  which  joins  the  centres  of  the  circles  ABC,  AED, 
cannot  pass  otherwise  than  through  the  contact  A,  and,  of  course, 
passes  through  it. 

PROP.  XIII.  THEOR. 

One  circle  cannot  touch  another,  either  within  or  without,  in  more 

x  points  than  one. 

Let  the  circles  AC,  AD,  if  possible, 
*  touch  each  other  inwardly  in  two  points  A 
and  B  ;  find  the  centres  E,  F  of  these  circles 
(l.  3),  which  are  different  [6.  3];  draw 
EF,  which  produce  to  pass  through  one  of 
the  contacts  as  A  (11.  3),  and  draw  EB 
and  FB. 

Because  FA  is  equal  to  FB  (Def.  10.  1), 
adding  to  each  FE,  AE  is  equal  to  BF, 
FE ;    but  BF,    FE  are-  together  greater  C 

than  BE  [20.  1],  therefore  AE  is  greater  than  BE  ;  but,  because 
E  is  the  centred  the  circle  AC*  AE  is  equal  to  BE  (Def.  10.  1); 
therefore  AE  is  both  equal  to,  and  greater  than,v  BE,  which 
is  absurd. 

But  if  the  two  points  of  contact  A,  B 
/  be  at  opposite  parts  of  the  right  line  join- 
ing the  centres  E,  F,  the  right  line  AB  is 
a  diameter  of  both  the  circles  AC  and  AD, 
and  AF  is  equal  to  FB  (Def.  10.  1),  and 
therefore  greater  than  EB,  of  course  AE 
is  greater  than  EB  ;  but  AE  is  also  equal. 

to  EB  (Def.  1.0.  1 ),  wbieh  is  absurd. 

./I 

Lastly,  let  the  circles  AC,  AD,\  if 
possible,  touch  each  other  externally 
in  two  points  A,  6 ;  draw  EF  joining 
the  centres  E,  F,  and  passing  through 
one  of  them  A  [11.  3]*  and  join  EB, 
BF. 

Then  is  EA  equal  to  EB,  and  AF 
to  BF  (Def.  10,  1) ;  therefore  EF 
one  side  of  the  triangle  EBF  is  equal  to  the  other  two  sides  EB  * 
BF,  which  is  absurd  (20.  1). 
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In  no  case  therefore,  do  two  circles  touch  each  other  in  more 
points  than  one. 

PROP.  XIV.  THEOR. 

Equal  right  line*  (JIB,  CD  J,  inscribed  in  a  circle  (JIBDCJ,  are 
equally  distant  from  the  centre;  and  those,  which  are  equally 
distant  from  the  centre,  are  equal* 

Take  E  the  centre  of  the  circle  ABDC 
(1.  3),  join  EA,  EC,  and  draw  EF,  EG 
perpendiculars  to  AB,  CD. 

Because  AB,  CD  are  equal  (Hyp,), 
and  bisected  by  the  perpendiculars  EF, 
EG  (3.  3);  the  right  lines  AF,  CG  are 
equal  (Ax.  7) ;  therefore  their  squares 
are  equal  (Cor.  3.  34.  1);  also  E A,  EC 
are  equal  (Def.  10.  1),  and  therefore  their 
squares  [Cor.  3.  34.  l] ;  but,  because  the  angle  AFE  is  right,  the 
square  of  AE  is  equal  to  the  squares  of  AF,  FE  [47.  1],  and, 
for  the  like  reason,  the  square  of  EC  is  equal  to  the  squares  of 
CG,  GE  ;  therefore  the  squares  of  AF,  FE  are  equal  to  the 
squares  of  CG,  GE  ;  taking  from  each  the  equal  squares  of 
AF,  CG,  the  squares  of  EF  and  EG  are  equal  [Ax.  3],  and 
therefore  the  right  lines  EF,  EG  themselves  [Cor.  1.  46.  1], 
and,  of  course,  AB,  CD  are  equally  distant  from  the  centre 
[Def.  4.  3]. 

Let  now  AB,  CD  be  equally  distant  from  the  centre,  and,  of 
course,  EF,  EG  equal  [Def.  4.  3],  their  squares  are  also  equal 
(Cor.  3.  34.  1) ;  and  because  E A,  EC  are  equal,  their  squares 
are  equal  (Cor.  3.  34.  1) ;  but  the  square  of  E*A  is  equal  to  the 
squares  of  EF,  FA,  and  the  square  of  EC  to  the  squares  of 
EG,  GC  [47.  1]  ;  therefore  the  squares  of  EF,  FA  are  equal 
to  the  squares  of  EG,  GC ;  taking  away  the  equal  squares  of 
EF,  EG,  the  squares  of  AF,  CG  are  equal  [Ax.  3],  and 
therefore  these  right  lines  themselves  [Cor.  1.  46.  1] ;  but,  be- 
cause EF,  EG  bisect  AB,  CD  [3.  3],  the  right  lines  AB, 
CD  are  double  of  the  equals  AF,  CG,  and  therefore  equal  to 
each  other  [Ax.  6]. 
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PROP.  XV.  THEOR. 


The  diameter  (JLD)  is  the  greatest  right  line  in  a  circle  (AB9  CD  J; 
and,  of  all  others,  that  (BC)  which  is  nearer  to  the  centre  (EJ9 
is  greater  than  one  more  remote  (FQ);  and  the  greater 
(BC)  is  nearer  to  tlie  centre  than  tlie  less  (FQ). 

From  the  centre  E  draw  EH,  EK  per- 
pendiculars to  BC,  FG,  and  join  EB,  EC, 
EF;  the  right  line  EA  is  equal  to  EB, 
and  ED  to  EC  (Del*.  10.  1),  therefore 
AD  is  equal  to  EB  and  EC ;  but  EB  and 
EC  are  greater  than  BC  (20.  1),  therefore 
AD  is  greater  than  BC. 

Let  how  BC  be  nearer  the  centre  than 
FG,  and,  of  course,  EH  less  than  EK 
(Def.  5.  3),  the  right  line  BC  is  greater  than  FG.  For  the 
squares  of  BH,  HE  are  together  equal  to  the  square  of  EB 
(47.  1),  or  of  EF,  its  equal  (Def.  10.  1);  also  the  squares  of 
FK,  KE  are  equal  to  the  square  of  EF  [47.  l] ;  therefore  the 
squares  of  BH,  HE  are  equal  to  the  squares  of  FK,  KE  ; 
whence,  tlie  square  of  EH  being  less  than  the  square  of  FK, 
because  EH  is  less  than  EK,  the  square  of  BH  is  greater  than 
the  square  of  FK,  and,  of  course,  BH  greater  than  FK ; 
whence,  BC,  FG  being  doubles  of  BH,  FK  [3.  3],  the  right 
line  BC  is  greater  than  FG. 

Lastly,  let  BC  be  greater  than  FG,  then  is  BC  nearer  to  the 
centre  than  FG.  For,  because  BC  is  greater  than  FG  [Hyp.], 
and  BH,,  FK  are  the  halves  of  BC,  FG  (3.  3),  the  righl  line 
BH  is  greater  than  FK ;  whence,  the  squares  of  BH,  HE,  ant) 
of  FK,  KE,  being  each  equal  to  the  square  of  the  radius 
EB  or  EF  [47.  1],  and  therefore  to  each  other,  tlie  square 
of  EH  is  less  thati  the  square  of  EK,  and,  of  course,  EH 
less  than  EK,  and  BC  nearer  to  the  centre  than  FG  [Def.  5.  S]. 
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PROP.  XVI.  THEOR.    . 

A  right  line,  drawn  from  the  extremity  (A),  of  a  diameter 
(AB),  of  a  circle  (ABC),  perpendicular  to  it,  falls  entirely 
without  the  circle,  and  no  right  line  can  be  drawn,  between  that 
right  line  and  the  circumference,  so  as  not  to  cut  the  cbrde. 

Fart  1. — For  if  the  right  line,  drawn 
from  A  at  right  angles  to  AB,  does  not 
fall  entirely  without  the  circle,  let  it,  if 
possible,  meet  the  circumference  in  some 
other  point,  as  C,  and  from  the  centre 
D  draw  DC. 

Because,  in  the  triangle  DAC,  the 
sides  DA,  DC  are  equal  (Def.  10.  1),  the 
angles  DAC,  DC  A  are  also  equal  (5.  1),  but  DAC  is  a  right  an- 
gle (Hyp.),  therefore  DC  A  is  a  right  angle,  and  the  angles  DAC, 
DCA  together  equal  to  two  right  angles,  which  is  absurd 
(17.  1).  Therefore  a  right  line  drawn  from  A,  at  right  angles 
to  AB,  does  not  meet  the  circle  in  any  other  point,  and  there* 
fere  falls  entirely  without  it. 

Part  3. — Let  now  the  right  line  AE 
be  that  which  is  drawn  from  A,  at  right 
angles  to  AB,  which,  by  part  1.  of  this, 
falls'  entirely  without  the  circle ;  there 
cannot  be  drawn  between  AE  and  the  ty- 
circumference,  a  right  line,  so  as  not  to 
cut  the  circle. 

For,  if  possible,  let  AF  be  such,  and 
the  angle  DAE  being  right,  DAF  is 
acute;  from  J)  draw  DG  perpendicular  to  AF,  meeting  the 
circumference  in  H ;  and  since,  in  the  triangle  DAG,  the  right 
angle  DGA  is  greater  than  the  acute  angle  DAG,  the  side  DA 
is  greater  than  DG  (19.  1),-  but  DH  is  equal  to  DA  (Def. 
10.  1);  therefore  DH  is  greater  than  DG,  the  part  than  the 
whole,  which  is  absurd.  Therefore  no  right  line  can  be  drawn 
between  AE  and  the  circle,  so  as  not  to  cut  it. 

Cor. — Hence  it  appears,  that  a  right  line,  drawn  from  the 
extremity  of  the  diameter  of  a  circle,  at  right  angles  to  it, 
touches  the  circle  (Def.  1.  3),  and  that  it  touches  it  only  in  one 
point. 
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From  a  given  point  'which  is  not  within  a  given  circle  (BCD J, 

to  draw  a  right  line  to  touch  it 

First,  let  the  given  point  be  with- 
out the  circle,  as  A ;  find  its  centre  E 
(1.  3),  join  EA,  and  from  the  cen- 
tre E,  at  the  distance  EA,  describe 
the  circle  AFG ;  through  D,  draw 
DF  perpendicular  to  AE  (11.  1), 
meeting  the  circle  AFG  in  F^  and 
draw  EBF  and  AB ;  the  right  line 
AB  touches jthe  circle  BCD. 

For  in  the  triangles  EBA,  EDF, 
the  sides  EB,  EA  are  severally  equal  to  ED,  EF  (Def.  10.  1), 
and  the  angle  E  common,  therefore  the  angle  EBA  is  equal  io 
the  angle  EDF  (4.  1) ;  but  EDF  is  a  right  angle  (Constr.), 
therefore  EBA  is  a  right  angle,  and,  of  course,  AB  touches 
the  circle  BCD  (Cor.  16.  3),  being  drawn  from  the  given 
point  A.    ^ 

Let  now  the  given  point  be  in  the  circumference  of  the  given 
circle  BDC,  as  the  point  B  ;  draw  BE  to  the  centre  E»  and 
B  A  at  right  angles  to  BE ;  the  right  line  B A  touches  the  circle 
(Cor.  16.  3). 

PROP.  XVIII.  THEOR. 

Jf  a  right  line  (BE)  touch  a  circle  (ABC)  ;  a  right  line  (FC), 
r  drawn  from  the  centre  (F)9  to  the  contact  (C),  is  perpendicular  to 
'  the  tangent 

If  FC  be  not  perpendicular  to  DE, 
frqm  F,  draw  FBG  perpendicular  thereto 
(12.  1),  then,  because  FGC  is  a  right 
angle,  FCG  is  acute  (17.1),  therefore  the 
side  FC  is  greater  than  FG  (19.  1); 
but  FB  is  equal  to  FC  (Def.  10.  1), 
therefore  FB  is*  greater  than  FG,  the 
part  than  the  whole,  which  is  absurd  ; 
therefore  FG   is  not  perpendicular  to   B  C    Ci      n 

DE.  In  like  manner  it  may  be  shewn,  that  no  other  right 
line  but  FC,  is  perpendicular  to  it,»  therefore  FC  is  perpendi- 
cular to  DE. 
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l»ROP.  XIX.  THEOR. 

If  a  right  line  (DE)  touch  a  circle  [ABC);  a  right  line  fCJ) 
drawn  through  from  the  contact  (C),  perpendicular  to  the  tan- 
gent, passes  through  tlie  centre* 

If  not,  let  the  centre  be,  if  possi- 
ble, Without  CA,  as  at  F,  and  join 
CF. 

Because  FC  is  drawn  from  the  cen- 
tre to  the  contact,  it  is  perpendicular 
to  DE  (18.  3),  therefore  the  angle 
FCE  is  a  right  angle ;  but  the  angle 
ACE  is  a  right  angle  (Hyp.)  ;  there- 
fore the  angle  FCE  is  equal  to  ACE. 
the  part  to  the  whole,  which  is  absurd ; 
therefore  F  is  not  the  centre  of  the  circle.  In  like  manner  it  may 
be  sheiyn.  that  no  other  point  without  CA  is  the  centre  of  the 
circle,  therefore  that  centre  is  in  CA. 

PROP.  XX.  THEOR. 

The  angle  (BEC),  at  the  centr*  (E),  of  a  circle  (ABC),  is  douUe 
of  the  angle  (BJC)  at  the  circumference,  on  the  same  base,  or 
same  part  of  the  circumference  (BC). 

Firstly. — Let  one  of  the  legs  BA  of  the 
angle  at  the  circumference,  pass  through  the 
centre  E  y  and  because,  in  the  triangle 
ECA,  the  sides  EC,  EA  are  equal,  the  an- 
gles EAC,  EQA  are  equal  (5.  1);  but  the 
external  angle  BEC  is  equal  to  EAC,  ECA 
together  (32.  1),  and  therefore  double  of 
BAC. 

Secondly. — Let  the  centre  E  be  within 
the  angle  BAC,  and  join  AE,  which  pro- 
dace  to  meet  the  circumference  in  F ;  and 
because  the  angle  BEF  is  double  the 
angle  EAB  (by  part  1],  and  the  angle 
FEC  double  the  angle  EAC  (by  the  same), 
the  whole  angle  BEC  is  equal  to  double 
the  angle  B AJF  with  double  the  angle  FAC, 
and  therefore  to  double  the  whole  angle 
BAC  (Ax.  2.  iy 
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Thirdly. — Let  the  certtrfe  E  be  without  the 
angle  BAC.  Join  AE,  which  produce  to 
meet  the  circumference  in  F ;  the  angle  FKC 
is  equal  to  double  the  angle  FAC  (by  part  1)> 
or  to  double  the  angle  FAB  with  double  the 
angle  BAC ;  but  the  angle  FEB  is  equal  to 
double  the  angle  FAB  (by  the  same),  which 
equals  being  taken  away  from  each  of  the 
preceding  equals,  there  remains  the  angle 
BEC  equal  to  double  the  angle  BAC  (Ax.  3.  1). 

Otherwise,  (seeatt  the  figures  to  this  prop.  J 

Join  BC ;  and,  because  of  the  equals  EB,  EC,  the  triangle 
EBC  is  isosceles,  and  E  A  is  equal  to  either  of  the  equal  sides  ;• 
therefore  the  angle  BEC  is  double  the  angle  BAC  (Cor. 
3,  32.  1). 

PROP.  XXI.  THEOR. 

The  angles  (BAD,  BED  J,  in  the  same  segment  (BAED)  of  a 

circle,  are.  equal. 


tfind  F  the  centre  of  the  circle  BAED 
(1.  3);  and  first  let  the  segment  BAED  be 
greater  than  a  semicircle,  and  join  BF,  FD. 
Because  the'  angle  BFD  at  the  centre,  is 
double  of  either  of  the  angles  BAD,  BED 
at  the  circumference  (20.  3),  the  angles 
BAD,*  BED  are  equal  (Ax*  7). 


Secondly,  let  the  segment  BAED  be, 
not  greater  than  a  semicircle,  draw  AF  to 
the  centre,  and  produce  it  to  meet  the  cir- 
cumference in  C,  and  joinCE:  and  be-  ^j 
cause  the  segment  BADC  is  greater  than 
a  semicircle,  the  angles  in  it  BAC,  BEC 
are  equal  (Part  I.  of  this  ;  and  because 
the  segment  CB  AD  is  greater  than  a  se- 
micircle, the  angles  in  it  CAD,  CED  are 
equal  (by  the  same);  therefore  the  angles  BAC,  CAD  together, 
or  the  whole  angle  BAD,  and  the  angles  BEC,  CED  together, 
or  the  whole  angle  BED,  are  equal  (Ax.  2.  1). 


Cor.  The  rectangles,  under  the  diagonals 
(AC,  BD),  of  a  quadrangle  (ABCD)  in- 
scribed in  a  circle,  is  equal  to  the  rectan- 
gles, under  the  opposite  sides,  ( under  AB  and 
CD,  and  under  AD  and  BCJ, 


Hake  the  angle  ADE  equal  to  CDB ;  to  each  of  which,  ad- 
ding the  common  angle  EDB,  the  angle  ADB  is  equal  to  EDC ; 
whence  the  triangles  ADB,  EDC,  having  also  the  angles  ABD, 
ECD,  in  the  same  segment  ABCD,  equal  (by  this  prop.\  are 
equiangular  (32.  1)  i  therefore  the  rectangle  under  the  sides 
■feat  the  equal  angles  ABD,  ECD,  taken  alternately,  are  equal 
(Cor.  4.  5  &  6.  2),  namely,  the  rectangle  under  AB  and  DC,  to 
the  rectangle  under  DB  and  EC;  and  the  triangles  AED,  BCD, 
having  the  angles  ADE,  BDC  equal  [Constr.],  and  the  angles 
DAE,  BBC,  in  the  same  segment  DABC,  equal  (by  this  prop.}, 
are  equiangular ;  therefore  the  rectangle  under  the  sides  about 
the  equal  angles  DAE,  DBC,  taken  alternately,  are  equal  [Cor. 
4.  5  &  6.  2],  namely,  the  rectangle  under  AD  and  BC  to  the 
rectangle  under  DB  and  AE  j  but  the  rectangles  under  DB  an 
EC  and  under  DB  and  AE,  are  equal  to  the  rectangle  under 
DB  and  AC  (1.  2) ;  therefore  the  rectangles  under  AB  and  DC, 
and  under  AD  and  BC,  are  together  equal  to  the  rectangle  under 
BBandAC. 

PROP.  XXII.  THEOR. 

The  opposite  angles,  of  a  quadrangle  (ABCD),  inscribed  in  a  cir- 
cle f  Jilt  CD  J,  are  equal  to  two  right  angles. 

Draw  AC,  DB,  and  the  angles  ABD  „ 

ACD, being  in  the  same  segment  ABCD, 
are  equal  [21.  3];  also,  the  angles  ACB, 
ADB,  being  in  the  same  segment  ADCB, 
are  eqnal  [21.3],*  therefore  the  two  angles  I 
ACB,  ACD,  or  the  whole  BCD,  are  equal  | 
to  the  two  angles,  ABD,  ADB ;  adding 
to  each  the  angle  BAD,  the  angles  BCD,  ' 
BAD  are  equal  to  the  angles  ABD,  ADB 
and  BAD,- but  the  angles  ABD,  ADB,  BAD,  being  the  three 
angles  of  the  triangle  ABD,  are  equal  to  two  right  angles 
[32.  l'j  ;  therefore  the  angles  BCD,  BAD,  are  also  equal  to  two 
right  angles.  In  like  manner,  the  angles  ABC,  ADG  may  be 
proved,  to  be  equal  to  two  right  angles. 
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PROP.  XXIII.  THEOR. 

On  the  same  right  line,  and  on  the  same  side  of  it9   there  cannot  be 
two  similar  segments  of  circles,  not  coinciding  with  each  other.  . 

•      «■ 
For,  if  possible,  let  two  similar  seg- 
ments of  circles,  as  ACB,  ADB  be  on  the 
same  right  line  AB,  and  on  the  same  side 
of  it,   not  coinciding  with  each  other: 

Then,  since  the  circles  ACB,  ADB  cut  ^ — ^n 

each  other,  in  the  points  A,  B,  they  cannot  cut  each  other  in 
any  other  point  [10.  3] ;  one  of  the  segments  therefore  must  fall 
within  the  other;  let  ACB  fall  within  ABB,  and  from  any 
point  D,  of  the  circumference  ADB,  draw  DB,  meeting  the 
circumference  ACB  in  C,  and  join  AD,  AC ;  and  because  the 
segments  ACB,  ADB  are  similar,  (Hyp.;,  the  angle  ACB  is 
equal  to  the  angle  ADB  (Def.  11.  3),  an  exterior  angle  of  the 
triangle  ACD,  to  an  interior  remote,  which  is  absurd  [16.  l]. 
.Therefore  there  cannot  be,  on  the  same  side  of  the  same  right 
line,  two  similar  segments  of  circles,  which  do  not  coincide. 

PROP.  XXIV.  THEOR. 

Similar  segments  of  circles  (AEB,  CFD  J,  on  equal  right  lines 

(AB,  CD,  J  are  equal. 

For  if  the  segment  AEB  be 
so  applied  to  the  segment  CFD, 
that  the  point  A  may  be  on 
the  point  C,  and  the  right  line   A  &  C 

AB  on  CD,  the  point  B  would  fall  on  D,  because  AB  is  equal  to 
CD,  and  the  right  line  AB  would  coincide  with  CD  ;  therefore 
the  segment  AEB,  being  similar  to  the  segment  CFD  (Hyp.), 
would  coincide  with  it  [23.  3]$  therefore  the  segments  AEB, 
CFD  are  equal  (Ax.  8.  l). 

Cor.  1.  From  the  proof  of  this  proposition,  it  follows ;  that 
the  circumferences  AEB,  CFD,  of  similar  segments  of  circles, 
oh  equal  fright  lines,  are  also  equal,  since  they  also  would 
coincide. 

Cor.  2.  And,  by  a  similar  argument,  as  is  used  in  this  propo- 
sition, it  may  be  proved ;  that  circles,  having  equal  diameters  or 
semi-diameters,  are  equal ;  for  if  they  be  so  applied  to  each 
other,  that  their  centres  coincide,  since  their  semi-diameters  are 

Sual,  their  circumferences  coincide ;  whence  the  circles  them- 
Ivefc  and  their  circumferences  are  equal* 


.     A 


O*  «E0MXT1T.  97 

Cor.  3.  Circles,  having  unequal  diameters  or  semidiameters, 
are  unequal,  those  having  the  greater  diameters  or  semi-diame- 
ters, being  the  greater. 

Cor.  4.  And,  of  unequal  circles,  the  greater  has  the  greater 
diameter  or  semi-diameter;  for  if  the  diameters  were  equal,  the 
circles  would  be  equal  [Cor.  2.  24.  3 J,  contrary  to  the  hypothe- 
sis ;  and  if  the  diameter  of  the  former  were  the  less,  the  circle 
would  be  less  [Cor.  3.  24.  3];  which  is  also  contrary  to  the 
hypothesis. 

Cor.  5.  Equal  circles  have  equal  diameters  and  semidiame- 
ters; for  if  the  diameters  or  semidiameters  were  unequal,  the 
circles  would  be  unequal  (Cor.  3.  24.  $j,  contrary  to  the  hy- 
pothesis. 

PROP.  XXV.  PROB. 


A  scgVMxt  of  a  circle  (ABC)  being  given,  tc 

which  it  is  a  segment? 

Let  two  right  lines  AB,CD,  not  parallel 
to  each  other,  and  terminated  by  the  cir- 
cles, be  drawn ;  bisect  these  right  lines  in 
E  and  F,  and,  through  the  points  of  bisec- 
tion, draw  EG,  FG,  at  right  angles  to  AB, 
CD,  meeting  each  other  in. G;  their  inter- 
section G,  is  the  centre  of  the  circle,  where-  A> 
of  ABC  is  a  segment. 

Because  the  right  line  AB,  terminated  in  a  circle,  is  bisected 
by  a  perpendicular  EG,  the  right  line  EG  passes  through  the 
centre  (Proof  of  1.  3) ;  for  the  same  reason,  FG  passes  through 
the  centre ;  therefore  their  intersection  G,  is  the  centre  of  the 
circle,,  of  which  ABC  is  a  segment  $  whence  the  circle  itself  may 
be  described. 
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PROP.  XXVI.  PROB. 

In  equal  circles  (JLBC,  DEFJ,  equal  angles,  stand  on  equal  cir- 
cumferences or  arches  ;  whether  they  be  at  the  centres  (^as  G,  HJ9 
or  at  the  circumferences  fas  A,  DJ. 


If  the  angles  G,  H  be  at  the  centre,  let  there  be  constituted 
the  angles  A,  D  at  the  circumferences  on  the  same  arches,  and 
join  BC,  EF. 

Because  the  circles  AfJC,  DEF  are  equal,  their  semi-diame- 
ters are  equal  (Cor.  5.  24.  3);  therefore,  in  the  triangles  BGC, 
EHF,  the  sides  BG,  GC  are  severally  equal  to  EH,  HF,  and 
the  angles  G,  H  are  equal  t  Hyp.),  therefore  the  bases  BC,  EF 
are  equal  (4.  1);  but  the  angles  BAC,  EDF  are  equal  (20.  3  and 
Ax.  7.  1),  therefore  the  segments  BAC,  EDF  are  similar  (Def. 
11.3);  and  they  are  constituted  on  equal  right  lines  BC,  EF, 
therefore  the  circumferences  BAC,  EDF  are  equal  (Cor.  1. 24. 3) ; 
but  the  whole  circumference  BACK  is  equal  to  the  whole  circum- 
ference EDFL  (Hyp.  &  Cor.  5  &2.|24.  3),  therefore  the  remain- 
ing circumference  BKC  is  equal  to  the  remaining  circumference 
ELF. 

If  the  equal  angles,  as  A,  D,  be  at  the  circumference,  and 
acute;  drawing lBG,  GC,  EH  and  HF,  the  arches  BKC  and 
ELF  may,  in  like  manner,  be  proved  equal. 

But  if  the  equal  angles  at  the  circumference  be  either  right  or 
obtuse,  let  them  be  bisected,  their  halves  are  equal  (Ax.  7.  1), 
and  it  may  be  shewn  as  above,  that  the  arches,  on  which  they 
stand,  are  equals  and  therefore  the  whole  arches  are  equal. 
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PROP.  XXVII.  THEOR. 

Jfe  equal  circles  (BAC,  EBF),  the  angles  which  stand  on  equal 
arches  (BKC,  ELF  J  are  equal,  whether  they  beat  the  centres 
fas  BGC,  EHF  J,  or  at  the  circumferences  (as  BAC,  EBFJ. 

First  The  angle  BGC 
is  equal  to  the  angle 
EHF ;  for  if  not,  let  one 
of  them,  as  BGC,  be  the 
greater,  and  make  the 
angle  BGK  equal  to 
EHF  (23.  1)- 

Because  then,  in  the  equal  circles  BAC,  EDF,  the  angles 
BGK,  EHF  are  equal  [Constr.1,  the  arches  BK,  EF  are  eaual 
[£6.  3];  but  the  arches  BC,  EF  are  equal  [Hyp.];  therefore 
the  arches  BK,  BC,  being  each  equal  to  EF,  are  equal,  part 
and  whole,  which  is  absurd ;  therefore  the  angles  BGC,  EHF 
are  not  unequal,  they  are  therefore  equal ;  whence  the  angles 
BAC,  EDF,  being  halves  of  the  equal  angles  BGC,  EHF 
[20.  3],  ate  equal. 


PROP.  XXVIII.  THEOR. 

In  eaual  circles  (ABC,  DBF  J,  equal  right  lines  (BC,  EF),  cut 
off  equal  arches,  the  greater  (BAC),  equal  to  the  greater 
(EDF),  and  the  less  (BGC),  to  the  less  (EHF). 

If  the  equal  right 
lines  be  diameters,  the 
proposition  is  manifest. 

But  if  tiot,  find  K 
and  L  the  centres  of  the, 
circles  [l.  3],  and  join 
BK,  KC,  EL,  LF. 

Because  the  circles 
are   equal,    the    right 
lines  BK,  KC  are  severally  equal  to  EL,  LF  (Cor.  5.  24.  S), % 
and  BC  is  equal  to  EF  (Hyp.),  therefore  the  angles  K,  L  are 
equal  [8.  1],  and  therefore  the  circumference  BGC  is  equal  to 
the  circumference  EHF  [26.  3] ;  and  the  whole  circumference 
BACG  is  equal  to  the  whole  circumference  EDFH,  therefore 
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the  remaining  circumference  BAG  is  equal  to  the  remaining  cir- 
cumference EDF. 


PROP.  XXIX.  THEOR. 

In  equal  circles  (ABC,  DEF,  see  Jig.  in  the  preceding  Prop. ),  equal 
circupiferences  'BGC,  EHFJ,  are  subtended  by  equal  right 
lines  (BC,  EF). 

-  • 

If  the  equal  circumferences  be  semicircles,  the  proposition  is 
manifest. 

If  not*  find  the  centres  of  the  circles  K,  L  [1.  3]  $  and*  be- 
cause the  circumferences  BGC,  EHF  are  equal,  the  angles 
K,  L  are  equal  [27.  3] ;  and,  because  the  circles  ABC,  DEF 
are  equal,  the  right  lines  BK,  KC  are  severally  equal  to  EL, 
LF  (Cor.  5.  24.  3) ;  whence,  the  triangles  BKC,  ELF,  having 
BK,  KC  and  the  included  angle  K,  severally  equal  to  EL,  LF 
and  the  included  angle  L,  the  bases  BC,  EF  are  equal. 

Scholium.  What  are  demonstrated  in  the  four  preceding  pro- 
positions about  equal  circles,  are  also  manifestly  true  about  the 
same. 

Cor.  1. — In  equal  circles  [JLBC,  DEF,  see  fig.  to  prop,  xxvi 
of  this],  sectors  [BGC,  EHF],  which  stand  on  equal  arches 
[BKC,  ELF],  are  equal. 

Because  the  arches  BKC,  ELF  are  equal  [Hyp.],  the  right 
lines  BC,  EF  are  equal  [by  this  prop.]  ;  and  the  angle  BAC  is 
equal  to  EDF  [27.  3],  and  therefore  the  segments  BAC,  EDF 
are  similar  [Def.  11.  3],  and,  being  bn  equal  right  lines  BC,  EF, 
are  equal  [24.  3] ;  taking  each  from  the  whole  circles,  which 
are  equal  [Hyp.],  the  remaining  segments  BKC,  ELF  are 
equal ;  and  the  triangles  BGC,  EHF,  being  mutually  equilate- 
ral, are  equal  [Cor.  8.  l]j  therefore,  adding  these  triangles 
to  the  equal  segments  BKC,  ELF  the  sectors  BGC,  EHF  are 
equal. 

Cor.  2. — In  equal  circles,  equal  angles,  whether  at  the  centra 
or  circumference,  are  subtended  by  equal  right  lines. 

For  these  equal  angles  stand  on  equal  arches  {26.  3),  and 
the  equal  arches  are  subtended  by  equal  right  lines  (by  this 
prop.). 
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PROP.  XXX.  PROB. 

To  bisect  a  given  circumference  or  arcli  of  a  circle  (&DB)< 

Join  AB,  which  bisect  in  C  (10.  1), 
from  C,  draw  CD  at  right  angles  to  AB, 
which  bisects  the  circumference  in  D. 

Join  AD,  DB;  and  in  the  triangles 
ACD,  BCD,  the  sides  AC,  CB  arc  A. 
equal  (Constr.),  CD  common  to  the  two  triangles,  and  the  an- 
gle ACD  equal  to  BCD  (Def.  20.  1}  ,•  therefore  the  base  AD  is 
equal  to  the  baseBD  (4.  1),  and  therefore  the  circumferences 
AD,  DB,  which  they  subtend,  are  equal  [28.  3],  and  so  the 
given  Circumference  ADB  is  bisected  in  D. 


PROP.  XXXL  THEOR. 

The  angle  (BJC)  in  a  semicircle,  is  a  right  angle;  but  an  angle 
{as  ABC)*  in  a  segment  greater  than  a  semicircle,  is  less  than 
a  right  angle;  and  an  angle  (as  ADC),  in  a  segment  less  than 
a  semicircle,  is  greater  than  a  right  angle. 

Let  E  be  the  centre  of  the  circle,  join 
AE,  and  produce  BA,  as  to  F ;  and  be* 
cause,  in  the  triangle  EAB,  the  sides  EA, 
EB  are  equal,  the  angles  EAB,  EBA  are  . 
equal  (5.  1) ;  and  because,  in  the  triangle  •& 
EAC,  EA  is  equal  to  EC,  the  angles 
EAC,  EC  A  are  equal  (5.  1);  therefore 
(he  whole  angle  B  AC  is  equal  to  the  two 
angles  ABC,  ACB  [Ax.  2.  1] ;  but  the 
exterior  angle  FAC,  of  the  triangle  BAC,  is  equal  to  the  two 
angles  ABC,  ACB  [32.  1]  ;  therefore  the  angle  BAC  is  equal 
to  the  angle  FAC,  and  therefore  a  right  angle  [Def.  20.  1]. 

And,  because  the  two  angles  BAC,  ABC,  of  the  triangle 
ABC,  are  less  than  two  right  angles  [17.  1],  and  BAC  is  a 
right  angle,  the  angle  ABC,  in  a  segment  ABC  greater  than  a 
semicircle,  is  less  than  a  right  angle. 

And,  because  the  two  opposite  angles  ABC,  ADC,  of  the 
quadrangle  ABCD  in  the  circle,  are  equal  to  two  right  angles 
[22.  3]*  and  ABC  is  less  than  a  right  angle  ;  the  angle  ADC, 
in  a  segment  ADC  less  than  a  semicircle,  is  greater  than  a  right 
angle. 

14 
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Cor.— A  circle,  described  about  the  Tiypothenuse  [BC],  of  a 
right  angled  triangle  [ABC],  passes  through  the  right  angle 
rBACl :  for,  if  it  cut  the  right  line  [BF1  in  any  other  point 
but  [A}  the  angle  [BAC]  would  be  greater  or  less,  than  the 
angle  formed  at  the  intersection,  by  right  lines  drawn  from  it  to 
the  extremes  of  the  hypothenuse  BC  [16.  1],  which  »«£">  so 
formed  being,  by  this  prop,  a  right  one ;  the  angle  I.BAC-] 
would  be  greater  or  less  than  a  right  angle,  contrary  to  the 
hypothesis. 

PROP.  XXXIL  THEOR. 

H  a  right  line  (MF)  touch  a  circle  (JIBCBJ,  and  from  the  con- 
tact CB),  a  right  line  fBBJ  be  drawn  cutting  the  arete; 
the  angUs  made  by  the  tangent  and  cutting  line,  are  equal  to  the 
angles  in  Vie  alternate  segments. 

If  the  cutting  line  pass  through  the  A 

centre,  the  angles  are  equal,  being  right 
angles-  [18  and  31.  3]. 

If  not,  from  the  contact  B,  draw  BA 
at  right  angles  to  EF  [11.  l],  and,  hav- 
ing taken  any  point  C,  in  the  circumfe- 
rence BCD,  join  AD,  DC,  CB  ;  and  be- 
cause BA  is  perpendicular  to  the  tangent  = ~*-^1itr^' Tf 

EF,  the  cental  of  the  circle  is  in  BA  K 
[19.  3],  and  the  angle  BOA  in  a  semicircle  is  a  right  angle 
[31.  3],   and,  therefore,  in  the  triangle  ADB,  the  other  two  . 
angles  BAD,  ABD,  are  equal  to  a  right  angle  [33.  1],   and 
therefore  to  the  right  angle  ABF ;  taking  from  each  the  com* 
.  mon  angle  ABD,  the  angle  DBF  is  equal  to  the  angle  BAD  in 
the  alternate  segment.     And,    because,    in  the  quadrilateral 
figure  ABCD  inscribed  in  a  circle,  the  opposite  angles  BAD,  , 
BCD  arc  equal  to  two  right  angles  [22.  3],  and  therefore  to  the 
angles  DBF,  DBE,  which  arc  also  equal  to  two  right  angles 
[Id.  1] ;  taking  away  the  equal  angles  BAD,   DBF,  the  re- 
maining angle  DBE  is  equal  to  the  remaining1  angle  DCB  in 
the  alternate  segment. 
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0%  a  given  rigid  line  (AB)9  to  describe  a  segment  of  a  circle, 
wMck  may  receive  an  angle,  equal  to  a  given  rectilineal  an- 

gkcej. 

First. — Let  the  given  an- 
gle C  be  a  right  one,  [see 
jg.  1].  Bisect  the  given 
right  line  AB  in  F  [10.  1], 
from  the  centre  F,  at.  the 
distance  FA,  describe  the 
semicircle  AHB  ;  the  angle 
ABB  in  a  semicircle  is 
equal  to  the  right  angle  C 

[31.  3> 

Sfcmdlp — Let  the  angle 
C  not  be  a  right  one  (see 
fig.  2  and  3),  and  at  the 
point  A,  with  the  right 
line  AB,  make  the  angle 
BAD  equal  to  C  [23.  1], 
aid  from  the  point  A,  draw 
AE  at  right  angles  to  AD 
(11.  1);  bisect  AB  in  F, 
from  F  draw  F6  perpen- 
dicular to  AB  (11.  1),  and 
join  GB  ;  and  because,  in 
the  triangles  AFG,  BFG, 
AF  is  equal  to  FB,  FG 

common,    and  the  angles  _ 

AFG,  BFG  equal  [Theor.  at  11.  1],  the  bases  AG,  BG  are 
-equal  [4.  1],  and  the  circle  described  from  the  centre  G,  at  the 
distance  G  A,  passes  through  B  ;  let  this  circle  be  AHB  ;  and, 
because  AD  is  drawn  from  the  extremity  of  the  diameter  AE, 
perpendicular  to  it,  AD  touches  the  circle  [Cor.  1.  16.  3],  and 
therefore  the  angle  BAD,  or  which  is  equal  [ConstrJ,  the  angle 
C,  is  equal  to  the  angle  in  the  alternate  segment  AHB  [32.  3]  ; 
and  so  a  segment  AHB  is  described  on  the  given  right  line  AB, 
which  may  receive  an  angle,  equal  to  the  given  angle  C,  as  wai 
required  to  be  done, 
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PROP.  XXXIV.  PROB. 


From  a  given  circle    ABC),  to  cut  off  a  segment,  which  may 
receive  an  angle,  equal  to  a  given  rectilineal  angle  (BJ^ 

Draw  EF  touching  the  circle 
in  any  point  h  (17. 3),  and  atthe 
point  B  with  the  right  line  Br% 
nutke  the  angle  FBC  equal  to 
D  [23.  1]:  and,  because  EF 
is  a  tangent  to  the  circle,  the 
angle  FBC,  or,  which  is  equal 
( Constr.),  the  angle  D,  is  equal 

to  the  angle  in  the  alternate  seg-  

ment  BAC  (32.  3);  and  there-       »  b  :f 

fore,  there  is  cut  off  from  the  given  circle,  a  segment  B AC,  re- 
c  .  ving  an  angle  equal  to  the  given  angle  D,  as  was  required  to 
be  done* 


PROP.  XXXV.  THEOR. 


If  two  right  lines  (AC,  BD),  inscribed  in  a  circle  (ABCDJ,  aU 
each  other,  the  rectangle  (AECJ,  under  the  segments  of  one,  is 
equal  to  the  rectangle  (BEbJ,  under  the  segments  of  the  oilier. 


Case  1. — If  both  pass  through  the  cen- 
tre ;  AE,  EC,  BE,  ED  being  all  equal    A 
(Dcf.  10.  1),  the  rectangle  AEC  is  equal 
to  the  rectangle  BED  (Cor.  3.  34.  1). 


Case  2.— If  one  of  them  BD,  passing 
through  the  centre  F,  cut  the  other  AC, 
not  passing  through  the  centre,  perpen- 
dicularly, join  AF  ;  and  because  BD  is 
cut  equally  in  F,  and  unequally  in  E, 
the  rectangle  DEB  with  the  square  of 
EF,is  equal  to  the  square  of  FB  (5.  2), 
or  of  FA,  and  therefore,  to  the  squares 
of  AE  and  EF  (47.  l);  taking  away 
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the  common  square  of  EF,  the  rectangle  DEB  is  equal  to  the 
square  of  AE,  or  AE,  EC  being  equal  (3.  3),  to  the  rectangle 
AEC. 

Case  3* — If  one  of  them  DB,  passing 
through  the  centre  F,  cut  the  other  AC, 
not  passing  tlirough  the  centre,  ob- 
liquely, join  AF,  and  draw  FG  perpen- 
dicular to  AC  ;  and  since  DB  is  divided 
equally  in  F,  and  unequally  in  E,  the 
rectangle  DEB  and  the  square  of  FE, 
or,  (the  squares  of  FG,  GE,  being 
equal  to  the  square  of  FE  47.  1,),  the 
rectangle  DEB,  and  the  squares  of  FG,  GE,  are  equal  to  the 
square  of  FB  (5.  2),  or  FA,  or,  which  is  equal  (47.  1),  to  the 
squares  AG,  GF ;  taking' away  the  common  square  of  FG,  the 
rectangle  DEB  with  the  square  of  GE,  is  equal  to  the  square  of 
AG ;  but,  because  FG  is  perpendicular  to  AC,  AC  is  bisected 
in  G  (3.  3),  therefore  the  rectangle  AEC  with  the  square  of 
GE,  is  equal  to  the  square  of  AG  [5.  2]  ;  wherefore  the  rect- 
angle DEB  with  the  square  of  GE,  is  equal  to  the  rectangle 
AEC  with  the  square  of  GE  ;  taking  away  the  common 
square  of  GE,  the  rectangle  DEB  is  equal  to  the  rectangle 
AEC. 


Case  4.— -But  if  neither  of  the  right 
lines  AC,  BD  pass  tlirough  the  centre, 
find  the  centre  F,  and  through  E,  draw 
the  diameter  HG  ;  then  the  rectangles 
AEC,  DEB,  being  each  of  them  equal 
to  the  rectangle  HE  G  (case  3  of  this), 
are  equal  to  each  other. 


Otherwise,  (sepall  the  figures  to  this  Prop.) 

Join  AB,  CD ;  and,  since  the  triangles  AEB,  DEC,  having 
their  angles  at  E  equal  (15.  1),  and  the  angles  ABE,  DCE,  in 
the  same  segment  ABCD,  also  equal  (21.  3),  are  equiangular 
(32.  1),  the  rectangles  under  the  sides  about  the  equal  angles 
AEB,  DEC,  taken  alternately,  are  equal  (Cor.  4.  5  &  6.  £), 
namely,  the  rectangle  AEC  to  the  rectangle  DEB. 


EUCUD'S   BLEMftRTS 

PROP.  XXXVI.  THEOR. 


Jf  from  any  point  (E)  without  a  circle  ( CAB ),  txuo  right  Hjies 
(~ED,EA)  be  drawn  to  it,  one  of -tvhteh  (ED)  cuts  it,  and  the 
other  (EA)  toadies  it ;  the  rectangle  under  the  whole  cutting 
line  (ED)  and  tlte  external  segment  (ECJ,  it  equal  to  tite 
square  of  the  tangent  (EA). 


Case  1.  If  ED  pass  through  the  cen- 
tre F,  join  AF ;  and,  because  CD  is  bi- 
sected in  F,  and  CE  a  part  added  to  it, 
the  rectangle  DEC  with  the  square  of 
FC,  is  equal  to  the  square  of  FE  (6.  2), 
or  which  is  equal  (47.  J),  to  the  squares 
of  FA  and  AE  ;  taking  away  the  equal 
squares  of  FC  and  FA,  the  rectangle 
DEC,  is  equal  to  the  square  of  AE 
(Ax.  3). 

Case  2.  If  ED  do  not  pass  through 
the  centre  F,  draw  FG  pcr|>endicular  to 
it,  and  join  FA,  FC  and  FE ;  and,  be- 
cause DC  is  bisected  in  G  (3.  3),  and 
CE  added  to  it,  the  rectangle  DEC  with 
the  square  of  GC,  is  equal  to  the  square 
of  GE  (6.  2) ;  adding  to  each  the  square 
of  GF,  the  rectangle  DEC,  and  the 
squares  of  CG,  GF,  or,  (the  squares  of 
CG,  GF  being  equal  to  the  square  of  FC 
47.  1,),  the  rectangle  DEC,  and  the 
square  of  FC,  are  equal  to  the  squares  , 
of  EG,  GF,  or,  which  is  equal  (47.  l), 

or,  which  is  equal  (47.  1),  to  the  squares  of  FA,  *AE  ;  taking 
away  the  equal  squares  of  FC,  FA,'  the  rectangle  DEC  is 
equal  to  the  square  of  AE  (Ax.  3), 

Otherwise.  {See  both  figures  to  this  prop.) 

Join  DA,  AC ;  and,  since  the  triangles  ECA,  E  AD,  having 
the  angle  AED  common,  and  the  angles  EAC,  EDA  equal 
(32.  3),  are  equiangular  (32.  1),  the  rectangles  under  the  sides 
about  the  common  angle  AED,  taken  alternately,  are  equal 
(Cor.  4.  5  and  6.  2),  namely,  the  rectangle  CED  to  the  square 
of  EA. 


a  the  square  of  FE, 


MMfc  III.  OF  GEOMETRT.  107 

Cor.  1. — Hence,  iF  from  any  point  without  a  circle,  two  right 
lines  be  drawn  cutting  it,  the  rectangles  under  these  right  lines 
and  their  external  segments  are  equal,  being  each  equal  to  the 
square  of  a  tangent,  drawn  from  the  same  point  to  the  circle. 

Cor.  2 — Two  tangents  drawn  to  a  circle,  from  any  point 
without,  it,  are  equal. 

For  their  squares  are  equal,  being  each  equal  to  the  same 
rectangle. 

Cor.  3. — From  this,  and  the  preceding  proposition,  it  is  ma- 
nifest, that,  if  a  right  line,  passing  through  any  point,  either 
within  or  without  a  circle,  cut  it  in  two  points  or  touch  it ;  the 
square  of  the  segment  of  the  tangent,  or  rectangle  under  the 
segments  of  the  secant,  between  that  point,  and  the  point  or 
points,  in  which  it  touches  or  cuts  the  circle,  is  equal  to  the 
difference  of  the  squares  of  the  radius,  and  the  distance  of  the 
same  point  from  the  centre  of  the  circle. 

Cor.  4. — Hence  also  if  two  right  lines,  meeting  each  other, 
both  touch,  or  both  cut,  or  one  of  them  touch,  and  the  other  cut  a 
circle;  the  squares  of  the  segments  of  the  tangents,  or  rect- 
angles under  the  segments  of  the  secants  or  cutting  lines,  be- 
tween their  concourse,  and  the  points  in  which  they  meet  the 
circle,  are  equal. 

PROP.  XXXVII.  THEOR. 

Jf/ram  any  point  (E)  tditluml  a  circle,  two  right  lines  (BE, 
AE)  be  drawn,  one  of  them  (HE)  cutting  the  circle,  and  the 
other  (AE)  meeting  it,  and  the  rectangle  (DEC)  under  the 
cutting  line,  and  its  external  segment,  be  equal  to  the  square  of 
the  line  which  meets  it ;  the  right  line  (JIE)  which'  meets  the 
circle,  touches  it. 
From  E,  draw  EB  touching  the  circle 

(17.  3),  find  the  centre  F(l.  3),  and  join 

FA,FE,FB. 

Because  EB  touches  the  circle,   and 
,  DE  cuts  it,  the  square  of  EB  is  equal  to 

the  rectangle   DEC   (36.    S) ;     but  the 

square  of  AE  is  equal  to  the  rectangle 

DEC  (Hyp.),  therefore  the  squares  of  AE 

and  EB  are  equal  (Ax.  1.    l),  and,  of 

course,  the  right  lines  AE,  EB  them- 
selves (Cor.  l.  46.  1) ;  therefore,  in  the 

triangles  FAE,  FBE,  the  sides  FA,  AE 
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are  severally  equal  to  FB,  BE,  and  FE  is  common  to  both 
triangles,  therefore  the  angles  FAE,  FBE  are  equal  (8,  1); 
but  FBE  h  aright  angle  (18.  3),  therefore  FAE  is  also  a 
right  angle,  and,  of  course  AE  touches  the  circle  (Cor.  16.  3). 
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DEFINITIONS. 


1.  A  rectilineal  figure,  is  said  to  be  in- 
scribed in  another  rectilineal  figure,  when  all 
the  angles  of  the  inscribed  figure,  are  in  the  pe- 
rimeter of  the  other. 

2.  A  rectilineal  figure,  is  said  to  be  Circum- 
scribed about  another  rectilineal  figure,  when  the 
perimeter  of  the  former  touches  all  the  angles  of  the  other. 

3.  A  rectilineal  figure,  is  said  to.be  in- 
Scribed  in  a  circle,  when  all  its  angles,  are 
in  the  circumference  of  the  circle. 

4.  A  circle,  is  said  to  be  circumscribed 
&bout  a  rectilineal  figure,  when  every  angle 
of  the  rectilineal  figure,  is  in  the  circumfe- 
rence of  the  circle. 


5.  A  rectilineal  figure,  is  said  to  be  cir- 
cumscribed about  a  circle,  when  every  side  of 
it,  touches  the  circle. 

6.  A  circle,  is  said  to  be  inscribed  in  a 
Rectilineal  figure,  when  ever}'  side  of  the  rec* 
tilineal  figure,  touches  the  circle. 

7.  A  regular  figure,  is  that,  which  is  equi- 
lateral and  equiangular. 
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PROPOSITION  I.  PROBLEM. 


h  a  given  drde  (CAB),  from  a  given  point  (C)  in  its  circumfe- 
rence, to  inscribe  a  right  line*  equal  to  a  given  right  line  (D)9 
not  greater  than  the  diameter  of  the  circle* 

Draw  the    diameter  of  the    . 
circle   CB9    and,    if  this   be 
equal  to  D,  what  was  required 
is  done. 

If  not,  take  from  CB,  a 
part  CE  equal  to  D  (3.  l), 
and  from  the  centre  C,  at  the 
distance  CE,  describe  the  cir- 
cle AEF,  and  to  either  of  its  n*- 
interaections  with  the  given  circle,  as  A,  draw  CA,  this  is  cquil 
to  CE  (Del  10.  1),  and  therefore  to  the  given  right  line  D 
(Constr.  and  Ax.  1.  1). 

Cbr.— Hence  it  appears,  how,  in  a  given  circle,  from  a  given 
point  in  its  circumference,  an  arch  may  be  taken,  equal  to  a 
given  arch,  of  an  equal  circle  ;  namely,  by  drawing  the  chord 
of  the  given  arch,  and  inscribing  in  the  given  circle,  from  the 
given  point,  a  right  line  equal  to  that  chord  (by  this  prop.), 
which  right  line  cuts  off  an  arch  equal  to  the  given  one  (by 
28.  3). 
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PROP.  II.  PROS- 

In  a  given  drde  (BAC),  to  inscribe  a  triangle,  equiangular  to  a 

given  triangle  (EDF). 

Draw  the  right  line 
GH,  touching  the  circle 
in  any  point  A  (17.  3), 
and  at  the  point  A,  with 
the  right  line  AH,  make 
the  angle  HAG  equal  to 
the  angle  E  (23.  1);  and  -£ 
at  the  same  point,  with 
the  right  line  AG,  make 
the  angle  GAB  equal  to 
angle  F,  and  join  BC. 

The  angle  E  is  equal  to  the  angle  HAC  ( Const  r.),  or,  (32. 
3),  to  the  angle  B  in  the  alternate  segment ;  for  a  like  reason, 
the  angles  F  and  C  are  equal ;  therefore  the  remaining  angle  D 
is  equal  to  the  remaining  BAC  (32.  1);  therefore  the  triangle 
BAG,  which  is  inscribed  in  the  given  circle  (Def.  3.  4)  is  equi- 
angular to  the  given  triangle  EDF. 

PROP.  III.  PROB. 

About  a  given  circle  (ABC),  to  drcwmscribe  a  triangle,  equiangu- 
lar to  a  given  trUingle  (EDF), 


Prod??  e  any  sidte  EF,  of  the  given  triangle,  both  ways,  as 
to  G  rfhri  Hj  find  the  centre  K  of  the  given  circle  (l.  3),  front 
whi6h  dtiiw  any  radius  KA,  with  which,  at  K,  make  the  angle 
BKA  equal  to  DEG (23.  1);  and,  with  BKatK,  the  angle 
BKC  equal  to  DFH ;  and  draw  ML,  MN  and  LN,  touching 
the  circle  in  the  points  A,  B  and  C  (IT.  3). 


HOOK  IT.  OP   OEOMETBT.  Ill 

Because  the  four  ancles,  of  the  quadrangle  MAKB,  are  equal 
to  four  right  angles  (Cor.  1.  32.  1'),  and  the  angles  KAM, 
KBM  are  right  angles  (18.  3),  the  remaining  angles  AKB, 
AMB  are  equal  to  two  right  angles,  and  therefore  to  DEF, 
DEG,  which  together  are  also  equal  to  two  right  angles  [13.  1] ; 
taking  away  the  equal  angles  AKB,  DEG,  the  remaining 
angles  AMB,  DEF  are  equal :  in  like  manner,  LNM  and 
DFE  may  be  proved  equal  ;  therefore  the  remaining  angle  L 
is  equal  to  the  remaining  D  [32.  1],  and,  of  course,  the  triangle 
LiMN,  which  is  circumscribed  about  the  given  circle  [Def.  5. 
4],  is  equiangular  to  the  given  triangle  DEF. 


PROP.  IV.  PROB. 

fn  a  given  triangle  (ABC),  to  inscribe  a  drde. 

Bisect  any  two  angles  ABC, 
BCA  of  the  given  triangle  by  the 
right  lines  BD,  CD  (9. 1),  which, 
because  the  angles  DBC,  BCD, 
are  together  less  than  ABC, 
BCA  together  [Ax.  9],  and  there- 
fore than  two  right  angles  [17.  1], 
may  be  so  produced,  as  to  meet 
(Theor.  at  29.  1) ;  let  them  be  so 
produced,  and  meet,  as  in  D,  from  , 
which,  let  fall  the  perpendicular 
DE  on  AB  [12.  1],  from  the  centre  D,  at  the  distance  DE, 
describe  a  circle  (Post.  3),  which  is  inscribed  in  the  given 
triangle. 

For,  the  perpendiculars  DF  and  DG  being  let  fall  on  BC 
and  CA ;  because,  in  the  triangles  DEB,  DFB,  the  angles 
DEB,  DBE  are  severally  equafto  DFB,  DBF  [fconstr.],  and 
the  side  DB  common,  DE  and  DF  are  equal  [26.  1] ;  in 
like  manner,  DF,  DG  may  be  proved  equal ;  therefore  the 
three  right  lines  DE,  DF,  DG  are  equal  [Ax.  1.  1],  and  the 
circle,  described  from  the  centre  D,  at  the  distance  DE,  passes 
through  F  and  G;  and  since  the  angles  formed  by  AB,  BC,  CA 
with  the  radiuses,  at  the  points  E,  F,  G  are  right  angles,  thesa 
right  lines  touch  the  circle  (Cor.  16.  3),  which  is  therefore  iiv 
scribed  in  the  triangle  ABC  [Def.  6,  4),  as  was  required. 
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PROP.  V.  PROB. 

Mout  a  given  triangle  (BAC),  to  circumscribe  a  drde. 
jig.  1.  fa-  2.  fig*  3. 

A  _  A  A 


Bisect  any  two  sides  AB,  AC  of  the  given  triangle,  in  D 
find  E,  and  from  D  and  E,  draw  the  perpendiculars  DF,  EF, 
and  join  DE.  Because  the  angles  ADF,  AEF  are  right  angles 
[Constr.],  the  angles  EDF,  J3EF  are  less  than  two  right  an- 
gles [Ax*  9],  therefore  the  perpendiculars  drawn  from  D  and 
E  may  be  so  produced  as  to  meet  [Theor.  at  29.  1],  let  them 
meet  as  in  F,  from  whence  draw,  to  any  angle  A  of  the  triangle 
ABC,  the  right  line  FA ;  from  the  centre  F,  at  the  distance 
FA,  describe  a  circle,  ^vjiich  is  circumscribed  about  the  given 
triangle. 

For,  FB,  FC  being  drawn,  because,  in  the  triangles  FDA, 
JFDB,  the  sides  DA,  DB  are  equal  (Constr.),  FD  common, 
and  the  angjes  at  D  right  [Constr.],  FA  and  FB  are  equal 
[4.  11 ;  in  like  manner,  FB  and  FC  may  be  proved  equal, 
therefore  the  three  right  lines  FA,  FB,  FC  are  equal  [Ax.  1. 
1],  and,  of  course,  a  circle,  described  from  the  centre  F,  at 
the  distance  FA,  passes  through  B  and  C,  and  is  therefore  cir- 
cumscribed about  the  given  triangle  BAC  [Def.  4.  4]. 

Scholium. — This  problem  is,  in  effect,  the  same,  as  to  des- 
cribe a  circle  through  three  given  points,  which  are  not  in  the* 
same  right  line. 

Cor.  1.— -if  ty*  centre  (F)  of  a  drde,  circumscribing  a  tri- 
angle, be  within  the  triangle  (as  in  Jig.  1),  all  the  angles  of  the 
triangle  «re  acute  ?  if  on  any  side  (BC),  of  the  triangle  (as  in  jig* 
2),  the  angle  opposite  that  side  is  right;  if  without  the  triangle 
(as  in  fig.  3>J,  the  angle,  opposite  the  side  (BCJ9  which  is  adja- 
cent to  the  centre,  is  obtuse. 

For,  in  the  case  of  fig.  1,  every  angle  of  the  triangle  ABC, 
|sin  a  segment  greater  than  a  semicircle,  and  therefore  acute 
[31.  $J;  in  the  case  of  fig.  2,  the  angle  BAC  opposite  DC,  is  in 
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a  semicircle,  and  therefore  right  [31.  3];  and,  in  the  case  of 
fig.  3,  the  angle  BAT,  opposite  BC,  is  in  a  segment  less  than 
a  semicircle,  and  therefore  ohtuse  [31.  3]. 

Col  2. — The  rectangle  under  any  two  y ^JP 

sides  [AC,  CB]  of  a  triangle  [ABC],  is 
equal  to  the  square  of  a  right  line  [CO], 
bisecting  the  angle  [ACB]  included  by 
them,  drawn  from  that  angle,  to  the  op-  A| 
posite  side  [AB],  together  with  the  rect- 
angle [ADB],  under  tire  segments  of  the 
side  [AB],  to  which  the  right  line  is  so  "***]& 

drawn. 

About  the  triangle  ABC  circumscribe  a  circle  [5.  4],  whose 
circumference  let  CD  produced  meet  in  E,  and  join  EB. 

The  triangles  ADC.  EBC,  having  the  angles  ACD,  E<  B 
equal  [Hyp.],  as  also  the  angles  CAD,  CEB.  being  in  the  same 
segment  CAEB  [21.  3],  are  equiangular  (32.  I);  therefore, 
the  rectangles  under  the  sides  about  the  equal  angles  ACD, 
ECB,  taken  alternately,  are  equal  Cor.  4.  5  and  6.  2 ),  name- 
ly, the  rectangle  under  AC  and  CB,  to  the  rectangle  under  CD 
andCE  ;  but  the  rectangle  under  CD  and  CE,  is  equal  to  the 
square  of  CD  with  the  rectangle  CDE  (3.  2);  and  the  rect- 
angle CDE  is  equal  to  the  rectangle  ADB  (35.  3) ;  therefore 
the  rectangle  under  AC  and  CB,  is  equal  to  the  square  of  CD, 
with  the  rectangle  ADB. 

Cor.  2. — The  rectangle  under  any  two 
sides  (AC,  CB  ,  of  a  triangle  (ABC), 
is  equal  to  the  rectangle  under  the  per- 
pendicular (CD),  let  fall  from  the  angle 
(ACB),  included  by  them,  on  the  oppo- 
site side  ;AB),  and  the  diameter  of  the 
circle,  circumscribed  about  the  triangle. 

About  the  triangle  ABC  circumscribe 
a  circle  (5.  4),  and,  having  drawn  its 
diameter  CE,  join  EB. 

The  triangles  ACD,  ECB,  having  the  right  angle  ADC 
equal  to  the  angle  EBC  in  a  semicircle  31.  3).  and  the  angles 
CAD,  CEB,  in  the  same  segment  CAEB,  equal  (21.  3),  are 
equiangular  (32.  1);  therefore  the  rectangles  under  the  sides 
about  the  equal  angles  ACD,  EC  I',  taken  alternately,  are 
equal  (Cor.  4.  5  and  6.  2),  namely,  the  rectangle  under  AC  and 
CB,  to  the  rectangle  under  CD  and  CE. 
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Theorem. — If  two  right  lines 
(AB,  AC),  cutting  a  circle, 
and  meeting  each  other  in  its 
circumference,  meet  a  right 
line  (FG)  parallel  to  a  tangent 
(HK),  drawn  through  their 
concourse  (A) ;  the  rectangles 
(DAB,  EAC),  under  their  seg- 
ments, between  their  concourse 
(A),  and  the  points,  in  which 
they  meet  the  circle  again,  and 
the  parallel,  are  equal. 

Join  BC.  The  angle  CBA  is  equal  to  the  angle  EAK  (32. 
3),  or  its  equal  (29.  1)  AED ;  therefore,  the  triangles  ABC, 
AED,  having  besides,  the  angle  BAE  common,  are  equiangu- 
lar; and  therefore  the  rectangles  under  the  sides  about  the,  com- 
mon angle  BAE,  taken  alternately,  are  equal  (Cor.  4.  5  and 
6.  2),  namely,  the  rectangle  DAB  to  the  rectangle  EAC. 

The  demonstration  is  the  same,  if  the  right  line  parallel  to 
the  tangent  HK,  be  without  the  circle,  asfg;  only  dubqjitut- 
ing  the  small  letters  d9  e9  for  their  respective  capitals,  and, 
instead  of  the  words,  "  the  common  angle  BAE,"  using  the 
words,  "  the  equal  vertical  angles  BAC,  eAd." 

ScJiolium. — If  a  right  line  be  drawn  from  A,  to  a  point  L,  ifl 
which  FG  meets  the  circle;  it  may,  in  like  manner,  be  shewn, 
that  the  square  of  AL  is  equal  to  either  of  the  rectangles  DAB 
or  EAC  ;  for,  drawing  LB,  the  triangles  ALD,  ABL,  having 
the  angle  LAB  common,  and  the  angle  DLA  equal  to  LAS 
(29.  1),  or  its  equal  (32.  3)  LB  A,  are  equiangular ;  and  so  the 
rectangles  under  the  sides  about  the  common  angle  LAB,  taken 
alternately,  are  equal  [Cor.  4.  5  and  6.  2],  namely,  the  rect- 
angle DAB  to  the  square  of  LA. 
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PROP.  VI.  PROS. 


In  a  given  drde  (ABCB)y  to  inscribe  a  square* 

Draw  two  diameters  AC,  BD  of  the  given  circle,  at  right 
angles  to  each  other,  and  join  AH,  BC,  CD,  DA;  ABCD  is  a 
square  inscribed  in  the  given  circle. 

For,  since  the  triangles  ABE,  BCE, 
CDE,  EQA,  have  their  angles  at  the 
centre  E  equal,  being  right  ones 
(Theor.  at  11.  1),  and  also  the  sides 
containing  them  EA,  EB,  EC,  ED 
.(I>et  10.  1),  the  bases  AB,  BC,  CD, 
DA  are  equal  [4.  1] ;  therefore  ABCD 
is  equilateral,  ana  the  angles  DAB, 
ABC,  BCD,  CDA  are  right,  being 
angles  in  a  semicircle  (31.  3),  there- 
fore ABCD  is  a  square  (Def.  36.  1),  and  inscribed  in  the  given 
circle  (Def.  3.  4). 

Scholium.— -In  like  manner,  as  in  this  proposition,  the  equa- 
lity of  the  angles  of  the  quadrangle  ABCD,  follows  from  the 
equality  of  the  sides,  it  may  be  shewn,  that  any  equilateral 
figure,  inscribed  in  a  circle,  is  also  equiangular,  and  therefore 
pftrf.  7.  4]  regular ;  for  each  of  the  angles  of  the  figure  stand 
on  an  arch  composed  of  the  arches  subtending  all  the  sides  of 
fte  figure,  except  two;  which  sides  being  equal  [Hyp.],  the 
arches  subtending  each  of  them  are  equal  [28,  3],  and  therefore 
the  whole  arches  on  which  the  angles  stand,  and,  of  course, 
fte  angles  themselves  (27.  3). 
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PROP.  VIL  PROB. 


About  a  given  circle  (ABGDJ,  to  circumscribe  a  square* 

Draw  two  diameters  AC,  BD  of  the 
given  circle,  at  right  angles  to  each  K 
other,  and  through  their  extremes  A, 
B,  C,  D,  let  tangents  to  the  circle 
KF,  FG,  GH,  HK  he  described  [17.  A 
3]  ;  FGHK  is  a  square,  circulnscribed 
about  the  given  circle. 

For  since  E  A  is  drawn  from  the  cen- 
tre to  the  contact,  the  angle  EAF  is  -p 
right  [18.  3],  but  the  angle  AEB  is 
right  [Constr.],  therefore  FK  and  BD  are  parallel  [28.  1]  ;  in 
like  manner.  GH  may  be  proved  parallel  to  BD,  and  FG  and 
KH  to  AC,  of  course  FD,  BH,  AH,  FC  are  parallelograms 
[Def.  35.  1] ;  and,  because  the  angles  at  A  are  right,  the  angles 
G  and  H  opposite  to  them  are  right  [34.  1]  ;  in  like  manner,  it 
may  be  proved,  that  the  angles  K  and  F  are  right,  therefore 
the  quadrangle  FGHK  is  right  angled  ;  and  since  AC  and  BD 
are  equal,  and  FG,  KH  are  each  equal  to  AC,  and  FK,  GH 
each  equal  to  BD  [34.  1],  the  four  sides  FG,  GH,  HK,  KF 
are  equal  to  each  other,  and  the  quadrangle  FGHK  equilateral ; 
it  is  therefore  a  square  [Def.  36.  1],  and  circumscribed  about 
the  given  circle  [Def.  5.  4]. 


PROP.  VIII.  PROB. 

In  a  given  square  (ABGD)9  to  inscribe  a  circle. 


Bisect  two  adjacent  sides  AB,  AD 
in  E  and  H ;  through  E,  draw  EG 
parallel  to  AD  or  BC  ;  and  through 
H,  HF  parallel  to  DC  or  AB,  meet- 
ing EG  in  K  ;  a  circle  described  from 
the  centre  K,  at  the  distance  KE,  is 
inscribed  in  the  given  square. 

For,  since  AK,  KC,  DK  and  KB 
are     parallelograms    [Constr.],     the 


four  right  lines  KE,  KF,  KG,  KH  A 


..j 


i 


F 
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are  severally  equal  to  AH,  EB,  HD,  AE  [34.  11,  and  there- 
fore, the  latter  being  halves  of  the  equal  sides  AB,  AD  of  the 
given  square  to  each  other  (Constr.) ;  therefore  a  circle,  des- 
cribed from  the  centre  K,  at  the  distance  KH,  passes  through 
the  points  E,  F  and  6 ;  and  because  the  angles  at  E,  F,  6  and 
H  are  right,  the  sides  of  the  given  square,  touch  that  circle  in 
these  points  (Cor.  16.  3),  which  is  therefore  inscribed  in  the 
same  square  (Def.  6.  4). 


PROP.  IX.  PROB. 


Jbovt  a  given  square  fJBCDJ,  to 


a  circle. 


Draw  the  diagonals  AC,  BD  cutting 
each  other  in  E  ;  a  circle,  described  from 
the  centre  E  $  at  the  distance  E  A,  is  cir- 
cumscribed about  the  given  square. 

For,  because  in  the  isosceles  triangle 
ABD,  the  angle  DAB  is  right  (Def.  36.  1), 
file  angles  ABD,  ADB  are  together  equal 
to  a  right  angle  (32.  1),  and  being  equal 
(5.  1),  each  of  them  is  half  a  right  angle ;  in  like  manner,  it 
may  be  proved,  that  all  the  angles,  into  which  the  angles  of  the 
given  square  are  divided  by  AC  and  BD,  are  halves  of  a  right 
angle,  they  are  therefore  equal  to  each  other  (Theor.  at  11.  1 
and  Ax.;7.  1);  therefore,  in  the  triangle  AEB,  because  the  an- 

?;les  E AB,  EBA  are  equal,  the  sides  EA,  EB  are  equal  [6.  1]. 
n  like  manner,  it  may  be  proved,  that  EC  is  equal  to  EB,  and 
ED  to  EC,  therefore  the  four  EA,  EB,  EC  and  ED  are  equal, 
and  of  course,  a  circle  described  from  the  centre  E,  at  the  dis- 
tance EA,  passes  through  B,  C  and  D,  and  is  therefore  circum- 
scribed about  the  given  square  (Def.  4.  4). 
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PROP.  X.  PROB. 

To  constitute  an  isosceles  triangle,  having  eacli  of  the  angles  at  the 

base  double  the  vertical  angle. 

Take  any  right  line  AB, 
and  divide  it  in  the  point  C,  so 
that  the  rectangle  ABC  may 
be  equal  to  the  square  of  AC 
[11.  2],  and,  from  the  centre 
A,  at  the  distance  AB,  des- 
cribe a  circle  BDG,  in  which 
inscribe  BD  equal  to  AC  [l. 
4],  and  join  AD  ;  the  isosceles 
triangle  ABD  is  such  as  is  re- 
quired, having  each  of  the  an- 
gles at  the  base  ABD,  ADB,  

double  the  vertical  angle  BAD.  »  3> 

Draw  DC,  and  let  the  circle  DC  A  be  circumscribed  about  the 
triangle  ACD  [5.  4]. 

Because  the  rectangle  ABC  is  equal  to  the  square  of  AC 
[Constr.],  or  its  equal  [Constr.]  BD,  the  right  line  BD  touches 
the  circle  ACD  [37.  3],  and  therefore  the  angle  BDC  is  equal 
to  the  angle  D AC  in  the  alternate  segment  [32.  3] ;  adding  to 
each  the  angle  CDA,  the  angle  BDA  is  equal  to  CDA,  CAD 
together;  but,  because  the  sides  AB,  AD  are  equal,  the  angles 
ABD,  ADB  arc  equal  (5.  1),  therefore  the  angle  ABD  is  equal 
to  the  angles  CDA,  CAD  together,  or,  which  is  equal  (32.  1), 
the  angle  BCD,  and  therefore  CD  is  equal  BD  (6.  1),  or 
its  equal  CA,  and,  of  course,  the  angles  CAD,  CDA  are  equal 
(5.  1);  whence  the  angle  BDA,  or  its  equal  ABD,  being  equal 
to  CDA,  CAD  together,  is  double  to  CAD,  and  so  an  isosceles 
triangle  BAD  is  constituted,  having  each  of  the  angles  at  the 
base  BD,  double  the  vertical  angle  BAD. 

Cor.  1. — The  greater  segment  AC,  of  the  radius  AB,  of  a 
circle,  so  divided  into  two  parts,  that  the  square  of  the  greater 
pail,  is  equal  to  the  rectangle  under  the  whole  and  the  other 
part,  is  equal  to  the  side  of  a  regular  decagon,  inscribed  in  a 
circle. 

For,  since  the  angle  BAD  is  half  of  either  of  the  angles  ABD, 
ADB,  it  is  one  fourth  of  both  together,  and  one  fifth  of  all  the 
angles  of  the  triangle  ABD,  or  (32.  1),  of  two  rigjrt  angles, 
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and  therefore  one  tenth  part  of  four  right  angles,  or  [Cor.  2. 
15.  1],  of  all  the  angles  which  can  be  formed  about  the  point  A ; 
whence,  since  in  equal  circles,  equal  angles  at  the  centre,  are 
subtended  by  equal  chords  (Cor.  2.  29.  3),  BD,  or  its  equal 
AC,  is  equal  to  the  side  of  an  equilateral,  and  therefore  (Schol. 
6.  4  and  Def.  7.  4),  of  a  regular  decagon  inscribed  in  the  circle. 

Cor.  2. — The  square  of  the  side  of  a  regular  pentagon  in- 
scribed in  a  circle,  is  equal  to  the  squares  of  the  radius  and  side 
of  a  regular  decagon  inscribed  in  the  same. 

Inscribe  in  the  circle  BDG,  the  right  lines  BF,  FG  each 
equal  to  BD  (l.  4),  draw  AF,  AG,  GB,  GC,  and  let  fall  the 
perpendicular  GU  on  AB ;  and,  since  all  the  sides  of  the  tri- 
angle AFB,  are  severally  equal  to  all  the  sides  of  the  triangle 
ABD,  the  angles  FAB,  BAD  are  equal  (8.  1) ;  in  like  manner 
the  angles  GAF,  BAD  may  be  proved  equal ;  therefore  the  angle 
GAB  is  double  the  angle  BAD,  and  one  fifth  part  of  four  right 
angles  ;  whence,  in  like  manner,  as  in  the  preceding  is  shewn 
of  BD,  the  right  line  GB  may  be  shewn  to  be  the  side  of  a  re- 
gular pentagon  inscribed  in  the  circle ;  and  since,  in  the  tri- 
angles, GAC,  ADB,  the  sides  GA,  AC  and  the  angle  GAC,  are 
severally  equal  to  the  sides  AD,  DB  and  the  angle  ADB,  the 
base  GC  is  equal  to  AB  (4.  1),  or  its  equal  GA,  and  so  the  tri- 
angle GAC  is  isosceles,  and  the  perpendicular  GH  bisects  AC 
(Cor.  26.  1) ;  therefore,  in  the  triangle  BGA,  the  rectangle 
under  the  sum  and  difference  of  GB,  GA,  or,  which  is  equal 
(Schol.  6.  2),  the  difference  of  their  squares,  is  equal  to  the 
rectangle  under  the  sum  and  difference  of  BH,  HA  (Cor.  1.  5 
and  6.  2),  or  the  rectangle  ABC,  or  square  of  AC  or  BD  ; 
and  so  the  square  of  GB  the  side  of  a  regular  pentagon  in- 
scribed in  the  circle,  is  equal  to  the  squares  of  the  radius  AG, 
and  of  BD  the  side  of  a  regular  decagon  inscribed  in  the 
same  circle. 
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PROP.  XL  PROB. 


In  a  given  circle  (JBCDEJ,  to  inscribe  a  regular  pentagon. 

Make  an  isosceles  tri- 
angle FGH,  having  each 
of  the  angles  F,  G  double 
the  angle  H  (10.  4),  and 
inscribe  in  the  given  cir- 
cle, the  triangle  ABD 
equiangular  to  the  trian- 
gle FGH  (2.  4),  bisect 
the  angles  at  the  bases  •«' 
DAB,  DBA  by  the  right 
lines  AC,  BE,  and  join  AE,  ED,  DC  and  CB. 

Because  the  angles  DAB,  DBA,  are  each  of  them  doable 
to  ADB,  and  bisected  by  the  right  lines  AC,  BE,  the  five 
angles  ADB,  DAC,  CAB,  ABE,  EBD  are  equal,  and  there- 
fore,  the  right  lines  AB,  BC,  CD,  DE  and  EA  are  equal 
(Cor.  2.  29.  3) ;  and  so  the  pentagon  ABODE,  which  is  in- 
scribed in  the  given  circle  (Def.  3.  4),  is  equilateral,  and,  of 
course,  regular  (Schol.  6.  4). 

Otherwise* 

Draw  two  radiuses  FA,  FG,  meet- 
ing each  other  at  right  angles  in  the 
centre  F,  divide  FG  in  H,  so  that  the 
rectangle  FGH  may  be  equal  to  the 
square  of  FH  (11.  2),  join  AH, 
which  is  the  side  of  the  pentagon  re- 
quired. 

For  FH  is  equal  to  the  side  of  a 
regular  decagon,  inscribed  in  the 
given  circle  (Cor.  1.  10.  4),  and 
the  square  of  AH  is  equal  to  the  squares  of  AF  and  FH  (47.  1\ 
therefore  AH  is  equal  to  the  side  of  a  regular  pentagon  inscribed 
in  the  same  circle  [Cor.  2.  10.  4] ;  whence  the  required  pen- 
tagon may  be  easily  described,  by  applying  in  the  given  cir- 
cle right  lines  AB,  BC,  CD  and  DE  each  equal  to  AH,  and 
drawing  AE. 


BOOK  IT. 


OF  GEOMBTBT. 


1S1 


Scholium. — The  division  of  FG  in  H,  as  required  above,  may 
be  performed,  by  producing  GF  to  meet  the  circle  in  K,  bisect- 
ing KF  in  L,  and  taking  LH  equal  to  the  distance  LA,  as  is 
manifest  from  the  construction  of  Prop.  11.  2. 


PROP.  XII.  PROB. 


Mont  a  given  cirde  (JIBCDEJ,  to  circumscribe  a  regular  pen- 
tagon. 

Inscribe  in  the  given  circle,  the 
regular  pentagon  ABCDE  [11.4], 
through  the  vertices  of  the  angles 
of  which,  draw  GH,  HI,  IK,  KL 
and  LG,  touching  the  circle  in 
these  vertices  [17.  31.  The  penta- 
gon GH1KL,  which  is  circum- 
scribed about  the  given  circle 
(Dell  5.  4),  is  a  regular  one. 

Par,  drawing  FA,  FB  and  FC 
from  the  centre  F,  because  the  tri- 
angles FAB,  FBC  are  mutually 
equilateral,  the  angles  FAB,  FBA,  FBC,  FCB  are  equal 
(8.  1),  which  being  taken  from  the  angles  FAH,  FBH,  FBI, 
FCI,  which  are  equal,  being  right  [18.  31,  the  remaining  angles 
HAB,  HBA,  IBC,  ICB  are  equal ;  whence,  in  the  triangles 
HAB,  IBC,  the  right  lines  AB,  BC  being  also  equal  (Constr. 
and  Def.  7.  4),  the  sides  AH,  HB,  BI,  IC,  as  also  the  angles 
H  and  I  are  equal  (26.  1);  in  like  manner,  AG  may  be  proved 
equal  to  AH,  HB  or  BI,  therefore  GH,  HI  are  equal  (Ax.  2). 
In  like  manner,  may  the  sides  1R,  KL,  LG  be  proved  equal 
to  GH  or  HI,  and  to  each  other;  therefore  the  circumscribed 
pentagon  is  equilateral;  it  is  also  equiangular,  since,  in  like 
manner  as  the  angles  H  and  I  have  been  proved  equal,  the 
angles  K,  L,  G  may  be  proved  equal  to  either  of  them,  and  to 
each  other ;  it  is  therefore  a  regular  one  [Def.  7.  4]. 

Scholium. — In  like  manner,  as  is  shewn  in  this  proposition, 
may  a  regular  polygon,  be  circumscribed  about  a  given  circle, 
of  the  same  number  of  sides,  as  any  given  regular  polygon, 
inscribed  in  the  same  circle. 
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PROP.  XIII.  PROS. 


In  a  given  regular  pentagon  (JIBCDE),  to  inscribe  a  circle. 


Bisect  any  two  adjacent  angles 
EAB,  ABC,  by  the  right  lines 
AF,  BF,  meeting  each  other  in  F, 
and  from  F,  draw  FG  perpendicu-  IJ 
lar  to  AB  ;  a  circle,  described  from 
the  centre  F,  at  the  distance  FG,  is 
inscribed  in  the  given  pentagon. 

For  let  FC,  FD,  FE  be  joined, 
and  on  the  sides  of  the  pentagon, 
let  fall  the  perpendiculars  FH,  FI, 
FK,  FL. 

Because  then,  in  the  triangles  AFE,  AFB,  the  sides  AE,  AB 
are  equal  [Hyp.],  AF  common,  and  the  angles  FAE,  FAB  equal 
[Constr.],  the  angles  AEF,  ABF  are  also  equal  [4.  1] ;  but 
the  angles  AED,  ABC  are  equal  [Hyp.],  therefore,  since  ABF 
is  the  half  of  ABC  [Constr.],  AEF  is  half  of  AED  5  in  like 
manner,  it  may  be  demonstrated,  that  the  angles  EDC,  DCB 
are  bisected  by  the  right  lines  drawn  to  them ;  therefore,  in  the 
triangles  FEL,  FEK,  tiie  angles  FEL,  FER  are  equal,  as  also 
the  angles  at  L  and  K,  being  right  angles  (Constr.),  and  the  side 
FE  is  common,  therefore  the  sides  FL,  FR  are  equal  [26.  1]  ;  in 
like  manner,  it  may  be  demonstrated,  that  all  the  other  perpen- 
diculars are  equal  to  each  other ;  therefore  a  circle  described 
from  the  centre  F,  at  the  distance  FG,  passes  through  H,  I, 
K,  L,  and,  because  of  the  right  angles  at  G,  H,  1,  K,  L, 
touches  the  sides  of  the  pentagon  in  these  points  [Cor.  16.  S], 
and  is  therefore  inscribed  therein  (Def.  6.  4). 

Schol. — In  like  manner,  a  circle  may  be  inscribed,  in  an^ 
regular  polygon. 
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PROF.  XIV.  PROB. 


Moat  a  given  regular  pentagon  (ABCDEJj  to  circumscribe  a 

circle. 


Bisect  any  two  adjacent  angles 
EAB,  ABC  by  the  right  lines  AF, 
BF  meeting  in  F;  a  circle,  described 
from  the  centre  F,  at  the  distance 
FA,  is  circumscribed  about  the  given 
pentagon. 

For  let  FB,  FC,  FD,  FE  be  join- 
ed, and  in  the  triangles  FAB,  FAE, 
the  sides  FA,  AB  and  the  angle  FAB, 
are  severally  equal  to  FA,  AE  and 
the  angle  FAE,  therefore  the  angles 
ABF,  AEF  are  equal  (4.  1) ;  but  the  angles  ABC,  AED  are 
equal  (4.  1) ;  but  the  angles  ABC,  AED  are  equal  (Hyp.  and 
Defc  7.  4),  and  ABF  is  the  half  of  ABC,  therefore  AEF  is 
the  half  of  AED,  and  so  the  angle  AED  is  bisected  by  EF ; 
in  like  manner  it  may  be  shewn,  that  the  other  angles  of  the 
pentagon  at  D  and  C  are  bisected.  Since  then,  in  the  triangle 
F^lB,  the  angles  FAB,  FBA,  being  the  halves  of  the  equal 
angles  EAB,  ABC,  arc  equal  (Ax.  7),  FA  is  equal  to  FB 
(6.  1);  in  like  manner  it  may  be  shewn,  that  FC,  FD,  FE 
are  each  of  them  equal  to  FA  or  FB,  therefore  the  five  right 
lines  FA,  FB,  FC,  FD  and  FE  are  equal  to  each  other,  and 
the  circle,  described  from  the  centre  F,  at  the  distance  FA, 
passes  through  B,  C,  D  and  E,  and  is  circumscribed  about  the 
given  pentagon  (Def.  4.  4). 

Schol. — In  like  manner,  a  circle  may  be  circumscribed,  about 
any  regular  polygon. 


PROP.  XV.  PROB. 

tn-a given  circle  (ABCBEF)t  to  inscribe  a  regular  kexag&u. 

Having  found  the  cen- 
tre G  of  the  given  circle, 
and  drawn  the  diameter 
AG'D,  inscribe  in  the  cir- 
cle AB,  DC,  AF,  DE 
each  equal  to  AG,  join 
GB,  GC,  GE,  OF,  then 
since  the  triangles  AGB, 
CGD,  DGE,  FGA  are 
equilateral  ones,  and 
therefore  equiangular 
(Cor.  5.  1),  tlieir  angles 
at  the  point  G,  are  each 
of  them    equal   to    one      "" 

third  of  two  right  angles  (39.  1),  and  the  angles  AGB,  DGC 
together,  equal  to  two  third  parts  of  two  right  angles,  and  ihere- 
forc  the  angle  BGC  equal  to  a  third  part  of  two  right  angles 
(Cor.  13.  1) ;  in  like  manner  it  may  be  shewn,  that  the  angle 
EGF  is  a  third  part  of  two  right  angles,  and  so  each  of  the  six 
angles,  formed  at  the  point  G,  is  equal  to  a  third  part  of  two 
right  angles,  and  therefore  to  each  other ;  whence,  the  chords 
subtending  them,  which  are  the  sides  of  the  hexagon  ABCDEF, 
inscribed  in  the  circle  (Def.  3.  4),  are  equal  (Cor.  2.  89.  3), 
which  hexagon  is  therefore  regular  (Scbol.  6.  4.  and  Def.  7.  4). 

Cor.  1. — The  aide  of  a  regular  hexagon,  inscribed  in  a  circle, 
is  equal  to  the  radius. 

For,  in  the  above  construction,  AB  one  of  the  sides  of  the 
inscribed  hexagon,  is  equal  to  the  radius  AG  (Constr.). 

Cor.  2. — The  square  of  the  side  of  a  regular  pentagon,  in- 
scribed in  a  circle,  is  equal  to  the  squares,  of  the  sides  of  a 
regular  hexagon,  and  regular  decagon,  inscribed  in  the  same 
circle. 

For  the  square  of  the  side  of  the  pentagon,  is  equal  to  the 
squares  of  the  radius  and  the  side  of  the  decagon  (Cor.  2.  10.4), 
or,  radius  being  equal  to  a  side  of  the  hexagon  (Cor.  1.  15.  4), 
to  the  squares  of  the  sides  of  the  hexagon  and  decagon. 

Cor.  3. — The  square  of  the  side  of  an  equilateral  triangle,  i». 
triple  the  square  of  the  radius  of  the  circumscribing  circle. 
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For  FB,  BD,  DF  being  joined,  arc  equal,  because  they  sub- 
tend equal  angles  FGB,  BGD,  DGF  atthc  centre  (Cor.  2. 29.  3), 
and  so  the  triangle  FBD  is  equilateral,  and  the  angle  DBA  in  a 
semicircle  is  right  (31.  3),  therefore  the  squares  of  DB,  BA 
together,  are  equal  to  the  square  of  DA  (47.  i),  or,  which  is 
equal  (Cor.  4.  2),  to  four  times  the  square  of  AG,  or  (Constr.), 
AB ;  taking  from  each  the  square  of  AB,  there  remains  the 
square  of  DB,  a  side  of  the  equilateral  triangle  FBD  inscribed 
in  the  circle,  equal  to  three  times  the  square  of  AB,  or,  of  the 
radius  AG. 

Cor.  4. — The  altitude  of  an  equilateral  triangle,  is  triple  the 
radius  of  the  inscribed,  and  triple  to  half  the  radius  of  the  cir- 
cumscribed circle. 

Part  1. — Let  the  right  lines  HAI  {see  fig.  on  preced.  page), 
ICR  and  KEH  touching  the  circle  ACE  in  A,  C  and  E,  meet 
each  other  in  H,  I  and  K ;  join  DR,  BJ,  and  in  the  triangles 
DCK,  DEK,  the  sides  DC,  DE  are  equal,  being  sides  of  the 
hexagon,  CK  is  equal  to  EK  (Cor.  2.  36.  3),  and  DR  is  com- 
mon,  therefore  the  angles  CDK,   EDR   arc  equal  (8.    1); 
whence  the  angles  GDC,  GDE  being  angles  of  equilateral  tri- 
angles, and  therefore  equal,  the  angles  GDC,  CDR  together 
art  half  the  four  angles  GDC,  CDR,  RDE,  EDG,  and  there- 
fore equal  to  two  right  angles  (Cor.  2.  15.  1),  therefore  AD, 
DR  make  one  right  line  (14.  1);  and  since  the  angle  DCR  is 
equal  to  the  angle  in  the  alternate  segment  DFC  (32.  3),  or  to 
CDB,  which  is  equal  to  DFC  (27.  3),  they  standing  on  the 
equal  arches  DC,  CB,  the  right  lines  CR,  BD  are  parallel 
(27.  1)  5  whence,  the  angle  DCR  being  equal  to  DFC  in  the 
alternate  segment  (32.  3),  or  to  BDA,  which  is  equal  to  DFC 
(27.  S),  they  standing  on  equal  arches  DC,  AB,  or,  which  is 
equal  (29.  1),  the  internal  remote  angle  CRD,  Dfc  is  equal  to 
DC  (6.  1),  or  the  radius  AG;  in  like  manner,  EB,  BI  may 
be  proved  to  make  one  right  line,  and  Bl  to  be  equal  to  AG  5 
and  since,  in  the  triangles  GCI,  GCR,  the  angles  at  G  are  equal, 
those  at  C  right,  and  GC  common,  CI,  CR  are  equal  (26.  1), 
anrfCR,  EK  are  equal  (Cor.  2.  36.  3) ;  in  like  manner  may  EH, 
HA  and  AI  be  each  of  them  proved  equal  to  CI,  CR  or  ER, 
and  to  each  other ;  therefore  HI,  1R  and  RH  are  equal  to  each 
other  (Ax.  2  or  6),  and  the  triangle  HIR  equilateral  (Def.  28. 
1),  and   circumscribed  about  the  circle  ACE  (Def.  5.  4) ;  of 
which  triangle,  AR,  being  at  right  angles  to  HI  (18.  3),  is  the 
altitude,  which,  DR  being  equal  to  AG  or  GD,  is  triple  the 
radius  AG. 

17 
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Part  2.— In  the  triangles  ABL,  GBL,  AB  is  equal  to  BG, 
BL  common,  and  the  angles  ABL,  GBL  standing  on  the  equal 
arches  AF,  FE  also  equal  (27.  3),  therefore  AL  and  GL  arc 
equal,  and  the  angles  ALB,  GLB  are  equal  (4.  1),  and  there- 
fore right  angles  [Def.  20.  l]  ;  whence,  FBD  being  an  equila- 
teral triangle,  inscribed  in  the  circle  ACE,  as  appears  by  the 
preceding  corollary,  and,  because  of  the  right  angles  at  L,  DL 
being  its  altitude,  that  altitude  is  triple  the  half  radius  AL  or 
GL. 

Car.  5. — Of  two  regular  polygons,  of  an  unequal  number  of 
sides,  an  angle  of  that  which  has  the  greater  number  of  sides,  is 
greater,  than  an  angle  of  the  other. 

First,  let  the  difference  of  the  number  of  sides  be  one,  and 
an  angle  of  that,  which  has  the  greater  number,  is  not  equal  to 
an  angle  of  the  other,  for  then  the  total  of  its  angles,  would  ex-* 
ceed  the  total  of  the  angles  of  the  other,  only  by  one  of  the  angles 
of  that  other,  and,  therefore,  by  less  than  two  right  angles,  which 
is  absurd  [Cor.  1.  32.  1].  A  like  absurdity  would  follow,  if 
an  angle  of  that,  which  has  the  greater  number  of  sides,  were 
supposed  to  be  less ;  since  therefore  it  can  neither  be  equal  to, 
or  less  than,  an  angle  of  that  other,  it  is  greater. 

Secondly,  let  the  difference  of  the  number  of  sides  be  two; 
and  an  angle  of  that,  which  has  the  greater  number  of  sides,  is 
greater,  than  an  angle  of  that,  which  has  the  next  greater  (Part 
1.  of  this  Cor.),  and  an  angle  of  that,  than  an  angle  of  the 
other  (Part  1.  of  this  Cor.). 

In  like  manner  we  might  proceed,  if  the  difference  of'  the 
number  of  sides  were  three,  four,  or  any  other  number. 

Cor.  6. — Only  three  regular  figures,  namely,  equilateral  tri- 
angles, squares  and  hexagons,  can  constitute  one  continued 
superficies. 

For,  in  order  thereto,  tit  is  necessary,  that  a  certain  number, 
of  the  angles  of  the  regular  figure,  which  is  to  constitute  such  a 
superficies,  should  be  equal  to  four  right  angles,  all  the  angles 
which  can  be  formed  about  any  point  being  equal  to  so  many- 
right  ones  [Cor.  2. 1 5. 1]  5  but  six  angles  of  an  equilateral  triangle 
are  equal  to  four  right  angles,  three  of  them  being  equal  to  two 
right  ones  (32.  1),  the  four  angles  of  a  square  are  four  right 
angles  [Def.  36.  l),  and,  since  all  the  six  angles  of  a  regular 
hexagon,  are  equal  to  eight  right  angles  (Cor.  1.  32.  1),  three 
of  them  are  equal  to  four  right  ones. 

But  the  angles,  of  no  other  regular  figure,  can  constitute  a 
continued  superficies,  for  no  fewer  angles,  of  a  regular  polygon, 
than  three,  can  be  equal  to  four  right  angles,  since  no  such  an- 
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gfa i  can  be  equal  to  two  right  angles,  fop  then  the  two  sides  would 
be  in  the  same  right  line ;  and  because  the  greater  the  number  of 
rides  of  •  a  regular  polygon,  the  greater  is  each  of  its  angles 
[Cor.  5.  of  this  prop.],  the  three  angles  of  a  regular  pentagon 
are  less  than  the  three  angles  of  a  regular  hexagon,  which  are 
shewn  above  to  be  equal  to  four  right  angles ;  and,  for  the  same 
reason,  four  angles  of  a  regular  pentagon  are  greater  than  the 
four  angles  of  a  square,  or  four  right  angles ;  and  much  more, 
is  a  greater  number  of  such  angles,  greater  than  four  right 
ones.  Also,  the  three  angles  of  a  regular  heptagon,  or  seven 
sided  polygon,  and  much  more  of  any  regular  polygon  of  a 
greater  number  of  sides,  are  greater  than  the  three  angles  of  a 
regular  hexagon,  or  four  ri^ht  angles. 


PROP.  XVI.  PROB. 

In  a  given  circle  (JkBD),  to  inscribe  a  regular  quindeoagon. 

Let  AB  be  the  side  of  an  equilateral 
triangle  ABC,  inscribed  in  the  circle 
[1.  1  and  2.  4],  and  AD,  the  side  of  a 
regular  pentagon,  inscribed  in  the  same 
(11.  4),  bisect  the  arch  BD  in  E  (30. 
3),  and  draw  BE,  DE. 

And  since,  of  such  equal  parts,  as 
the  whole  circumference  ADC  A  con- 
tains fifteen,  the  arch  ADB,  being  the 
third  part  of  the  whole,  contains  five, 
and  the  arch  AD;  the  fifth  part,  con- 
tains three,  their  difference  BD  contains  two  such  parts,  and 
BE  or  ED  one  each ;  and  so  the  right  lines  BE,  ED  are  sides 
of  a  regular  quindecagon,  inscribed  in  the  given  circle ;  which 
is,  of  course,  formed,  by  inscribing  around  in  the  circle,  right 
lines  equal  to  either  of  these  right  lines  [1.  4], 
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DEFINITIONS, 


1.  Of  two  unequal  magnitudes  of  the  same  kind,  the  greater 
is  said  to  be  a  multiple  of  the  less ;  when  the  less  measures  the 
greater,  or,  being  repeated  any  number  of  times,  the  aggregate 
is  equal  to  the  greater. 

Two  magnitudes,  are  said  to  be  equimultiples*  or  like  multiples 
of  two  others,  each  of  each ;  when  the  two  la*.?er  being  re- 
peated an  equal  number  of  times,  become  severally  equal  to  the 
two  former. 

One  magnitude,  is  said  to  be  sesquialteral  of  another,  when 
the  former  is  equal  to  one  and  a  half  of  the  latter. 

2.  One  magnitude,  is  said  to  be  a  submultiple  of  another, 
the  less  of  the  greater ;  when  the  less  measures  the  greater. 

Two  magnitudes,  are  said  to  be  equisubmultiples  of  two 
others,  each  of  each  ;  when  the  latter  are  equimultiples  of  the 
former. 

3.  Ratio,  is  a  certain  relation,  between  two  magnitudes  of 
the  same  kind,  with  respect  to  quantity. 

Of  which  two  magnitudes  or  terms,  the  first,  or  magnitude 
referred,  is  called  the  antecedent,  and  that  to  which  it  is  refer- 
red, the  consequent. 

4.  Magnitudes,  are  said  to  have  ratio  to  each  other,  when  the 
less  may  be  so  multiplied,  as  to  exceed  the  greater.  (Bee  note 
to  this  definition  J. 

5.  The  first,  of  four  magnitudes,  is  said  to  have  the  same 
(or  an  equal)  ratio  to  the  second,  as  the  third  has  to  the  fourth ; 
when  any  equisubmultiples  whatever  of  the  second  and  fourth, 
are  contained  equally  often  in  the  first  and  third  respectively. 

6.  Magnitudes,  which  are  in  the  same  ratio,  are  called  pro-, 
portionals. 

When  four  magnitudes  are  proportionals,  the  first  is  said  to 
be  to  the  second,  #s  the  third  is  to  the  fourth. 
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7.  But  the  first,  of  four  magnitudes,  is  said  to  have  a  greater 
ratio  to  the  second,  lhan  the  third  has  to  the  fourth  5  when,  of 
any  equisubmultiplcs  whatever  of  the  second  and  fourth,  the 
submuftiplc  of  the  second  is  contained  oftcner  in  the  first,  than 
that  of  the  fourth  is  in  the  third. 

Cor. — From  this  and  the  fifth  definition  of  this  book,  it  fol- 
lows, that  the  ratio  of  two  magnitudes  to  each  other,  cannot  be 
both  equal  and  unequal  to  another  ratio,  since,  if  any  equisub- 
multiples  whatever  of  the  consequents,  be  continued  an  unequal 
number  of  times  in  the  antecedents,  the  ratios  are  not  equal 
[Def.  5,  5]. 

8. — Proportion,  is  a  similitude  of  Ratios. 

Proportion  cannot  consist  in  less  than  three  terms. 

9.  Three  magnitudes,  are  said  to  be  proportional,  when  the 
first  has  the  same  ratio  to  the  second,  as  the  second  has  to  th* 
third. 

10.  Of  three  proportional  magnitudes,  the  middle  one,  is  said 
to  be,  vl  mean  proportional,  between  the  other  two  ;  and  the  last, 
a  third  proportional,  to  the  first  and  second. 

11.  Of  four  proportional  magnitudes,  the  last  is  said  to  be  a 
fourth  proportional,  to  the  other  three  taken  in  order. 

12.  Magnitudes,  arc  said  to  be  continually  proportional,  when 
tire  first  has  the  same  ratio  to  the  second,  as  the  second  to  the 
third,  as  the  third  to  the  fourth,  and  so  on. 

13.  The  ratio  of  the  first,  of  any  number  of  magnitudes  of 
the  same  kind,  to  the  last,  is  said  to  be  compounded,  of  the  ra- 
tios of  the  first  to  the  second,  the  second  to  the  third,  and  so  on 
to  the  last 

14.  In  a  series  of  magnitudes  continually  proportional,  the 
ratio  of  the  first  to  the  third,  is  said  to  be  duplicate  to  that  of 
the  first  to  the  second ;  the  ratio  of  the  first  to  the  fourth,  tri- 
plicate to  that  of  the  first  to  the  second  ;  and  so  on.  Also  the 
ratio  of  the  first,  to  a  mean  proportional  between  the  second  and 
third,  to  be  scsquiplicate  to  that  of  the  first  to  the  second.  But 
the  first  is  said  to  have  to  the  second,  a  subduplicate  ratio  of 
the  first  to  the  third,  a  subtriplicate  of  the  first  to  the  fourth, 
and  so  on. 

15.  In  proportionals,  the  antecedents  are  said  to  bo  homolo- 
gous (or  co-rational)  terms,  as  also  the  consequents. 

The  order  of  magnitude  of  proportionals  may  be  so  clianged, 
that  they  may  nevertheless  be  still  proportionals,  in  various  man- 
ners; whidi,  among  geometers,  are  designated  by  the  following 
names* 

16.  Alternating;  when  it  is  inferred,  if  four  magnitudes  of 
the  same  kind  be  proportional,   that  the  first  is  to  the  third; 
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a&the  second  is  to  the  fourth;  as  is  shewn  in  the  16  prop,  of 
tins  book. 

17.  Inverting  ;  when  it  is  inferred,  if  four  magnitudes  be  pro- 
portional, that  the  second  is  to  the  first,  as  the  fourth  to  the 
third  ;  as  is  shewn  in  Theor.  S  at  15th  of  this  book. 

18.  Compounding;  when  it  is  inferred,  if  four  magnitudes  be 
proportional,  that  the  first  and  second  together  is  to  the  second, 
as  the  third  and  fourth  together  to  the  fourth.  Prop.  18th  of 
this  book. 

19.  Dividing;  when  it  is  inferred,  if  four  magnitudes  be  pro 
portional,  that  the  difference  between  the  first  and  second  is  to 
the  second,  as  the  difference  between  the  third  and  fourth  is  to 
the  fourth.    Prop.  17th  of  this  book  and  scholium  thereto. 

20.  Converting;  when  it  is  inferred,  if  four  magnitudes  be 
proportional,  that  the  first  is  to  the  sum  or  difference  of  it  and 
the  second,  as  the  third  is  to  the  sum  or  difference  of  it  and  the 
fourth.  See  Schol.  to  prop.  18th  of  this  book. 

21.  Equality;  when  it  is  inferred,  if  there  be  more  than  two 
magnitudes,  and  others  equal  to  them  in  number,  which,  being 
taken  two  and  two,  are  in  the  same  ratio ;  that  the  first  is  to 
the  last  in  the  former  series,  as  the  first  to  the  last  in  the  latter. 

Of  this,  there  are  the  two  following  species* 

22  Ordinate  Equality;  when  the  first  magnitude  is  to  the 
second  in  the  former  series,  as  the  first  to  the  second  in  the 
latter,  and  the  second  to  the  third  in  the  former,  as  the  second 
to  the  third  in  the  latter,  and  so  on ;  and  it  is  inferred,  as  in 
the  preceding  definition,  that  the  first  is  to  the  last  in  the  former 
series,  as  the  first  to  the  last  in  the  latter.    Prop.  22.  5. 

23.  Perturbate  Equality;  when  the  first  maamitude  is  to  the 
second  in  the  former  series,  as  the  last  but  one  to  the  last  in  the 
latter,  and  the  second  to  the  third  in  the  former  series,  as  the 
last  but  two  to  the  last  but  one  in  the  latter,  and  so  on  5  and  it 
is  inferred,  as  in  the  21st  definition,  that  the  first  is  to  the  last 
in  the  former  series,  as  the  first  to  the  last  in  the  latter.  Prop. 
23.  5. 

POSTULATES. 

1.  That  a  magnitude  may  be  taken  equal  to  any  given  mag- 
nitude, or  to  the  half,  third  or  fourth,  &c  thereof. 

2.  That  of  any  two  unequal  magnitudes  of  the  same  kind, 
such  a  multiple  of  the  less  may  be  taken,  as  to  exceed  the 
greater. 
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AXIOMS, 

1.  Equimultiples  of  the  same,  or  equal  things,  are  equal. 

2.  Equisubmultiples  of  the  same  or  equal  things,  are  equal. 
Cor.  1. — Equimultiples  of  unequal  magnitudes  are  unequal, 

that  of  the  greater  being  the  greater. 

Cor*  2.— Equisubmultiples  of  unequal  magnitudes  are  un- 
equal, that  of  the  greater  being  the  greater. 

Car.  3. — If  two  equal  magnitudes  be  less  than  two  other 
equal  magnitudes,  the  former  are  contained  equally  often  in  the 
latter. 

PROPOSITION  I.  THEOREM. 

If  any  number  of  magnitudes  of  the  same  kind  (AB,  CD,  EF), 
be  equimultiples  of  a  like  number  of  magnitudes  (G,  H,  JCJ, 
each  of  each  ;  whatever  multiple  any  one  of  the  former  magnu 
tudes  as  AB),  is  of  its  correspondent  one  (G),  a  like  multi- 
ple are  all  the  former  together,  of  all  the  latter  together. 

For,     because     AB,                 0          P  G 

CD,  EF  are  equimulti-    A 1 ! B 


pies  of  G,  H,  K,  there             Q      R  II 

affe  in  AB,  as  many  mag-    C 1— — I D 


nitudes  equal  to  G,  as               S         T  K 

there  are  in  CD,  equal  to    E 1 -I F 


H,  and  EF  equal  to  K ;  let  AB  be  divided  into  parts  AO, 
OP,  PB,  each  equal  to  G  [Post.  1.  5],  CD  into  parts  CQ, 
QR,  RD,  each  equal  to  H  (by  the  same),  and  EF  into  parts 
ES,  ST,  TF  each  equal  K  (by  the  same) ;  and,  because  AO  is 
equal  to  G,  CQ  to  H,  and  ES  to  K;  AO,  CQ  and  ES  together, 
are  equal  to  G,  H  and  K  together  [Ax.  2.  1] ;  for  the  same 
reason,  OP,  QR  and  ST  together,  as  also  PB,  RD  and  TF 
together,  are  equal  to  G,  H  and  K  together ;  therefore  what- 
ever multiple  AB  is  of  G,  CD  of  H,  or  EF  of  K,  a  like  mul- 
tiple are  AB,  CD,  EF  together,  of  G,  H,  K  together. 

Cor.  1.— If  any  number  of  magnitudes  of  the  same  kind,  be 
contained  equally  often  in  the  same  number  of  magnitudes,  each 
in  each ;  as  often  as  any  one  of  the  former  magnitudes,  is  con- 
tained in  its  corresponding  one  among  the  latter,  so  often  is  the 
compound  of  all  the  former,  in  the  compound  of  all  the  latter. 
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If  all  the  former  be  submultiples  of  all  the  latter,  it  is  mani- 
fest from  this  proposition. 

But  if  two  magnitudes  A,    A  C  G    D 

B,  be  contained  equally  often 1— I 

in   CD   and  EF,   neither  of    B  E  H    F 

them  being  submultiples  of  its 1— 

corresponding  one ;  let  A  and  B  be  taken  from  those  which  cor- 
respond to  them  as  often  as  possible,  there  being  left  of  CD,  a 
magnitude  GD  less  than  A,  and  of  EF,  HF  less  than  B  ;  CG 
and  EH  are  equimultiples  of  A  and  B  (Hyp.  and  Constr.), 
therefore  CG  and  EH  together,  is  a  like  multiple  of  A  and  B 
together,  as  CG  is  of  A  (1.  5)  ;  therefore  A  and  B  together,  is 
contained  equally  often  in  CG  and  EH  together,  as  A  is  in  CG 
or  CD  ;  but  because  A  is  greater  than  GD,  and  B  than  HF,  A 
and  B  together,  is  greater  than  GD  and  HF  together ;  there- 
fore A  and  B  together,  is  not  oftener  contained  in  CD  and  EF 
together,  than  in  CG  and  EH  together  ;  and  therefore  A  and  B 
together,  is  contained  equally  often  in  CD  and  EF  together,  as 
A  is  in  CD. 

•    In  like  manner,  it  may  be  demonstrated,  if  A  be  a  submul- 
tiple  of  CD,  and  B  not  a  submultiplo  of  EF. 

And  in  like  manner,  it  may  be  demonstrated,  if  there  be  ever 
so  many  magnitudes. 

Cor.  2. — As  often  as  any  magnitude,  is  contained  in  another, 
so  often  is  any  multiple  of  the  former,  contained  in  a  like  mul- 
tiple of  the  latter.  This  being  but  a  case  of  the  preceding  co* 
rollary. 

PROP.  II.  THEOR. 

If  two  magnitudes  (JIB,  CD  J  be  equimultiples  of  two  others 
(G,  HJ,  eacli  of  each,  and  to  the  former,  there  be  added, 
equals  or  equimultiples  (BE,  DF)  of  the  latter  (G,  HJ  $ 
the  compounds  (JIE,  CFJ,  are  equimultiples  of  the  latter. 

For,   because  AB,                       B  G 

CD  arc  equimultiples    A| 1 1 1 1 |E 


of  G,  H,  there  arc  as  D  H 

many  magnitudes   in     CI 1 1 1 ! — IF  

AB  equal  to  G,  as  in  CD  equal  to  H ;  for  the  same  reason  there 
as  many  magnitudes  in  BE  equal  to  G,  as  in  DF  equal  to  H; 
therefore  there  are  as  many  magnitudes  in  AB  and  BE  together, 
or,  AE,  equal  to  G,  as  in  CD  and  DF  together,  or  CF,  equal 
tbH[Ax.  2.  1). 


BCMXK  Y.  •*  GXOMETBY.  US 

Cfcr-^In  like  manner  it  may  be  proved,  that,  if  two  magni- 
tudes (G,.H),  be  contained  equally  often  in  two  others  (AB, 
CD),  each  in  each,  and  to  the  latter  (AB,  CD)  there  be  added, 
equals  or  equimultiples  (BE,  DF)  of  the  former  (G,  H)$  the 
same  former  (G,  H),  are  contained  equally  often  in  the  com- 
pounds (AE,  CF). 


PROP.  III.  THEOR. 

If  two  magnitudes  CAB,  CD  J,  be  equimultiples  of  two  others 
CO,  HJ9  each  of  each;  they  are  also  equimultiples  of  any  like 
Mubmultiplcs  (K,  LJ  thereof. 

M         N 

■I 1- B        &— |— *       K. 


O        P 

-I 1 D  H— I— 


Because  AB,  CD  are  equimultiples  of  G,  H  (Hyp.),  there 
are  as  many  parts  in  AB  equal  to  G,  as  in  CD  equal  to  H ;  let 
AB  be  divided  into  parts  AM,  MN,  NB  each  equal  to  G,  and 
CD  into  parts  CO,  OP,  PD  each  equal  to  H  (Post.  1.  5) ;  and, 
since  G,  H  are  equimultiples  of  K,  L,  and  AM  equal  to  G, 
and  CO  to  H,  AM  and  CO  are  equimultiples  of  K,  L;  for  a 
like  reason,  MN,  OP  are  equimultiples  of  K,  L ;  therefore 
AN,  CP  arc  also  equimultiples  of  K,  L  (2.  5).  In  like  man- 
ner may  AB    CD  be  proved  to  be  equimultiples  of  K,  L. 

Cor.  1. — If  two  magnitudes  (K,  L,  sec  the  above  fig.),  be 
contained  an  unequal  number  of  times  in  two  others  (G,  H  ;  K 
being  contained  oftener  in  G,  than  L  in  H) ;  they  are  contained 
an  unequal  number  of  times  in  any  equimultiples  thereof  (AB, 
CD  . 

Since  K  is  contained  oftener  in  G,  than  L  is  in  H,  it  is  also 
contained  oftener  in  AM,  MN,  NB,  which  are,  each  of  them, 
equal  to  G,  than  L  is  in  CO,  OP,  PD,  which  are,  each  of 
them,  equal  to  H ;  and  therefore  K  is  contained  oftener  in  the 
whole  AB,  than  L  is  in  the  whole  CD  (Ax.  4.  1). 

Cor.  2. — If  any  two  magnitudes  (K,  L),  be  contained  equally 
often  in  two  others  (AB,  CD),  each  in  each ;  any  equimultiples 
(G,  H)  of  them,  are  contained  equally  often  in  the  same. 

For,  if  one  of  them,  as  G,  were  contained  oftener  in  AB, 
than  H  in  CD ;  K  would  (by  the  preced.  Cor.)  be  contained 
tftener  in  AB,  than  L  in  CD,  contrary  to  the  supposition* 

18 
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Cor.  3. — If  two  magnitudes  (K,  L),  be  contained  equally 
often  in  two  others  (AB,  CD) ;  they  are  contained  equally  often 
in  any  equisubmultiples  thereof  (G.  H). 

For,  if  one  of  them  K,  were  contained  oftener  in  G,  than 
L  is  in  H  ;  K  would  be  contained  oftener  in  AB,  than  L  in  CD 
(Cor.  1.  3.  5),  contrary  to  the  supposition. 

Cor.  4. — A  ratio  (as  of  AB  to  CD)  cannot  be  both  greater 
*nd  less  than  another  (as  of  EF  to  GH).  In  other  words,  if  a 
submultiple  CI  of  CD  be  contained  oftener  in  AB,  than  a  like 
submultiple  GK  of  GH  is  in  EF ;  no  submultiple  of  CD  is  con- 
tained less  often  in  AB,  than  a  like  submultiple  of  GH  is  in  EF* 
SeeDef.  7.  5. 

L  Q  0       I 

A 1 |-B     C— I— I 1 1 D 

F  P  N  K 

E 1 l-M  G-l-l — i 1 -H 

If  possible,  let  CI  be  contained  oftener  in  AB,  than  CK  inEF, 
and  let  AL  be  the  greatest  multiple  of  CI,  which  is  in  AB,  and 
EM  a  like  multiple  of  GK,  which  is  greater  than  EF;  and,  if 
possible,  let  GN  a  submultiple  of  GH,  be  contained  oftener  in 
EF,  than  CO  a  like  submultiple  of  CD,  is  in  AB,  and  let  CQ, 
GP  be  like  submultiples  of  CO,  GN,  as  CI,  GK  are  of  AL, 
EM ;  and  since  GN  is  contained  oftener  in  EF,  and  therefore 
*  in  EM,  than  CO  is  in  AB,  and  therefore  than  CO  is  in  AL ; 
and  CQ,  .GP  are  contained  equally  often  in  CI,  GK,  as  CO, 
GNarein  AL,  EM  (Cor.  2.  1.  5);  therefore  GP  is  contained 
oftener  in  GK,  than  CQ  is  in  CI;  and  therefore,  GH,  CD  being 
equimultiples  of  GK,  CI,  GP  is  contained  oftener  in  GH,  than 
CQ  in  CD  (Cor.  1.  3.  5),  which  is  absurd,  CQ,  GP  being 
Equisubmultiples  of  CO,  GN,  and  therefore  of  their  equimul- 
tiples CD,  GH  (3.  5) ;  therefore  GN  is  not  contained  oftener 
in  EF,  than  CO  is  in  AB  :  in  like  manner  it  may  be  proved, 
that  no  submultiple  of  GH,  is  contained  oftener  in  EF,  than  a 
like  multiple  of  CD,  is  in  AB. 
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Theor.  1 — f£ee  notti)  If,  of  two  magnitudes  (AB,  CD),  one 
of  which  (AB)  is  a  multiple  of  the  other  (CD),  c  juimultiples 
(EF,  GH)  he  taken ;  the  multiple  (EF-  of  the  former,  is  a  like 
multiple  of  that  (GH)  of  the  latter,  as  the  former  {AB),  is  of  the 
latter  (CD). 

IK 

A 1 1 B    C D 

N      0      M      P     Q  I, 

E 1 . 1 F    G 1 H 

Let  AB  be  divided  into  parts  AI,  IK,  KB  each  equal  to  CD, 
GH  into  parts  GL,  LH  each  equal  to  CD,  EF  into  parts  EM, 
MP  each  equal  to  AB,  and  EM,  MP  into  parts  EN,  NO, 
OM,  MP,  PQ,  QF  cadi  equal  to  KB  or  CD;  and  it  is  mani- 
fest, by  taking  on  EF,  like  multiples  EG,  OP,  PP  of  CD,  as 
GH  is  of  CD,  that  there  are  as  many  parts  in  EF  equal  to  GH, 
as  in  AB  equal  to  CD,  and  therefore  that  EF  is  a  like  multiple 
of  GH,  as  AB  is  of  CD. 

Theor.  2.— If,  of  two    E 1 1 F    G— |— H 

magnitudes  [EF,    GH],  R 

one  of  which  (EF)  is  a    A — I — | — l-B  C D 

multiple  of  the  other  (GH),  equisubmultiples  (AB,  CD)  be 
taken,*  the  submultiple  [AB]  of  the  former,  is  a  like  multiple 
of  that  (CD)  of  the  latter,  as  the  former  <EF),  is  of  the  latter 
(GH). 

If  AB  be  not  a  like  multiple  of  CD,  as  EF  is  of  GH,  it 
is  either  greater  or  less  than  such  a  multiple;  let  it,  if  pos- 
sible, be  greater,  and  take  on  it  AR  equal  to  such  a  multiple ; 
and  since  GH  is  a  multiple  of  CD  [Hyp.],  and  EF,  AR  equi- 
multiples of  GH,  CD,  Ay  the  preced.  Theor.  EF  is  a  like 
multiple  of  AR,  as  GH  is  of  CD  ;  but  EF  is  a  like  multiple  of 
AB,  as  GH  is  of  CD  [Hyp.] ;  therefore  EF  is  a  like  multiple 
of  AR  as  of  AB  ;  whence  AR  and  AB  being  equisubmultiples  of 
EF  are  equal  [Ax.  2.  5],  part  and  whole,  which  is  absurd.  A 
Bke  absurdity  would  follow,  if  AB  were  supposed  to  be  less 
than  a  like  multiple  of  CD,  as  EF  is  of  GH;  since  therefore 
AB  is  neither  greater  or  less  than  such  a  multiple,  it  is  such  a 
multiple. 
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PROP.  IV.  THEOR. 

If  there  be  four  proportional 
magnitudes  (AB,  CD, 
EF,  GH),  and  equimul- 
tiples (IK,  NO  J  of  tlie 
antecedents  (AB,  *EF) 
be  taken  and  equimulti- 
ples (LM,  Pq)  of  the 
consequents  (CD,  GH); 
these  are  also  proportional. 

Let  LR,  PS  be  any  equisubmultiples  whatever  of  LM,  PQ, 
and  take  LT,  PU  like  submultiples  of  LR,  PS,  as  AB  is  of  IK, 
and  CX,  GZ  like  siibmultiples  of  CD,  GH,  as  LT,  PU  are  of 
LM,  PQ ;  and  since  LM  is  a  multiple  of  CD  [Hyp.],  and  LT, 
CX  equisubmultiples  of  LM,  CD ;  LT  is  a  like  multiple  of 
.  CX,  as  LM  of  CD  (Theor.  2  at  3.  5);  in  like  manner  it  may 
.  be  shewn,  that  PU  is  a  like  multiple  of  GZ,  as  PQ  of  GH ; 
therefore  LT,  PU  are  equimultiples  of  CX,  GZ  ;  and  CX,  GZ 
are  contained  equally  often  in  AB,  EF  (Hyp.  and  Def.  5.  5), 
therefore  LT,  PU  are  also  contained  equally  often  in  AB,  EF 
(Cor.  2.  3.  5) ;  and  LR,  PS  are  contained  equally  often  in  IK, 
NO,  as  LT,  PU  in  AB,  EF  (Cor.  2.  1.  5),  therefore  LR, 
PS,  which  are  any  submultiples  whatever  of  LM,  PQ,  are  con- 
tained equally  often  in  IK,  NO ;  therefore  IK  is  to  LM,  as  NO 
toPQ[Def.  5.  5], 

PROP.  V.  THEOR. 

If  a  magnitude  (AB),  be  a  like  mul-  A  E 

tiple  of  another  (CD J,  as  a  part    G 1 1 B 

(AE    taken  from  the  first,  is  of  a  *  ■  F 

part  (CFJ  taken  from  the  other;  C 1 — D 

the  remainder  of  the  first  (EB},  is  a  like  multiple  of  the  re- 
mainder of  the  other  (FDJ,  as  the  whole  (AB),  is  of  the 
whole  (CD). 

Take  AG  a  like  multiple  of  FD,  as  AE  is  of  CF  ,•  then  GE 
is  a  like  multiple  of  CD,  as  AE  of  CF  (l.  5),  or  (Hyp.)*  as  AB 
of  CD  ,•  whence,  GE,  AB  being  equimultiples  of  CD  are  equal 
(Ax.  l.  5),  taking  from  each  AE  common,  GA  is  equal  to  EB 
(Ax.  3.  1) :  but  GA  is  a  like  multiple  of  FD,  as  AE  is  of  CF  ; 
therefore  EB  is  a  like  multiple  of  FD,  as  AE  is  of  CF,  tfr 
(Hyp.),  as  AB  is  of  CD, 
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PROP.  VI.  PROB. 

Jf  two  magnitudes  (AB9  CDJ9  be  equimultiples  of  two  others 
(G9  H  )9  and  from  each  of  the  former9  there  be  taken  away 
equimultiples  (EB9  FDJ  of  the  latter ,  the  remainders  <  JlE, 
CFJ  are  either  equals  or  equimultiples  of  the  latter. 

For,  first,    let  AE  be 
equal  to  G ;  CF  is  equal    A- 
to  H.     Let  DK  be  taken  F 

to  H   (Post.   1.   5),    and,    C 1 1 1 ! — K     H 

because  EB,  FD  are  equimultiples  of  G,  H  (Hyp  )9  and  AE  is 
equal  to  G,  and  DK  to  H,  AB,  FK  are  equimultiples  of  G,  H 
(2.  5) ;  but  AB,  CD  are  also  equimultiples  of  G,  H  [Hyp.], 
therefore  CD,  FK  are  equimultiples  of  H,  and  therefore  equal 
[Ax.  1.  5]  ;  taking  away  FD  common,  CF  is  equal  to  DK  [Ax. 
3.  I],  and  therefore  to  its  equal  H. 

In  like  manner,  if  AE  were  a  multiple  of  G,  CF  might  be 
shewn  to  be  a  like  multiple  of  H. 

Cor. — In  like  manner  it  may  be  proved,  that  if  two  magni- 
tudes (G,  H),  be  contained  equally  often  in  two  others  AB, 
CD),  and  from  the  latter,  there  be  taken  equimultiples  (EB, 
FD)  of  the  former,  the  former  are  contained  equally  often  in 
the  residues  (AE,  CF). 


PROP.  VII.  THEOR. 

* 

Equal  magnitudes  (A9  B)9  have  the  same  ratio  to  the  same  mag- 
nitude (C  :  and  the  same  magnitude  (  Cj9  has  the  same  ratio 
to  equal  magnitudes  (&9  BJ. 

i 

1.  Since  any    submultiple    A q 

whatever  of  C,  is  contained     B 


equally  often  in  the  equal  magnitudes  A,  B  (Cor.  3.  Ax.  B.  5), 
the  ratios  of  A  to  C  and  of  B  to  C  are  equal  (Def.  5.  5). 

2.  Since  any  equisubmultiples  whatever  of  the  equal  magni- 
tudes A,  B  are  equal  (Ax.  2.  5),  they  are  contained  equally 
often  in  the  same  magnitude  C  (Cor.  3.  Ax.  B.  5) ;  therefore 
the  patios  of  C  to  A  and  of  C  to  B  are  equal  [Def.  5.  5]. 

Schol. — In  like  manner  it  may  be  shewn,  that  *  equal 
magnitudes  have  the  same  ratio  to  equal  magnitudes." 
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Cor.  1. — If  the  first  (A)  of  four  magnitudes    A- 


of  the  same  kind,  be  equal  to  the  third  (C),  and     B E — 

the  second  (B),  to  the  fourth  (D) ;  the  magni-     C 

tudes  are  proportional.  D F — 

Take  any  equimultiples  whatever  E  and  F  of  B  and  D  ;  E 
and  F  arc  equal  (Hyp.  and  Ax.  2.  5),  and  are  therefore  con- 
tained equally  often  in  the  equals  A  and  C  (Cor.  3.  Ax.  B,  5), 
therefore  A  is  to  B,  as  C  is  to  D  (Def.  5.  5). 

Cor.  2. — If  the  first  of  four  magnitudes  be  equal  to  the 
second,  and  the  third  to  the  fourth ;  the  magnitudes  are  pro- 
portional. 

For  any  submultiples  whatever  of  the  consequents,  are  like 
submultiples  of  the  antecedents,  and  therefore  contained  equal- 
ly often  in  them  ;  therefore  the  four  magnitudes  are  proportional 
[Def.  5.  5]. 

Theorem,  which  is  prop.  1  of  B.  10  of  Euclid. 

If  from  the  greater  [AB],  of  two  unequal  magnitudes  [AB, 
CD],  there  be  taken  away  more  than  the  half,  and  from  the 
remainder  [GB],  be  again  taken  away  more  than  the  half,  and 
and  so  on  continually ;  there  would  at  length  be  left  a  magni- 
tude (HB),  less  than  the  least  [CD],  of  the  two  magnitudes  first 
proposed. 

Let  magnitudes  DE,  EF  G  H 

be  taken  each  equal  to  CD     A 1 ! B 

[Post.  1.  5],   until  a  mul-  D  E 

tiple  CF  of  CD,  be  greater     C « j F 

than  AB  [Post.  2.  5] ;  let  AG  be  a  part  taken  on  AB  greater 
than  its  half,  and  Gil  a  part  on  GB  greater  than  its  half,  and 
«o  on,  till  there  be  the  same  namber  of  parts  in  AB,  as  in  CF ; 
the  last  remainder  HB  is  less  than  CD. 

For  AB  being  less  than  CF,  and  from  AB,  AG  being  taken 
greater  than  the  half,  and  from  CF,  CD  not  greater  than  thfe 
half,  being  less  than  the  half,  unless  CF  be  only  double  to  CD, 
in  which  case  it  is  equal  to  the  half,  the  remainder  GB  is  less 
than  the  remainder  DF ;  in  like  manner,  HB  may  be  proved  to 
be  less  than  EF  or  CD. 

Cor. — The  same  thing  may  be  proved,  and  in  the  same  man- 
ner, if  from  AB  should  be  taken  but  the  half  [Post.  1.  5], 
and  from  the  remainder  its  half,  and  so  on  ;  in  which  case  HB 
would  be  a  submultiple  of  AB  [3  of  this]  ;  and  therefore,  w  a 
submultiple  may  be  taken  of  any  given  magnitude,  less  than  any 
other  given  one  of  the  same  kind." 
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PROP.  VIII.  THEOR. 

The  greater  (AB),  of  two  unequal  magnitudes  (AB,  CD),  ha* 
the  greater  ratio  to  the  same  magnitude. (EF);  and  the  same* 
magnitude  (EF),  has  the  greater  ratio  to  the  less  (CD). 

Tart  1. — Let  AG  be  a  part                     G  „ 

taken   on  AB  equal  to  CD     A B    ™  p 

[Post  1.  5],  and  GB  be  tbe     C D         r-"": r 

excess  of  AB  above  CD  ;  let  EH  be  a  submiiltiple  of  EF  lest* 
than  GB  [Cor.  Theor.  at  7.  5],  and  EH  is  contained  as  often 
in  AG  as  CD,  and  being  less  than  GB  is  contained  at  least 
once  therein,  it  is  therefore  oftener  contained  in  AB  than  in  CD, 
and  therefore  the  ratio  of  AB  to  EF  is  greater  than  that  of  CD 
to  EF  [Def.  7.  5]. 

Part  2.— Let  AG  be  M      G 

a   submultiple  of   AB  K  L  A-l 1 B 

less    than    EF    [Cor.   E 1— I F      N    H 

Theor.    at  7.   5],  and  C-l 1 D 

CH  a  like  submultiple  of  CD  [Post.  1.  5]  ;  CH  is  less  than  AG 
[Hyp.  and  Cor.  2.  Ax.  B.  5~|,  and  therefore  is  either  oftener 
contained  in  EF,  or  being  contained  equally  often  therein  leaves  a 
greater  remainder  [Cor.  1.  Ax.  II.  5  and  Ax.  5.  l],  if  it  beoftener 
contained  therein,  the  proposition  is  true  [by  Def.  7.  5]  ;  if  not, 
being  contained  equally  often  therein,  let  it  leave  a  remainder 
KF,  greater  than  that  LF,  left  by  the  multiple  of  AG,  and  let 
KL  be  the  difference  of  these  remainders  ;  let  CN  be  a  submul- 
tiple of  CH  less  than  KL  [Cor.  Theor.  at  7.  5],  and  AM  a 
like  submultiple  of  AG  [Post.  1.  5],  and  AM,  CN  being  like 
subiftultiples  of  AG,  CH,  are  like  submultiples  of  their  equi- 
multiples EL,  EK  (3.  5),  whence  CN,  which  is  less  than  AM 
[Cor.  2.  Ax.  B.  5],  being  at  least  as  often  contained  in  LF,  as 
AM  is  in  the  same  LF  [Cor.  1.  Ax.  B.  5],  CN  is  contained 
at  least  as  often  in  the  compound  of  EK  and  LF,  as  AM  is  in 
the  compound  of  EL  and  LF,  or  in  the  whole  EF ;  but  CN, 
being  less  than  KL.  is  contained  at  least  once  therein,  and  is 
therefore  contained  oftener  in  EF,  than  in  the  compound  of  EK 
and  LF  ;  but  it  has  been  shewn,  that  CN  is  contained  as  often 
in  the  compound  of  EK  and  LF,  as  AM  is  in  EF ;  therefore 
CN  is  contained  oftener  in  EF,  than  AM  in  the  same  EF ; 
whence,  CN,  AM  being  like  submultiples  of  CH,  AG,  and 
therefore  of  their  equimultiples  CD,  AB  (3.  5),  the  ratio  of  EF 
to  QD  is  greater  than  that^of  EF  to  AB  [Def.  7.  5]. 
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PROP.  IX.  THEOR. 


Magnitudes  (A,  B),  which  have  the  same  ratio  to  the  same  mag* 
nitude  (C),  are  equal:  And  those  magnitudes  (A,  B  ',  to 
which  the  same  magnitude  (CJ  has  the  same  ratio,  are  equaU 

Part  1.— If  A  and  B  be  not  equal,  let  one  A 

them,  if  possible,  as  A,  be  the  greater  ;  and - 

the  ratio  of  A  to  C  is  greater  than  that  of  B  B 

to  C  [8.  5],  which  is  absurd  [Hyp.  and  Cor. - 

Def.  7.  5]  ;  therefore  A  and  B  are  not  une-  C 
qual,  they  are  of  course  equal. 


Part  2. — If  A  and  B  be  not  equal,  let  one  of  them,  if  possi- 
ble, as  B,  be  the  less  ;  and  the  ratio  of  C  to  B  is  greater  than 
that  of  C  to  A  [8.  5l,  which  is  absurd  I  Hyp.  and  Cor.  Def, 
7.  5]  5  therefore  A  and  B  are  not  unequal,  they  are  of  course 
«qual. 


PROP.  X.  THEOR. 


That  [A),  of  two  magnitudes  (A,  B),  which  lias  the  greater 
ratio  to  the  same  magnitude  .  C),  is  the  greater;  and  that(B)§ 
to  which  the  same  magnitude  (C)  has  the  greater  ratio,  is  the 
less. 

Part  1. — A  is  not  equal  to  B,  for  if  it  A 

were,  its  ratio  to  C  would  be  the  same,  as 


that  of  B  to  C  (7.  5),  contrary  to  the  suppo-        B 
sition  and  Cor.  Def.  7.    5;    A  is  not  less 


than  B,  for  then  B  the  greater,  would  have  C 

the  greater  ratio  to  C  (8.  5),  contrary  to  the 


supposition  and  Cor.  4.  3.  5  ;  therefore  A  is  greater  than  B. 
Part  2. — B  is  not  equal  to  A,  for  then  C  would  have  the  same 
Tatio  to  B  as  to  A  [7.  5],  contrary  to  the  supposition  and 
Cor.  Def.  7.  5  ;  B  is  not  greater  than  A,  for  then  C  would 
have  a  greater  ratio  to  the  less  A,  than  to  the  greater  B  [8.  5], 
eontrary  to  the  supposition  and  Cor.  4.  3.  5  j  therefore  B  is  less 
than  A. 


^  •     t  - 
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PROP.  XI.  THEOR. 

Ratios  (as  of  A  to  B  and  C  to  D),  which  are  the  same  to  the  same 
ratio  (as  of  E  to  F),  are  the  same  to,  each  othdr. 

For,  since  any  equisubmultiples  A  E              C 

whatever  of  B  and  D,  are  contain-    .    — — — — 

ed  in  their  respective  antecedents  B  p               D 

A  and  C,   the  same  number  of  — . 


times,  as  a  like  submultiple  of  F  is  in  E  (tlyp.  and  De£  5.  5]  $ 
it  follows  [Ax.  1.  1],  that  any  equisubmultiples  whatever  of  B 
and  D  are  contained  equally  often  in  the  same  antecedents  A 
and  C  ;  therefore  A  is  to  B,  as  C  is  to  D  [Def.  5.  5]. 

PROP.  XII.  THEOR. 

If  any  number  of  magnitudes  of  the  same  kind  (A,  C,  E),  have 
the  same  ratio  to  the  same  number  of  magnitudes  (B9  D,  F)9 
each  to  each  ;  one  of  the  antecedents  (k\  is  to  its  consequent  (B)9 
as  all  the  antecedents  (A,  C,  E)  together,  are  to  all  the  conse- 
quents (B,  D,  F)  together. 


Let  G,  H,  K  be  any    A C JE 

equisubmultiples   what-    B D F —  » 

ever  of  B,  D,  F  [Post.    G H—  K „ 

1.  5],  and  G,  H,  K  together,  is  a  like  submultiple  of  B,  D» 
F  together,  as  one  of  them  G,  is  of  its  correspondent  magnitude 
B  [l.  5]$  also,  since  G,  H,  K  are  contained  equally  often  in 
A,  C,  E  respectively  [Hyp.  and  Def.  5.  5],  the  aggregate  of 
G,  H,  K,  is  contained  in  the  aggregate  of  A,  C,  E,  the  same 
number  of  times,  as  any  one  of  them  G,  is  in  the  correspondent 
and  magnitude  A  [Cor.  1.  5] ;  and,  this  being  true,  whatever 
submultiples  G,  H,  R  are  of  B,  D,  F,  any  one  of  the  antece- 
dents A,  is  to  its  consequent  B,  as  all  the  antecedents  A,  C,  E 
together   to  all  the  consequents  B,  D,  F  together  [Def.  5.  5]. 


19 


142  eucmd's  elements  book  v. 


PROP.  XIII.  THEOR. 

Any  ratio  (as  of  E  to  F)9  which  is  greater  than  one  (as  of  «4  to  B), 
of  two  equal  ratios  (of  A  to  B  and  of  C  to  B;f  is  also  greater 
than  the  other  (namely,  that  of  C  to  D).  • 

Since  the  ratio  of  E  E  AC 

to  F  is  greater,  than 


that  of  A  to  B  [Hyp.],         F  B  D 

a  submultiple  of  F,  as 


6,  may  be  takenj  G  H  K 
which  is  contained  —  -  — 
oftener  in  E,  than  a  like  submultiple  H  of  B  is  in  A  [Def. 

7.  5) ;  take  K  a  like  submultiple  of  D,  as  H  is  of  B  [Post.  1. 
5],  and  H  and  K  are  contained  equally  often  in  A  and  C  [Hyp. 
and  Def.  5.  5],  but  G  is  contained  oftener  in  E,  than  H  is  in 
A,  therefore  G  is  contained  oftener  in  E,  than  R  is  in  C,  and 
therefore,  G,  K  being  equisubmultiples  of  F,  D,  the  ratio  of  x 
E  to  F  is  greater  than  that  of  C  to  J)  [Def.  7.  5]. 

Sclwl. — In  like  manner,  if,  in  this  proposition,  the  ratio  of  E 
to  F  were  supposed  to  be  less  than  of  A  to  B,  that  of  A  to  B 
being  equal  to  that  of  C  to  D,  the  ratio  of  E  to  F  may  be  shewn 
to  be  less  than  that  of  C  to  D. — And  if  the  ratio  of  E  to  F  being 
supposed  greater  than  of  A  to  B,  that  of  A  to  B  were  supposed  to 
be  greater  than  of  C  to  D :  it  might,  in  like  manner,  be  proved 
that  the  ratio  of  E  to  F  is  greater  than  of  C  to  D  :  for,  a  sub- 
multiple  of  F  being  taken,  which  is  contained  oftener  in  E,  than 
a  like  submultiple  of  B  is  in  A  [Hyp.  and  Def.  7.  5],  the  sub- 
multiple  of  B  is  not  contained  less  often  in*  A,  than  a  like  sub- 
multiple  of  D  in  C  (Cor.  4.  3.  5),  therefore  the  submultiple  of 
F  is  contained  oftener  in  E,  than  that  of  D  in  C,  and  therefore 
the  ratio  of  E  to  F  is  greater  than  that  of  C  to  D  (Def.  7.  5). 
Therefore  "  a  ratio  (as  of  E  to  F)  which  is  greater  than  another 
u  (as  of  A  to  B)»  is  greater  than  any  ratio  [as  of  C  to  D]  less- 
"  than  ihat  other." 

Cor — If  the  first  (A)  of  four  ABE 

proportionals,  be  greater  than    — — —    — — 

the  second  (B )9  the  third  (C),       CDF 

is  greater  than  the  fourth  (D),    

if  equal,  equal,  and  if  less,  less. 

First,  let  A  be  greater  than  B,  and  take  E  equal  to  B,  and 
F  to  D.  The  ratio  of  C  to  D  is  equal  to  that  of  A  to  B  (Hyp.), 
or  (Hyp.  and  8  and  13.  5),  greater  than  that  of  E  to  B,  or 
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(Cor.  2.  7.  5),  than  that  of  F  to  D ;  since  therefore  the  ratio 
of  C  to  D  is  greater  than  that  of  F  to  D,  C  is  greater  than  F 
(10.  5),  or  its  equal  D. 

In  like  manner  it  might  he  proved,  that,  if  A  were  equal  to 
B,  C  would  be  equal  to  D,  and  if  Jess,  less. 


PROP.  XIV.  THEOR. 


Jf  thejirst  (J&)9  of  four  proportional  magnitudes  (J,  B9  C9  D), 
be  greater  than  the  third  (C),  the  second  (B),  is  greater  than  the 
fourth  (D)9  if  equal,  equal,  and  if  less9  less. 

First,  let  A  be  greater  than  C;   B  is    A 
greater  than  D.  B 

.  For,  because  A  is  greater  than  C,  the  ra-  C- 
tlo  of  A  to  B  is  greater  than  that  of  C  to  B  D 
(8.  5),  but  A  is  to  B  as  C  to  D  (Hyp.),  therefore  the  ratio  of  C 
to  D  is  greater  than  that  of  C  to  B  (13.  5),  therefore  B  is 
greater  than  D  (10.  5). 

In  like  manner,  if  A  were  equal  to  C,  B  may  be  proved  to  be 
equal  to  D,  and  if  less,  less. 


PROP.  XV.  THEOR. 

Magnitudes  (6,  B.)  have  the  same  ratio  to  each  other,  as  their 

equimultiples  (AB9  CD  J. 

Because  AB,  CD  are                M          N  G 

equimultiples  of  G,  H,    A  I 1  B 


there  are  as  many  mag-  OP  '    H 

nitudes  in  AB  equal  to     C— | !— D  — 

G,  as  in  CD  equal  to  H ;  let  AB  be  divided  into  parts  AM, 
MN,  NB  each  equal  to  G,  and  CD  into  parts,  CO,  OP,  PD 
each  equal  to  H  TPost.  1.  5];  and  since  AM,  MN,  NB  are 
equal,  as  also  CO,  OP,  PD,  AM  is  to  CO,  as  MN  to  OP, 
and  as  NB  to  PD  [Cor.  1.  7.  5],  therefore  AM,  MN,  NB 
together,  or  AB,  is  to  CO,  OP,  PD  together,  or  CD,  as  AM 
is  to  CO  [12.  5],  or  [Cor.  1.  7.  5],  as  G  is  to  H. 
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Theof.  1. — Mag-  I 

nitudes  (AB,  EF),  A B  C— 1« 

have  the  same  ratio  K 

to  their  equimuiti-  E — -F  G-l- 
pled  (CD,  GH).     . 

If  the  ratios  of  AB  to  CD,  and  of  EF  to  GH,  he  not  equal, 
let  one  of  them,  as  of  AB  to  CD,  he  the  greater,  and  let  CI  a 
Buhmultiple  of  CD  be  contained  oftener  in  AB,  than  GK  a  like 
submultiple  of  GH  is  in  EF  (Hyp.  and  Def.  7.  5) ;  and,  since 
CD,  GH  are  equimultiples  of  AB,  EF  (Hyp.),  CI  is  contained 
oftener  in  CD,  than  GRis  in  GH  (Cor.  1.  3.  5),  which  is  ab- 
surd, CD,  GH  being  equimultiples  of  CI,  GK ;  therefore  the 
ratio  of  AB  to  CD  is  not  greater  than  that  of  EF  to  GH  :  in 
like  manner  it  may  be  shewn,  that  the  ratio  of  AB  to  CD  is  not 
less  than  that  of  EF  to  GH  ;  it  is  therefore  equal  to  it. 

Theor.  2. — Magnitudes  (AB,  EF)  have  the  same  ratio,  to 
equimultiples  (CD,  GH)  of  their  equimultiples  (AI,  EM). 

I  P    N 

A 1 1 B      C-l— I — i 1 1 D 


M  Q  O 

E 1 1 F         G-l-i— I 1 H 

If  the  ratios  of  AB  to  CD,  and  of  EF  to  GH,  be  not  equal, 
let  one  of  them,  as  of  AB  to  CD,  be  the  greater,  and  let  CN  a 
submultiple  of  CD,  be  contained  oftener  in  AB,  than  GO  a  like 
submultiple  of  GH  is  in  EF  (Hyp.  and  Def.  7.  5) ;  let  CP, 
GQbe  like  submultiples  of  CN,  GO,  as  AI,  EM  are  of  AB, 
EF,  and  CP,  GQ  are  contained  equally  often  in  AI,  EM,  as 
CN,  GO  are  in  AB,  EF  (Cor.  2.  1.  5) ;  but  CN  is  contained 
oftener  in  AB,  than  GO  is  in  EF,  therefore  CP  is  contained 
oftener  inx  AI,  than  GQ  is  in  EM,  and  therefore  CP  is  contain- 
ed oftener  in  CD,  than  GQ  in  GH  (Cor.  1.  3.  5),  which  is 
absurd,  CP,  GQ  being  equisubmultiples  of  CN,  GO,  and 
therefore  of  their  equimultiples  CD,  GH  (3.  5) ;  therefore  the 
ratio  of  AB  to  CD  is  not  greater  than  that  of  EF  to  GH  :  in 
like  manner  it  may  be  shewn,  that  the  ratio  of  AB  to  CD  is 
not  less  than  that  of  EF  to  GH  ;  it  is  therefore  equal  to  it. 
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Theor.  3.— If  four  magnitudes  (AB,  CD,  EF,  GH)  be  pro- 
portional,  they  are  also  proportional*  taken  inversely,  [namely, 
CD  is  to  AB,  as  GH  to  EF]. 

I  L 

A 1 1 B    C 1 , 1 l-D 


K 

E 1 1 F 

If  the  ratios  of  CD  to  AB,  and  of  GH  to  EF,  be  not  equal, 
let  one  of  them,  as  of  CD  to  AB,  be  the  greater,  and  let  AJ  a 
submultiple  of  AB,  be  contained  oftener  in  CD,  than  EK  a  like 
submultiple  of  EF,  is  in  GH  (Hyp.  and  Def.  7.  5) ;  let  CL  be 
the  greatest  multiple  of  AI,  which  is  in  CD,  and  GM  a  like 
multiple  of  EK,  which  is  greater  than  GH  ;  therefore  the  ratio 
of  EF  to  GH  is  greater  than  that  of  EF  to  GM  (8.  5),  or, 
which  is  equal  (Theor.  2.  15.  5),  that  of  AB  to  CL,  and  there- 
fore (7  and  8.  5),  than  that  of  AB  to  CD,  contrary  to  the  sup- 
position and  Cor.  Def.  7.  5;  therefore  the  ratio  of  CD  to  AB  is 
not  greater  than  that  of  GH  to  EF ;  and  it  may,  in  like  man- 
ner, be  proved,  not  to  be  less  than  the  same  $  it  is  therefore 
equal  to  it 

Theor.  4. — If  the  first,  of  four  magnitudes,  have  a  greater 
ratio  to  the  second,  than  the  third  has  to  the  fourth  ;  by  invert- 
ing, the  second  has  a  less  ratio  to  the  first,  than  the  fourth  has 
to  liie  third. 

For,  in  the  preceding  theorem,  from  the  supposition,  of  CD 
having  a  greater  ratio  to  AB,  than  GH  has  to  EF  ;  it  is  prov- 
ed, that  the  ratio  of  EF  to  GH  is  greater  than  that  of  AB  to 
CD,  or,  whioh  is  the  same,  that  the  ratio  of  AB  to  CD  is  less 
tkanthatofEFtoGH. 
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PROP  XVI.  THEOR. 


If  four  magnitudes  of  the  same  kind  (JIB,   CD,  EF,  GH)  be 
proportional ;  they  are  also  proportional,  taken  alternately. 

If  the  ratios  of  AB  to  EF,  and  ^ 

of  CD  to  GH  be  not  equal,  let  one    A 1 lr —  I !"B 

of  them,  as  of  AB  to  EF  be  the  D 

greater,  and  let  EI  a  submultiple    C— |— >— |— |-M 
of  EF  be  contained  oftener  in  AB,  I 

than  GK  a  like  submultiple  of  GH    E 1 1 1— F* 

is  in  CD  (Def.  7.  5) ;  let  AL  be  K 

the  greatest  multiple  of  EI  which  G — I — | — |-H 
is  in  AB,  and  CM  a  like  multiple  of  GK,  which  multiple  is. 
greater  than  CD ;  therefore  the  ratio  of  AL  to  CD  is  greater 
than  that  of  AL  to  CM  [8.  5],  and  therefore  the  ratio  of  AB  to 
CD  is  greater  than  that  of  AL  to  CM  [7,  8  and  13.  5  and  Schol. 
13.  5],  and  EI  is  to  GK,  as  AL  to  CM  [15.  5],  therefore  the 
ratio  of  AB  to  CD  is  greater  than  that  of  EI  to  GK  [13.  5],  or, 
which  is  equal  [15.  5],  than  that  of  EF  to  GH,  contrary  to  the 
supposition :  therefore  the  ratio  of  AB  to  EF  is  not  greater  than 
that  of  CD  to  GH  :  in  like  manner,  it  may  be  proved,  that  the 
ratio  of  AB  to  EF  is  not  less  than  that  of  CD  to  GH  :  since  , 
therefore  the  ratio  of  AB  to  EF  is  neither  greater  nor  less  than 
that  of  CD  to  GH,  it  is  equal  to  it. 

*    ' 

C&r.  1.— In  this  proposition,  from  supposing  AB  to  have  a 
greater  ratio  to  EF,  th^n  CD  has  to  GH,  AB  is  proved  to 
have  a  greater  ratio  to  CD,  than  EF  has  to  GH  ;  and  there- 
fore, "  if,  of  four  magnitudes  of  the  same  kind,  the  ratio  of 
"  the  first  to  the  second,  be  greater  than  that  of  the  third  to  the 
"fourth  ;  by  alternating,  the  ratio  of  the  first  to  the  third,  is 
u  greater  than  that  of  the  second  to  the  fourth." 


1001  T.  OF  GEOMETRY.  147 


:lr 


PROP.  XVII.  THEOR. 

If  four  magnitudes  be  proportional;  the  difference  between  the 
first  and  second,  is  to  the  second  or  first,  as  the  difference 
between  the  third  and  fourth,  is  to  the  fourth  or  third,  as  the 
case  may  be. 

Part  1  .—Let  AB,  CD,  EF,  GH  be  »f 

four  proportionals,    the  antecedents  A — — 1 B 

AB,  EF  being  greater  than  the  conse-  C D 

quents  CD,  GH ;  the  excess  of  AB  N 

above  CD  is  to  CD,  as  the  excess  of  E 

EF  above  GH  is  to  GH.  G 

On  AB  take  AM  equal  to  CD,  and  on  EF,  EN  equal  to  GH 
(Post.  1.  5) ;  and  since  any  equisubmultiples  whatever  of  CD, 
GH,  or  of  their  equals  AM,  EN  are  contained  equally  often  in 
AB,  EF  (Hyp.  and  Def.  5.  5),  they  are  contained  equally 
often  in  the  residues  MB,  NF  (Cor.  6.  5),  therefore  MB,  the 
excess  of  AB  above  CD,  is  to  CD,  as  NF,  the  excess  of  EF 
above  GH,  is  to  GH  (Def.  5.  5). 

Part  2*— Let  CD,  AB,  GH,  EF  be  proportionals,  the 
consequents  AB,  EF  being  greater  than  the  antecedents  CD, 
GH  ;  a  like  construction  being  made,  MB,  the  excess  of  AB 
above  CD,  is  to  AB,  as  NF,  the  excess  of  EF  above  GH,  is 

toEF. 

Because  CD  is  to  AB,  as  GH  to  EF  (Hyp.),  by  inverting, 
AB  is  to  CB,  as  EF  to  GH  (Theor.  3.  15.  5),  therefore  by  part 
1,  MB  is  to  CD,  as  NF  to  GH,  and,  by  inverting  again,  CD 
to  MB,  as  GH  to  NF  (Theor.  3.  15.  5),  therefore  any  equisub- 
multiples whatever  of  MB,  NF  are  contained  equally  often  in 
CD,  GH  (Def.  5.  5),  or  in  their  equals  AM,  EN,  and  there- 
fore in  AB,.EF  (Cor.  2.  5),  therefore  AB  is  to  MB,  as  EF  to 
NF  (Def.  5.  5),  and  inverting,  MB  to  AB,  as  NF  to  EF 
(Theor.  3.  i5.  5). 

Fart  3. — And  since,  by  inverting,  the  second  of  four  pro- 
portionals, has  the  same  ratio  to  the  first,  as  the  fourth  has  to 
the  third ;  by  parts  1  and  2,  the  difference  of  the  first  and 
second  is  to  the  first,  as  the  difference  of  the  third  and  fourth 
&  to  the  third. 
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PROP.  XVIII.  THEOR. 

If  four  magnitudes  be  proportional;  the  compound  of  the  first  a 
second,  is  to  the  second  or  first,  as  the  compound  of  the  th\ 
and  fourth,  is  to  the  fourth  or  third,  as  the  case  may  be. 

Part  1.— Let  AB  be  to  CD,  as  EF  is  B 

to  GH ;  the  compound  of  AB  and  CD  is    A 1— *  M 

to  CD,  -as  the  compound  of  EF  and  GH    C D 

is  to  GH.  F 

To  AB  let  BM  be  joined  equal  to  CD,    E 1 N 

and  to  EF,  FN  equal  to  GH  [Post.  1.     G H 

5] ;  and  since  any  equisubmultiples  whatever  of  CD,  GH, 
of  their  equals  BM,  FN,  are  contained  equally  often  in  A 
EF  [Hyp.  and  Def.  5.  5],  they  are  contained  equally  often 
AM,  EN  [Cor.  2.  5],  therefore  AM,  the  compound  of  A 
and  CD,  is  to  CD,  as  EN,  the  compound  of  EF  and  GH, 
to  GH  [Def.  5.  5]. 

Part  2. — And  since,  by  inverting,  CD  is  to  AB,  as  GH  is 
EF  [Theor.  3.  15.  5],  therefore,  by  part  .1,  the  compound 
AB  and  CD  is  to  AB,  as  the  compound  of  EF  and  GH 
to  EF. 

Schol. — From  this  proposition,  the  preceding,  and  theor. 
15.  5,   it  follows,  that,   "if  four  magnitudes  be  proportion: 
u  by  converting,  the  first,  is  to  the  sum  or  difference  of  the  fii 
"  and  second,  as  the  third,  is  to  the  sum  or  difference  of  the  thi 
*'  and  fourth." 


PROP.  XIX.  THEOR. 

If  the  wAofe  {AB),  be  to  the  whole  (CD),  as  apart  (AE)  tak 
away,  is  to  apart  (CF)  taken  away;  the  residue  (EB),  is 
the  residue  (FD),  as  the  whole  (AB),  is  to  the  whole  (CD 

Because  AB  is  to  CD,  as  AE  is  to 
CF  [Hyp.]   by  alternating,  AB  is  to  E 

AE,  as  CD  to  CF  [16.  5],   and,  by    A 1 B 

dividing,  EB  to  AE,  as  FD  to  CF  F 

[17.   5],    and,    by  again  alternating,     C 1— D 

EB  to  FD,  as  AE  to  CF,  or,  [Hyp. 
and  11.  5],  or,  as  AB  to  CD. 


t*> 
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PROP,  XX.  THEOR.  (See  M>teJ, 

If  there  be  three  magnitudes  (A,  B,  CJ9  and  other  three  (D,  E, 
F),  which,  taken  two  and  two  in  order9  are  in  the  same  rafio;  - 
if  the  first  (•£),  of  the  first  magnitudes,  he  greater  than  the 
Hard  (C),  the  first  (D),  of  the  last  magnitudes,  is  greater  than 
the  third  (F) ;  if  equal,  equal ;  and  if  less,  less. 


lei  A  be  greater  than  C ;  D  A- 
is  greater  than  F.  For,  since  A  is  B- 
grater  than  C,  the  ratio  of  A  to  B,  C- 
or  which  is  equal  [Hyp.],  of  D  to  E,    D 

is  greater  than  that  of  C  to  B  [8.  5] ;    E . — 

and,  since  B  is  to  C  as  E  to  F  [Hyp.],    F — 

by  inverting,  CistoB,  as  FistoE 

[Theor.  8*  15.  5] ;  therefore  the  ratio  of  D  to  E,  having  been 
sbtwn  to  be  greater  than  that  of  C  to  B,  is  also  greater  than 
fiiatof  F  to  E,  (IS.  5),  and  therefore  D  is  greater  than  F  [10.  5], 
In  like  manner  it  may  be  shewn,  that,  if  A  be  equal  to  C,  0 
fe  eqwl  to  F ;  and  if  less,  less. 

PROP,  XXI.  THEOR. 

'Jf  there  be  three  magnitudes  (A,  B,  C),  and  other  three  (D,  E, 
F),  .which,  taken  two  and  two  in  aperturbate  order,  are  in  the 
same  ratio  ;  if  the  first  {A)9  of  the  first  magnitudes,  be  greater 
than  the  third  (C)9  the  first  (D),  of  the  last  magnitudes,  is 
greater  than  the  third  (F) ;  if  equal,  equal ;  and  if  less,  less. 

First,  let  A  be  greater  than  C  $  D  is  A- — . — —  _ 

.  greater  than  F.  B 

Because  A  is  greater  than  C  [Hyp.],  C ■ 

the  ratio  of  B  to  C  is  greater  than  of  B  D       >        ~ 

to  A  (8.  51;  whence,  D  being  to  E,  as  E 


J"         I  in 


B  to  C  [Hyp.],  the  ratio  of  D  to  E  is    F- 

greater  than  of  B  to  A ;  but,  because  A 

is  to  B,  as  E  to  F  [Hyp.],  by  inverting,  B  is  to  A,  as  F  is  to  E 

[Theor.  #3.  15.  5]  j  whence,  the  ratio  of  D  to  E,  having  been 

shewn  to  be  greater  than  that  of  B  to  A,  is  also  greater  than 

that  of  F  to  E  (13.  5),  therefore  D  i&  greater  than  F  (1Q,  5). 

In  like  manner  it  may  be  shewn,  that,  if  A  be  equ?4  to  C,  0 
js  equal  to  F  $  and  if  less,  less. 
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PROP.  XXII.  THEOR. 


If  there  be  any  number  of  magnitudes,  and  as  many  others,  which, 
taken  two  and  two  in  order,  are  in  the  same  ratio  ;  by  ordinate 
equality,  the  ratio  of  the  first,  of  the  first  magnitudes,  to  tlie 
lu*t*  is  the  same,  as  the  ratio  of  the  first  to  the  last,  of  the 
others. 

First,  let  there  be  three  magni-  P 

tudes  AB,  CD,  EF,  and  as  many  A 1 1 -1 l-B 

others  GH,  AK,  LM  ;  and  let  AB        S 

be  to  CD,  as  GH  is  to  IK,  and  CD  C-l D 

to  EF,  as  IK  to  LM  ,•  AB  is  to  EF,  N 

as  GH  to  LM."  E | |— — F 

For,  if  the  ratios  of  AB  to  EF 

and  of  GH  to  LM  be  not  equal,     G 1 1 1 H 

let  one   of  them    if  possible,  as  of       r 

A     to  EF  be  the  greater,  and  let    i_| ]£ 

EN  a  submultiple  of  EF  be  con-        q  q 

tailed  oftener  in  AB,   the   LO  a    *■  _f ,_  , -yr 

lil  e  submuitiqle  of  LM  is  in  GH  '"' 

(By  p.  a?«d  Def.  7.  5) ;  let  AP  be  the  greatest  multiple  of  EN, 
w!  ich  is  in  AB,  and  since  a  like  multiple  of  LO,  as  AP  is  of 
EN,  is  greater  than  GH,  a  like  submultiple  of  GH,  as  EN  is 
of  AP,  is  less  than  LO  (Cor.  2.  Ax.  B.  5);  let  LQ  be  taken 
on  LO  equal  to  that  submultiple,  and  let  QO  be  the  excoss  of 
LO  above  LQ ;  let  IR  be  a  submultiple  of  IK  less  than  QO 
[Cor.  Theor.  at  7.  5],  and  CS  a  like  submultiple  of  CD  ;  and 
since  CD  is  to  EF,  as  IK  is  to  LM  [Hyp.],  by  inverting,  EF 
is  to  CD,  as  LM  is  to  IK  [Theor.  3.  at  15.  5],  and  therefore 
CS,  IR  being  equisubmultiples  of  CD,  IK,  are  contained 
equally  often  in  EF,  LM  (Def.  5.  5),  and  therefore  in  their 
equisubmultiples  EN,  LO  [Cor.  3.  3.  5];  whence,  IR  being 
less  than  QO,  and  therefore  contained  oftener  in  LO,  than  in 
LQ.  the  magnitude  CS  is  contained  oftener  in  EN,  than  IR  in 
LC .; ;  therefore  AP,  GH  being  equimultiples  of  EN,  LQ,  CS  is 
c<  rained  oftener  in  AP,  and  therefore  in  AB,  than  IR  is  in 
GH  Cor.  1.  3.  5);  which  is  absurd  [Hyp.  and  Def.  5.  5]; 
therefore  the  ratios  of  AB  to  EF,  and  of  GH  to  LM,  are  nei- 
ther of  them  greater  than  the  other ;  they  are  therefore  equal. 
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Let  there  be  now  four  magni- 
tudes A,    B,    C,    D,    and  four       A         B         C         D 
others  E,  F,  G,  H ;  and  let  A 


beto  B,  asE  to  F;  B  to  C,  as     E        F         6         H 

FtoG;  andCtoD,  asGtoH;    —        —        —      . 

A  is  to  D,  as  E  is  to  H. 

Because  A,  B,  C  are  three  magnitudes,  and  E,  F,  G  three 
others,  which,  taken  two  and  two,  are  in  the  same  ratio ;  by  the 
preceding  case,  A  is  to  C,  as  E  is  to  G ;  whence,  C  being 
to  D,  as  G  is  to  H  [Hyp.],  by  the  same  case,  A  is  to  D,  as  E 
is  to  H. 

In  like  manner,  the  proposition  might  be  demonstrated,  if 
there  were  ever  so  many  magnitudes. 

Cor.  1. — In  this  proposition  and  by  Def.  7.  5,  from  suppos- 
ing AB  to  have  a  greater  ratio  to  EF,  than  GH  has  to  LM, 
and  EF  to  be  to  CD,  as  LM  to  IK ;  AB  is  proved  to  have 
a  greater  ratio  to  CD,  than  GH  has  to  IK ;  whence.it  follows,  that, 
"if,  of  two  ranks  of  magnitudes,  of  three  each,  the  ratio  of 
"the  flrst  to  the  second  be  greater  in  one,  than  the  other,  and 
"  the  ratios  of  the  second  to  the  third,  be  equal  in  both  ;  the 
"  ratio  of  the  first  to  the  third,  is  greater  in  the  former  rank, 
"  than  in  the  latter." 

Car.  2. — And  the  same  thing  being  supposed,  as  in  the  pre- 
ceding corollary,  except  that  the  ratio  of  EF  to  CD,  instead  of 
being  equal  to,  be  greater  than,  that  of  LM  to  IK ;  it  might, 
in  like  manner,  as  in  the  demonstration  of  this  22d.  proposition 
be  shewn,  that  the  ratio  of  AB  to  CD  is  greater  than  that  of 
GH  to  IK  ;  for  CS  would  be  at  least  as  often  contained  in  EF, 
as  IR  in  LM  (Hyp.  and  Cor.  4.  3.  5),  and  therefore,  as  often 
in  EN,  as  IR  in  LO  (Cor.  3.  3.  5);  and  therefore  oftener  than 
IB  in  LQ,  and  therefore  oftener  m  AP  or  AH,  than  IR  in  GH 
(Cor.  1.  3.  5),  and  so  the  ratio  of  AB  to  CD  is  greater  than 
that  of  GH  to  IK  [Def.  7.  5]  ;  therefore,  "  if,  of  two  ranks  of 
"  magnitudes,  of  three  each,  the  ratios  of  the  first  to  the  second, 
"and  of  the  second  to  the  third  in  one  rank,  be  greater  than  the 
"  corresponding  ratios  in  the  other,  the  ratio  of  the  first  to  the 
"third  in  the  former,  is  greater  than  that  of  the  first  to  the  third 
u  in  the  other." 

Car*  3. — Ratios,  duplicate,  triplicate,  &c.  of  equal  ratios, 
are  equal :  This  being  a  case  of  this  proposition. 

Cor.  4. — Ratios,  duplicate,  triplicate,  &c.  of  unequal  ratios, 
are  unequal,  those  of  the  greater  being  the  greater :  this,  in  the ' 
case  of  duplicate  ratios,  being  a  case  of  the  2nd  cor.  above, 
and,  in  other  cases,  easily  following  from  it. 
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Car.  5. — Ratios,  subduplicate,  subtriplicate,  &c.  of  equal 
ratios,  are  equal ;  for,  if  they  were  unequal,  the  ratios,  which 
are  duplicate,  triplicate,  &c.  of  them,  would  be  unequal  [by  the 
preced.  cor.},  contrary  to  the  supposition* 

Cor.  6. — Ratios,  sesquiplicate  of  equal  ratios,  are  eqtial. 

Let  three  magnitudes  A,      A.  B 

B,  C  be  continually  pro-    

portional,  and  three  others     D         E 
f),  E,  F  in  the  same  ra-    —        — — 
tio ;  let  G  be  a  mean  pro- 
portional between  B  and  C,  and  H  between  E  and  F  ;  the  ratios 
of  A  to  G  and  of  D  to  H,  are  sesquiplicate  of  the  equal  ratios  of 
A  to  B  and  of  D  to  E  (Def.  14.  5) ;  the  ratios  of  A  to  G  and 
of  D  to  H  are  equal. 

For  the  ratios  of  B  to  G  and  of  E  to  H,  being  subduplicate 
of  the  equal  ratios  of  B  to  C  and  E  to  F  (Def.  14.  5\  are  equal 
(by  the  preced.  cor.);  whence,  the  ratios  of  A  to  B  and  of  D 
to  E  being  egjifal  (Hyp.),  A  is  to  G,  as  D  is  to  H  (22.  5). 
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PROP.  XXIII.  THEOR. 


IJf  there  be  any  number  of  magnitudes,  and  as  many  others,  which, 
taken  two  and  two  in  perturbate  order,  are  in  the  same  ratio; 
the  ratio  of  the  first,  of  the  first  magnitudes,  to  the  last,  is  the 
same,  as  the  ratio  of  the  first  to  the  last,  of  the  others. 


First,  let  there  be  three  magnitudes 
AB,  CD,  EF,  and  as  many  others  GH,  A- 
IK,  LM,  and  let  AB  be  to  CD,  as  IK 
is  to  LM,  and  CD  to  EF,  as  GH  to  <% 
IK  ;  AB  is  to  EF,  as  GH  to  LM. 

For,  if  the  ratios  of  AB  to  EF,  and  E 
of  GH  to  LM  be  not  equal,  let  one  of 
them,  if  possible,  as  of  AB  to  EF  be  the 
greater,  and  let  EN  a  submultiple  of  EF 
be  contained  oftener  in  AB,  than  LO  a 
like  submultiple  of  LM  is  in  GH  [Def. 
7.  5] :  let  IP  be  a  like  submultiple  of 
IK,  as  LO  is  of  LM,  AQ  the  greatest  L— I— !— M 
multiple  of  EN  which  is  in  AB,  and  RS 
a  like  multiple  of  IP- 
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The  ratio  of  RS  to  IK  is  greater  than  that  of  GH  to  LM 
[Theor.  2.  15.  5  and  8.  5],  therefore  alternating,  the  ratio  of 
RS  to  GH  is  greater  than  that  of  IK  to  LM  [Cor.  16.  5],  but 
IK  is  to  LM,  as  AB  is  to  CD  (Hyp.),  therefore  the  ratio  of 
AS  to  GH  is  greater  than  that  of  AB  to  CD  (13.  5);  whence, 
GH  being  to  IK,  as  CD  is  to  EF  (Hyp.),  the  ratio  ef  RS  to  IK 
is  greater  than  that  of  A B  to  EF  (Cor.  1.  SS.  9),  which  is  ab- 
surd (Theor.  2.  15.  5  and  7  and  8.  5) ;  therefore  the  ratios  of  ' 
AB  to  EF,  and  of  GH  to  LM  are  not  unequal,  they  are  there- 
fore equal. 

Let  there  be  now  four  mag- 
nitudes  A,    B,    C,    D,    and  A  B         C  D 

four  others  E,  F,  G,  H  ;  and    —    . 

letAbetoB,asGistoH;B  E  F  G        H 

to  C,  as  F  to  G  ;  and  C  to        — 

D,  as  E  to  F $  A  is  to  D, 
as  E  is  to  H. 

For,  because  there  are  three  magnitudes  A,  B,  C,  an3  three 
Others  F,  G,  H,  which,  taken  two  and  two  in  a  perturbate  or- 
der, are  in  the  same  ratio  ;  A  is  to  C,  as  F  is  to  H  (by  the  pie- 
ced, part)  ;  and  C  is  to  D,  as  E  is  to  F  (Hyp.) ;  therefore  (by 
the  game  part)  A  is  to  D,  as  E  is  to  H. 

In  like  manner  the  proposition  might  be  demonstrated,  if  then 
were  ever  so  many  magnitudes. 

SeAoI- — By  a  like  reasoning,  as  is  used  in  the  latter  part  ef 
An  proposition,  it  might  be  demonstrated,  "if  there  be  ever so 
"many  magnitudes,  and  others  equal  to  them  in  number,  which. 
"taken  two  and  two,  in  any  order  whatever,  are  in  the  same 
"ratio;  that  the  ratio  of  the  first,  of  the  first  magnitudes,  to 
"  the  last,  is  the  same,  as  the  ratio  of  the  first  to  the  last  of  the' 
"ethers;"  and  therefore,  that,  "ratios  compounded  of  equal 
"ratios  (seoDef.  is.  3),  however  disposed,  are. equal." 
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PROP-  XXIV.  THEOB. 


If  to  the  antecedents  (AB9  EF)  of  four  proportionals  (AB9  CD, 
JSF9  GH)9  magnitudes  {BK9  FL  .',  which  have  the  same  ra- 
tio to  their  respective  consequents  (CB9  GH)9  be  added;  the 
compounds  (AK,  ELJ9  and  consequents  (CD,  GH)  are  pro- 
portional.       , 


Because  BK  is  to  CD,  as  FL  is  to  GH 
(Hyp.),  by  inverting,  CD  is  to  BK,  as 
GH  to  FL  (Theor.  3. 15.  5) ;  whence,  AB 
being  to  CD,  as  EF  to  GH  (Hyp.),  by 
ordinate  equality,  AB  is  to  BK,  as  EF 
to  FL  (22.  5) ;  therefore,  by  compound- 
ing, AK  is  to  BK,  as  EL  to  FL  (18.  5), 
and  therefore,  BK  being  to  CD,  as  FL 
to  GH  (Hyp.),  by  ordinate  equality,  AK 
is  to  CD,  as  EL  to  GH  (22.  5). 
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PROP.  XXV.  THEOR. 


If  four  magnitudes  of  the  same  kind  (AB9  CD9  lEF9  GH)  bz 
proportional;  the  greatest  (AB)  and  least  (GH)%  together, 
are  greater  than  the  other  two  (CD,  EF)  together. 


K 

-1-B 


-F 


Take  AK  on  AB  equal  to  EF,  and 
CL  on  CD  equal  to  GH  (Post.  1.5); 
and,  since  AB  is  to  CD,  as  EF  is  to 
GH(Hyp.),  or,  (Cor.  1.  7.  5  and  11. 
5),  as  AK  is  to  CL,  AB  is  to  CD,  as 
KB  id  to  LD  (19.  5);  and  AB  is 
greater  than  CD  (Hyp.),  therefore 
KB  is  greater  than  LD  (Cor.  13.  5) ; 
tod,  because  AK  is  equal  to  EF,  and  CL  to  GH,  AK  and  GH 
together,  are  equal  to  CL  and  EF  together  (Ax.  2.  1 ) ;  there- 
fore,  adding  to  them  the  unequals  KB,  LD,  the  magnitudes  AB 
anjl  GH  together,  $re  greater  than  CD  and  EF  together 
(Ax.  4.  1). 
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DEFINITIONS, 


1.  Similar  rectilineal  figures,  are  such,  as  have  all  the  angles 
of  one,  severally  equal  to  those  of  the  other,  and  the  sides  about 
the  equal  angles  proportional. 

2.  A  right  line  is  said  to  be  divided  in  extreme  and  mean  ratio,  • 
when  the  whole  is  to  the  greater  segment,  as  the  greater  seg- 
ment to  the  less; 

3.  The  attitude  or  height  of  any  figure,  is  a  perpendicular, 
let  fall  from  the  vertex  or  top  on  the  base. 

4.  A  parallelogram  is  said  to  be  applied  to  a  right  line  on 
which  it  is  described. 

5.  A  parallelogram,  described  on  a  part  of  any  right  Jine, 
is  said  to  be  applied  to  that  right  line,  deficient  by  a  parallelo- 
gram described  on  the  residue  of  the  right  line,  in  the  same  an- 
gle, and  of  the  same  altitude. 

6.  And  if  a  right  line  be  produced,  a  parallelogram  describ- 
ed on  the  compound  of  the  right  line  and  part  produced,  is  said 
to  be  applied  to  the  first  mentioned  right  line,  exceeding  by  the 
parallelogram  described  on  the  part  produced,  in  the  same  angle, 
and  of  the  same  altitude. 
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PROPOSITION  I.  THEOREM. 


A.    o  N  i&JU    B 


3C  J, 


Triangles  (ABC,  DEF%),  and  parallelograms  fBO,  DH), 
which  have  the  same  altitude,  are  to  each  other,  as  their  bases 
(AB,  DE). 

Part  1 Divide  DE 

into  any  number  of 
equal  parts  DK,  KI, 
IE  (Cor.  r.  34.  1), 
and  on  AB  take  parts 
AO,  ON,  &c.  as  often 
as  can  be  done,  each 
equal  to  DK  (3.  1),  un- 
til a  part  LB  remain  less  than  DK,  and  join  FK,  FIA  CO, 
CN,  CM,  CL. 

Because  the  right  lines  DK,  KI,  IE,  AO,  ON,  NM  and 
ML  are  equal,  the  triangles  FDK,  FKI,  FIE,  CAO,  CON, 
CNM,  CML  constituted-  on  them.,  and  being  of  the  same  alti* 
tude,  are  equal  (38.  1),  and  the  triangle  CLB,  being  of  the 
same  altitude,  and  having  its  base  LB  less  than  DK,  is  less 
than  the  triangle  FDK,  therefore  the  triangle  DKF  is  a  like 
submultiple  of  DEF,  as  DK  is  of  DE,  and  the  triangle  DKF 
and  the  right  line  DK,  are  contained  equally  often  in  the  trU 
angle  ABC  and  right  line  AB. 

In  like  manner  it  may  be  proved,  that  any  other  equisubmul- 
tiples  of  the  triangle  DEF  and  right  line  DE,  are  contained 
equally  often  in  the  triangle  ABC  and  right  Jine  AB  ;  therefore, 
the  triangle  ABC  is  to  the  triangle  DEF,  as  AB  is  to  DE 

[Def.  5.  5]. 

Part  2. — The  parallelograms  BG,  DH,  being  double  the 
triangles  ABC,  DEF  (41.  1),  are  to  each  other,  as  these  tri- 
angles (15.  5),  and  therefore,  these  triangles  being  to  each 
other,  as  the  bases  AB,  DE  (by  part  1),  the  parallelogram^ 
BG,  DH  are  to  each  other,  as  the  same  bases  (11.  5). 
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PROP.  II.  THEOR. 

If  a  right  line  (DE9  see  all  the  Jig.  to  this  prop.  J  he  drawn  po- 
raUel  to  one  of  the  sties  CAB  J  of  a  triangle  CABCJ,  it  cuts 
tltt  other  sides  (AC,  BCJ,  or  these  sides  produced,  propor- 
tionally. 

And  the  right  line  (BE)9  whicli  cuts  two  sides  CAC,  BCJ  of 
a  triangle  (ABC),  or  these  sides  produced,  proportionally,  is 
parallel  to  the  remaining  side  CAB  J. 


^    yj 


Part  1.— Let  DE  be  parallel  to  AR  5  AD  is  to  DC,  as  BE 
is  to  EC. 

Jain  AE,  DB,  and  because  the  triangles  DAE,  DBE  are 
on  the  same  base  DE,  and  between  the  same  parallels  DE  and 
ABf  they  are  equal  [37.  1] ;  therefore  ADE  is  to  CDE,  as 
BDE  is  to  CDE  [7.  5]  ;  but  ADE  is  to  CDE,  as  AD  is  to 
DC  [1.  6],  and  BDE  is  to  CDE,  as  BE  is  to  EC  (by  the 
same) ;  therefore  AD  is  to  DC,  as  BE  is  to  EC. 

Part  2.— Let  AD  be  to  DC,  as  BE  to  EC ;  DE  is  parallel 
to  AB. 

For,  the  same  construction  remaining,  because  AD  is  to 
DC,  as  BE  to  EC  [Hyp.]  ;  and  AD  is  to  DC,  as  the  triangle 
ADE  to  the  triangle  CDE  [1.  6] ;  and  BE  to  EC,  as  the  tri- 
angle BDE  to  the  triangle  CDE  [by  the  same] ;  the  triangle 
ADE  is  to  CDE,  as  BDE  to  the  same  CDE  [11.  5] ;  there- 
fore the  triangles  ADE,  BDE  are  equal  [9;  5]  ;  and  they  are 
011  the  same  base  DE,  and  to  the  same  part ;  therefore  DE  i& 
parallel  to  AB  (39.  1). 

SchoL — In  the  second  part  it  is  understood,  that  the  homolo- 

Sous  segments  are  similarly  situated  on  the  sides,  or  sides  pro- 
need,  of  the  triangle. 
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PROP.  III.  THEOR. 


A  right  line  rCD),   bisecting  an  angle  (ACE)  of  a  trim 
(ABC) 9  cats  the  apposite  side  into  segments  (AD,  DB),  h 
ing  to  each  other  the  same  ratio,  as  the  other  sides  (AC,  CBt 
of  the  triangle  have  to  each  other. 

And  a  right  line  (CD),  drawn  from  an  angle  (ACB)  of  a 
angle  (ABC),  cutting  the  opposite  side  (AB)  into  segm 
(AD,  DB),  having  to  each  other  the  same  ratio,  as  JAe  otter  j 
sides  (AC,  CB)  of  the  triangle  have  to  each  other,  bisects  that 
angle* 

Part  1. — Through  B,  draw 
BE  parallel  to  CD,  meeting  AC 
produced  in  E. 

Because  DC  and  BE  are  pa- 
rallel, the  angle  CBE  is  equal  to 
the  alternate  BCD  (29.  1),  or 
its  equal  (Hyp.)  ACD,  or,  CE 
meeting  the  same  parallels,  to 
its  equal,  the  infernal  remote  an-  A-  a>  3* 

gle  CEB  (29.  1]  $  therefore  CB  and  CE  are  equal  (6.  1)  ;  but, 
because  DC  is  parallel  to  BE,  AD  is  to  DB,  as  AC  is  to  CE 
(2.  6),  whence,  CB  and  CE  being  equal,  AD  is  to  DB,  as  AC 
is  to  CB, 

Part  2. — The  same  construction  remaining,  AD  is  to  DB,  as 
AC  to  CB  (Hyp.),  and,  because  DC  is  parallel  to  BE,  AD  is 
to  DB,  as  AC  is  to  CE  (2.  6),  therefore  AC  is  to  CB,  as  AC  is 
to  CE  (11.  5),  of  course  CB  and  CE  are  equal  (9.  5),  and 
therefore  the  angle  CBE  is  equal  to  the  angle  CEB  (5.  1}$ 
whence,  because  of  the  parallels  DC  and  B  E,  the  angle  ACD 
being  equal  to  the  internal  remote  CEB,  and  DCB  to  the  alter- 
nate CBE  (29.  1),  the  angles  ACD  and  DCB  are  equal  (Ax. 
1.  1),  and  so  the  angle  ACB  is  bisected  by  the  right  line  CD. 

SchoL — In  the  second  part  it  is  understood,  that  either  seg- 
ment of  the  divided  side  and  the  adjacent  undivided  side,  are 
homologous  terms. 
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Theorem. — If  the  external  angle  (BCF),  of  a  triangle  (ACB)f 
Inade  by  producing  one  of  its  sides  (AC),  be  bisected  by  a  right 
line  (CD)  meeting  the  base  produced  ;  the  segments  (AD,  BD) 
of  the  base  produced,  between  its  extremes  (A,  B),  and  the 
'bisecting  line,  are  to  each  other,  as  the  other  sides  (AC,  CB) 
flf  the  triangle. 

And  if  a  right  line  (CD\  be  drawn  from  an  angle  (ACB)  of 
t  triangle  (ABC),  to  a  point  (D)  in  the  opposite  side  produced, 
(he  distances  (AD,  BD)  of  which  point,  from  the  extremes  of 
that  side,  are  to  each  other,  as  the  other  sides  (AC,  BC)  of  the 
triangle ;  the  right  so  drawn  bisects  the  external  angle  (BCF) 
formed  at  the  first  mentioned  angle. 


Part  1.— Through  B  draw  BE  parallel  to  CD. 

Because  BE  and  DC  are  parallel,  the  angle  CBE  is  equal  to 
the  alternate  angle  BCD  (29.  1),  or,  to  its  equal  [Hyp.]  DCF, 
or  to  the  internal  and  opposite  angle  CEB  [29.  1  and  Ax.  1.  1], 
therefore  CB  is  equal  to  CE  [6.  1] ;  and,  because  in  the  tri- 
angle ACD,  EB  is  parallel  to  CD,  AE  is  to  EC  as  AB  is  to 
BD  [2.  6],a?u\  by  compounding,  AC  is  to  CE  or  its  equal 
CB,  as  AD  is  to  BD  [18.  5]. 

Part  2^— The  same  construction  remaining,  AD  is  to  BD, 
as  AC  to  CB  (Hyp.),  and,  because  EB  and  CD  are  parallel, 
AD  is  to  BD,  as  AC  is  to  EC  [2.  6],  therefore  AC  is  to  CB, 
as  AC  to  EC  (11.  5),  and  so  CB  and  CE  ^re  equal  [9.  5], 
and  the  angle  CBE  is  equal  to  the  anrie  CEB  [5.  lj ; 
whence,  because  of  the  parallels  EB  and  $),  the  angle  BCD 
being  equal  to  the  alternate  CBE,  and  the  fuigle  FCD  to  the 
internal  remote  CEB  (29.  1),  the  angle*  BCD  and  FCD  are 
equal  (Ax.  1.  1),  and  so  the  right  line  CD  bisects  the  external 
angle  BCF. 
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PROP.  IV.  THEOR. 

The  sides  about  the  equal  angles  of  equiangular  triangles  (ire  pro- 
portional, the  sides  opposite  equal  angles,  being  homologous- 


Let  ABC  and  DEF  be  equiangular  triangles,  having  the  an- 
gle A  equal  to  D,  the  angle  ABC  to  E,  and  therefore  [32.  1] 
the  angle  ACB  to  F.  AC  is  to  AB,  as  DF  to  DE,  AB  to  BC, 
as  DE  to  EF,  and  AC  to  CB,  as  DF  to  FE. 

On  Ap  prpduped  t^ke  BG  equal  to  DE,  at  the  point  B,  with 
the  right  line  BG,  make  the  angle  GBH  equal  to  D  or  A,  take 
BH  equal  to  DF,  and  join  GH  :  and  since,  in  the  triangles 
GBH,  EDF,  the  sides  GB,  BH  and  the  angle  GBH,  are 
severally  equal  to  ED,  DF  and  the  angle  EDF  [Constav],  the 
triangles  BGH  and  DEF  are  equal  in  all  respects,  and  the 
angle  G  is  equal  to  E  [4.  1],  or  its  equal  [Hyp.]  ABC ;  whence, 
the  angles  A  and  ABC  being  less  than  two  right  angles  [17.  1], 
the  angles  A  and  G  are  less  than  two  right  angles,  therefore 
AC  arid  GH  may  be  so  produced  as  to  meet  [Theor.  at  29.  1], 
let  them  be  produced  to  meet,  as  in  K ;  and,  because  the  angle 
ABC  is  equal  to  G,  BC  and  GK  are  parallel  [28.  l],  and,  be^ 
cause  the  angle  GBH  is  equal  to  A,  BH  and  AK  are  parallel 
[by  the  same],  therefore  BHRC  is  a  parallelogram,  and  of 
course/  CK  is  equal  to  BH  or  DF,  and  HK  to  BC  [34.  1]. 

And  because,  in  the  triangle  AGK,  BC  is  parallel  to  GK, 
AC  is  to  CK,  or  its  equal  DF,  as  AB  to  BG  or  DE  [2.  6], 
and  by  alternating,  AC  is  to  AB,  as  DF  is  to  DE  [16.  5] ; 
and,  because  BH  is  parallel  to  AK,  AB  is  to  BG,  or  its  equal 
DE,  as  KH,  enr^ts  equal  BC,  is  to  HG  or  its  equal  EF  [2.  6], 
and,  by  alternating  AB  is  to  BC,  as  DE  to  EF  [16.  5] ;  and 
since  AC  is  to  AB,<*s  DF  to  DE,  and  AB  to  BC,  as  DE  to 
EF,  by  ordinate  equality,  AC  is  to  CB,  as  DF  to  FE  [22.  5] : 
therefore  the  sides  about  the  equal  angles  of  the  triangles  ABC, 
DEF  are  proportional,  the  sides  opposite  equal  angles  being 
homologous  [see  def.  15.  5]. 

£rA*J.— Equiangular  triangles  are  similar :  see  def.  1.  6. 
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PROP.  V.  THEOR. 

If  the  sides  of  two  triangles  (ABC*  BEF)9  about  eacli  of  their 
angles*  be  proportional  (AB  to  BC9  as  BE  to  EF;  BC'to  AC9 
as  EF  to  BF;  and  therefore,  by  ordinate  equality,  AB  to  AC, 
as  BE  to  BF)9  the  triangles  are  equiangular 9  having  ilteir 
equal  angles  opposite  to  the  homologous  sides. 

At  the  extremes  of 
any  side  DE,of  either  y^ 

triangle,  as  DEF, 
make  angles  EDG 
and  DEG  equal  to 
the  angles  A  and  B 
at  the  extremes  of 
the  side  AB,  which 
is  homologous  to 
DE ;  the  remaining 
angle  G  of  the  tri- 
angle DEG,  is  equal  to  the  remaining  angle  C  of  the  triangle 
ABC  (32.  1). 

And,  because  the  triangles  ABC,  DEG  are  equiangular,  BA 
is  to  AC,  as  ED  to  DG  (4.  6),  and  BA  is  to  AC,  as  ED  to 
DF  (Hyp.),  therefore  ED  is  to  DG,  as  ED  toDF  (11.  5),  and 
so  DG  and  DF  are  equal  (9.  5);  in  like  manner  it  may  be 
proved,  that  EG  and  EF  arc  equal,  therefore  the  triangle  DEG 
is  equilateral  to  the  triangle  DEF,  and  of  course  equiangular 
to  it  [8.  l],  and  DEG  is  equiangular  to  ABC  [Constr.],  there- 
fore the  triangle  ABC  is  equiangular  to  DEF,  having  the  angle 
A  equal  to  EDF,  B  to  DEF,  and  C  to  F  [Ax.  1.  1],  namely, 
having  those  angles  equal,  which  are  opposite  to  the  homolo- 
gous sides. 

PROP.  VI.  THEOR. 

If  two  triangles  (ABC,  BEF9  see  fig.  to  preced.  prop.  J  have  an 

angle  (A)  of  one,  equal  to  an  angle  (EBF)  of  the  other,  and 

fhe  sides  about  the  equal  angles  proportional  (BA  to  AC,  as  EB 

'to  BFJ  ;  the  triangles  are  equiangular ',   having  those  angles 

equal,  whkli  are  opposite  to  homologous  sides. 

"With  either  leg  DE,  of  either  of  the  equal  angles  A  and 
EDF,  and  at  either  extreme  of  it  D,  make  the  angle  EDG 
equal  to  A,  and  at  E,  the  angle  DEG  equal  to  B ;  the  remain- 
ing angle  G  of  the  triangle  DEG,  is  equal  to  the  remainin 
angle  C  of  the  triangle  ABC  (32.  1). 
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And,  because  the  triangles  ABC,  DEG  arc  equiangular, 
AB  is  to  AC,  as  ED  to  DG  (4.  6),  but  AB  is  to  AC,  as  DE 
to  DF  [Hyp.],  therefore  DE  is  to  DG,  as  DE  is  to  DF  (11. 
5),  and  so  DG  and  DF  arc  equal  (9.  5);  and  the  angles  EDG 
and  EDF,  being  each  of  them  equal  to  A  (Constr.  and  Hyp.], 
are  equal  to  each  other  (Ax.  1.  1),  and  DE  is  common  to  the 
two  triangles  EDG,  EDF,  therefore  the  triangle  EDG  is  equi- 
angular to  the  triangle  EDF  (4.  1) ;  and  the  triangle  ABC  is 
equiangular  to  the  triangle  EDG  (Constr.)  ;  therefore  the  tri- 
angle ABC  is  equiangular  to  DEF,  having  the  angle  B  equal 
to  DEF,  and  E  to  F  (Ax.  1.  1),  and  therefore  having  those 
angles  equal,  which  are  opposite  to  the  homologous  sides. 


PROP.  VII.  THEOR. 

If  two  triangles  (ABC,  DEF),  have  an  angle  (C)  of  one,  equal 
to  an  angle  (F)  of  the  otfier,  and  the  sides  about  two  of  the 
otlier  angles  proportional  (  BA  to  AC,  as  ED  to  DF),  and  the 
two  remaining  angles  (B  and  E)  eitlwr  both  less,  or  both  not  less 
than  a  right  angle;  the  triangles  are  equiangular,  having  the 
angles  equal,  about  which  are  the  proportional  sides. 

Let  first  the  angles  B  and  E  be  both 
less  than  a  right  angle.  The  triangles 
ABC,  DEF  are  equiangular,  the  an- 
gles CAB  and  FDE  being  equal. 

For,  if  the  angles  CAIS  and  FDE  be 
not  equal,  let  one  of  them,  if  possible, 
as  CAB,  be  the  greater,  and  at  the 
point  A,  with  the  right  line  C A,  make 
the  angle  CAG  equal  to  D  (23.  1).        Jl  i£  f>        ^ 

Because,  in  the  triangles  CAG,  FDE,  the  angles  C  and  F 
arc  equal  [Hyp.],  and  the  angles  CAG  and  D  also  equal 
[Constr.],  the  remaining  angles  AGC  and  E  are  equal  [32.  1]  ; 
therefore  these  triangles  arc  equiangular,  and  of  course  CA  iff 
to  AG,  as  FD  to  DE  [4.  6]  :  and  CA  is  to  AB,  as  FD  to  DE 
[Hyp.],  therefore  CA  is  to  AG,  as  CA  to  AB  (11.  5),  and  so 
AG  and  AB  are  equal  [9.  5] ;  therefore  the  angles  AGB  and 
ABG  are  equal  [5.  1],  and  therefore  both  acute  [Cor.  17.  1"]; 
and  because  AGB  is  acute,  AGC  is  obtuse  [13.  l],  and  there- 
fore the  angle  E,  equal  to  AGC,  is  obtuse,  which  is  absurd,  the 
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angle  E  being  by  supposition  acute.  Therefore  the  angles  CAB 
and  D  are  not  unequal,  they  are  therefore  equal ;  and  the  angles 
C  and  F  are  equal  [Hyp.],  therefore  the  remaining  angles  B 
and  E  of  the  triangles  ABC,  DEF  are  equal  (32.  1),  which 
triangles  are  therefore  equiangular,  having  the  angles  CAB 
and  D,  about  which  are  the  proportional  sides,  equal. 

But  if  the  angles  B  and  E  be  not  less  than  right  angles, 
the  same  construction  being  made,  it  may  in  like  manner  be 
proved,  that  the  angles  B  and  AGB  arc  equal;  whence,  the 
angle  B  being  not  less  than  a  right  angle  'Hyp.)  the  angles  B 
and  AGB  together  are  not  less  than  two  right  angles ;  which  is 
absurd  (17.  1).  Therefore,  as  in  the  former  case,  the  angles 
CAB  and  D  arc  not  unequal,  and  arc  therefore  equal,  and  the 
triangles  ABC,  DEF  equiangular,  having  the  angles  Cx\B  and 
D,  about  which  are  the  proportional  sides,  equal. 

Cor. — It  follows  from  this  proposition  and  4.  1,  that,  "  two 
"  triangles,  which  have  two  sides  of  the  one,  severally  equal  to 
"  two  sides  of  the  other,  and  the  angles,  opposite  two  of  the 
"  equal  sides,  equal,  and  the  angles,  opposite  the  other  equal 
"sides,  both  less,  or  both  not  less,  than  a  right  angle,  are 
"  equal  in  all  respects." 

PROP.  VIII.  THEOR. 

In  aright  angled  triangle  fJlBC),  a  perpendicular  (CD)*  let 

fall  from  the  right  angle  (ACB)  on  the  opposite  side  (AB)9 

divides  the  triangle  into  parts  (ABC,  B1)CJ9  similar  to  the 

whole,  and  to  each  other.  x 

For  the  triangles  ACD,  ABC, 
having  the  angle  A  common,  and 
the  angles  ADC,  ACB  equal  (Hyp. 
and  Theor.  11.  1),  are  equiangular 
(32.  1) ;  in  like  manner,  the  trian- 
gle BCD  may  be  shewn  to  be  equi- 
angular to    BAC ;     therefore  the  A 

three  triangles  ACD,  BCD  and  ACB  are  mutually  equiangular 
(Ax.  1.  1),  and  therefore  similar  to  each  other  (Cor.  4.6). 

Cor.  Hence  it  is  manifest,  that,  in  a  right  angled  triangle,  a 
perpendicular  (CD),  let  fall  from  the  right  angle,  on  the  oppo- 
site side,  is  a  mean  proportional,  between  the  segments  (AD, 
DB)  of  the  side  on  which  it  falls  ;  and  that  the  other  sides  (AC, 
CB)  are  mean  proportionals  between  the  adjacent  segments 
(AD,  DB),  and  the  whole  side  (AB\ 
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'  Cor.  2.— If  a  perpendicular  (CD),  let  fall  from  an  angle 
(ACB)  of  a  triangle  (ABC)  on  the  opposite  side  (AB),  be  a 
mean  proportional  between  the  segments  (AD,  DB)  of  that  side  ,■ 
the  angle,  from  which  the  perpendicular  is  let  fall,  is  a  right 
one. 

For  Bince  AD  is  to  DC,  as  DC  to  DB,  and  the  angles  at  D 
are  right  (Hyp.),  the  triangles  ADO,  CDB  are  equiangular 
(6.  6),  having  the  angle  A  CD  equal  to  B,  andDCBtoAj  there- 
fore the  whole  angle  ACB  is  equal  to  the  two  angles  A  and  B- 
together,  and  therefore  a  right  angle  (S2.  1). 

PROP.  IX.  PROB. 

From  a  given  right  line  {AB),  to  cut  off  a  required  svhmvl- 
tiple. 

From  cither  extreme  A,  of  the  giv- 
en right  line,  draw  AC,  making  an; 
angle  whatever  with  AB,  take  any 
point  therein  D,  and,  on  AD  produc- 
ed, take  AC  a  like  multiple  of  AD,  as 
AB  is  of  the  pari  to  be  cut  off  ( 3. 1 ),  join 
BC,  and  draw  DF  parallel  to  BC,  : 
AF  is  the  submultiple  required. 

For  since  FD  is  parallel  to  BC.  BF  is  to  FA,  as  CD  to  DA 
(2.  6),  and  by  compounding,  BA  to  FA,  as  CA  to  DA  (18.  5), 
and,  by  inverting,  AF  to  AB,  as  AD  to  AC  (Theor,  3.  15.  5)  ,- 
but'  AD  is  the  required  submultiple  of  AC,  therefore  AF  is  the 
required  submultiple  of  AB,  for  if  AF  were  greater  or  less  than 
such  a  submultiple,  its  ratio  to  AB  would  be  greater  or  less  than 
that  of  AD  to  AC  (Theor.  1.  15.  5  and  8.  5),  contrary  to 
what  has  been  demonstrated. 

PROP.  X.  PROB. 
'lb  divide  a  given  right  line  {AB)    so,  that  the  parts  thereof,  may 

have  the  sdme  ratio  to  each  other,  as  the  parts  {CE,  EF,  FD), 

of  a  given  divided  right  line  { CD). 

From  either  extreme  A  of  the  given  -e.        v. 

right  line,  draw  AI  making  any  angle 
with  AB,  on  which  take  AG  equal  to 
CE,  GH  to  KF.  and  HI  to  FD,  draw 
IB,  and  parallel  thereto  GK,  HL 
[31. 1],  meeting  AB  in  K  and  L ;  and 
through  G  draw  GN  parallel  to  AB 
meeting  HL,  IB  in  M  and  N ;  KM, 
LN  are  parallelograms,    and  there- 
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fore  GM  is  equal  to  KL,  and  MN»to  LB,  [34.  1],  and  of  coarse 
KL  is  to  LB,  as  GM  to  MN  (Cor.  1.  7.  5),  but,  in  the 
triangle  GNI,  because  MH  is  parallel  to  NI,  GM  is  to  MN, 
as  GH  to  HI  [2.  6],  therefore  KL  is  to  LB,  as  GH  to  HI 
(11.  5),  or,  (Cor.  1.  7.  5),  as  EF  to  FD ;  and,  in  the  triangle 
ALH,  because  KG  is  parallel  to  LH,  AK  is  to  KL,  as  AG  to 
GH,  or,  (Cor.  1.  7.  5),  as  CE  to  EF,  and  so  AB  is  divided 
as  required. 

^  Car.  1. — Hence  it  appears,  how  a  given  right  line  may  be  so 
divided,  that  its  parts  may  have  the  same  ratio  to  each  other,  as 
any  given  right  lines  have  to  each  other,  the  construe  tion  being 
the  same,  only  taking  AG,  GH  and  Gl  equal  to  these  given  right 
lines. 

Cor*  2. — It  follows  also  from  the  demonstration  of  this  prop, 
that,  if  two  or  more  right  lines  (KG,  LH)  be  drawn  parallel  to 
one  side  (BI)  of  a  triangle  (ABI),  all  the  segments  of  the  other 
sides  (AB,  AI)  are  proportional ;  it  being  in  this  proposition 
demonstrated,  from  the  parallelism  of  KG  and  LH  to  BI,  that 
the  segments  of  AB  have  the  same  ratio  to  each  other,  as  those 
of  AI,  and  the  same  reasoning]  being  applicable  to  the  case  of 
more  parallels. 


PROP.  XL  PROB. 

To  two  given  given  right  lines  {JIB  and  C)  to  find  a  third  ptQ> 

portioned* 

From  an  extreme  A,  of  AB, 
draw  AD,  making  any  angle 
whatever  with  AB,  take  thereon 
AE  equal  to  C,  join  BE,  in  AB 
produced  take  BF  equal  to  C, 
and  through  F  draw  FD  paral- 
lel to  BE;  ED  is  the  third  pro- 
portional required. 

Because,  in  the  triangle  AFD,  BE  is  parallel  to  FD,  AB  is 
to  BF,  as  AE  to  ED  (2.  6) ;  but  BF  and  AE  are,  each  of  them, 
equal  to  C  ( Constr.),  therefore  AB  is  to  C,  as  C  is  to  ED,  and 
to  ED  is  the  third  proportional  required. 

*2 
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PROP  XII.  PROB. 

1 

;  To  three  given  right  lines  {JB,  C  and  D)  to  find  a  fourth  propor- 
tional- 

From  either  extreme  A  of  the 
first  right'line  AB,  in  any  an-    C 
gle,  draw  the  right  line  AH  *   D 
on  AB  produced,    take   BE 
equal  to  C,  and  on  AH,  AG 
equal     o  D,   join   BG,    and 
through  E  draw  EH  parallel 
to  BG ;  GH  is  the  fourth  pro-    A 
portional  required. 

For,  because,  in  the  triangle  AEH,  BG  is  parallel  to  EH, 
AB  is  to  BE,  as  AG  is  to  GH  (2.  6) ;  but  C  is  equal  to  BE, 
and  D  to  AG  (Constr.  ,  therefore  AB  is  to  C,  as  D  to  GH, 

Tlieorem  1. — A  ratio  of   less         B        C  D 

inequality  (as  of   AB  to    AC)  A— | 1 1 E 

may  be  so  far  continued,  as  to 

come  to  a    magnitude    greater        K     I      H 

than  any  given  one.  F-| 1 1 G 

Let  AB,  AC,  AD  and  AE  be  continually  proportional ;  and, 
because  AB  is  to  AC,  as  AC  to  AD,  by  converting,  AB  is  to 
BC,  as  AC  to  CD  (Schol.  18.  5);  and  therefore  because  AC  is 
greater  than  AB,  CD  is  greater  than  BC  (14.  5) ;  in  like  man- 
ner it  might  be  shewn,  that  DE  is  greater  than  CD  ;  because 
therefore  there  is  added  to  the  first  magnitude  AB,  magnitudes 
continually  increasing,  a  magnitude  would  be  at  length  come 
to,  greater  than  any  given  one  [Post.  2.  5]. 

Theor.  2. — A  ratio  of  greater  inequality  (as  of  FG  to  FH, 
see  fig.  to  preced.  Theor.),  may  be  so  far  continued,  as  to  come 
to  a  magnitude  less  than  any  given  one  (AB). 

Take  AC  a  fourth  proportional  to  FH,  FG  and  AB  [12.  6], 
ami  continue  the  ratio  of  AB  to  AC  in  the  terms  AD,  AJE 
[11.  6],  till  a  term  AE  be  come  to  greater  than  FG  [by  the  pre- 
ced. theor.],  and  let  the  ratio  of  FG  to  FH  be  continued 
through  as  many  terms,  and  let  the  last  term  be  FK. 
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Because  then  there  are  two  ranks  of  proportional  magnitudes 
equal  in  number,  by  ordinate  equality,  FG  is  to  FK,  as  AE  to 
AB  [22.  5],  but  FG  is  less  than  AE  [Constr.],  therefore  FK  is 
less  than  AB(14.  5). 

Problem. — Two  right  lines  (AB  and  X),  in  a  ratio  of  greater 
inequality,  being  given,  to  continue  the  j*atio  to  any  required 
number  of  terms,  and  to  find  the  sum  of  the  series  continued 
through  infinite  terms. 

At  the  extremes  of  AB,draw 
AD  and    BE    perpendicular  3> 
to  AB,  take  AD  equal  to  AB,  ^ 
and  BE  and  AM  each  equal  to 
X,  join  EM,  and  because  AM 
and  BE  are  equal  and  paral-  A 
lei  (Constr.  and  28.  1),  ME     X 
is  parallel  to  AB  {S3,  l),  and 

therefore  perpendieu  ar  to  AD  (29.  1),  and  so  the  angle  EDM 
less  than  a  right  an. ;k*  (Cor.  17.  1),  and  the  angles  D  and  A 
together  less  than  t\v  r  ;  <ght  angles,  therefore  AB  and  DE  may 
be  so  produced  towards  B  and  E,  as  to  meet  (Theor.  29.  1),  let 
them  be  produced  to  meet,  as  in  L ;  on  AB  produced  take  BC 
equal  to  X,  and,  having  drawn  CF  perpendicular  to  AL,  CF 
is  a  third  proportional  to  AB  and  X;  and,  CG  being  taken 
equal  to  CF,  the  perpendicular  GH  is  a  fourth  proportional, 
and  so  on  ;  and  AL  is  equal  to  the  sum  of  the  series,  continued 
through  infinite  terms. 

Part  1. — The  triangles  DAL,  EBL,  having  the  angles  at  A 
and  B  right,  and  the  angle  L  common  to  both,  arc  equiangular 
(32.  1J,  therefore  AL  is  to  AD,  as  BL  to  BE  (4.  6)  ,•  but  AB 
is  equal  to  AD,  and  BC  to  BE  [Constr.],  therefore  AL  is  to 
AB,  as  BL  to  B(  '9  and,  by  converting,  AL  is  to  BL,  as  BL 
to  CL  [Schol.  18.  5];  and,  because  AL  is  to  AD,  as  BL  to 
BE,  by  alternating,  AL  is  to  BL,  as  AD  to  BE  [16.  5],  in 
like  manner  it  might  be  proved,  that  BL  is  to  CL,  as  BE  to 
CF ;  whenee,  AL  having  been  proved  to  be  to  BL,  as  BL  to 
CL  ;  AD  is  to  BE,  as  BE  to  CF  ;  and,  in  like  manner  it  may 
be  shewn,  that  the  other  perpendiculars  are  proportional. 

Part  2. — Because  AD  is  to  A L,  as  BE  to  BL,  and  AD  is 
less  than  AL,  BE  is  less  than  BL  [Cor.  15.  5j,  and,  in  like 
manner,  CF,  GU,  &c  may  be  shewn  to  be  less  than  CL,  GK, 
&c.  therefore  the  whole  series  of  proportionals  is  not  greater 
than  AL.  And  the  whole  series  is  not  less  than  AL,  for,  if 
possible,  let  it  be  less  than  AL  by  any  right  line,  as  Z,  and 
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since  AC,  AG,  &c.  are  the  sums  of  the  proportionals,  the 
deficiencies  of  which  from  AL,  namely,  CL,  GL,  &c.  have 
been  shewn  to  he  continually  proportional,  and  therefore  the 
terms  may  be  continued,  till  the  deficiency  becomes  less  than 
any  given  right  line  [Theor.  2.  12.  6],  let  them  be  continued 
till  this  deficiency  be  less  than  Z,  therefore  the  sum  of  the  series 
continued  so  far,  an4  therefore,  of  the  same  continued  through 
infinite  terms,  wants  of  AL  by  a  right  line  less  than  Z,  contrary 
to  the  supposition,  therefore  the  sum  of  the  series,  continued 
through  infinite  terms,  is  not  less  than  AL,  and  it  has  been 
ehewn,  that  it  is  not  greater  than  it ;  therefore  that  sum  is  equal 
to  AL. 

Cor. — The  first  term,  of  a  series  of  magnitudes  in  a  continued 
ratio  of  greater  inequality,  is  a  mean  proportional,  between  the 
difference  of  the  two  first  terms,  and  the  sum  of  the  series  con- 
tinued through  infinite  terms. 

For  MD  is  to  ME,  as  AD  is  to  AL  [4.  6]  ;  and  MD  is  the 
difference  between  AD  and  BE,  or  between  AB  and  X  ;  ME  or 
AD  is  equal  to  AB  ;  and  AL  is  the  sum  of  the  series  continued 
through  infinite  terms. 


PROP.  XIII.  PROB. 


Between  two  given  right  lines  (AB  and  C)9  to  find  a  mean  pro- 
portional. 

On  AB  produced,  take  BD  equal  to 
C,  bisect  AD  in  E,  and  from  the  cen- 
tre E,  at  the  distance  EA,  describe  C~ 
the  semicircle  AGD,  from  B  draw  BG 
perpendicular  to  AD,  meeting  the  cir- 
cumference in  G ;  BG  is  the  mean  pro- 
portional required. 

Draw  AG  and  GD;  and,  because,  in 
the  triangle  ADG,  the  angle  AGD,  be- 
ing in  a  semicircle,  is  right  [SI.  3], 

and  from  it  is  drawn  a  perpendicular  GB  to  the  opposite  side, 
GB  is  a  mean  proportional  between  AB  and  BD  [Cor.  1.  8. 
6],  and  therefore,  C  being  equal  to  BD  [Constr.],  between  AB 
and  C. 
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Cor. — In  like  manner,  mean  proportionals  may  be  found  be- 
tween this  mean  proportional  and  the  given  right  lines,  whence 
a  series  arises  of  five  right  lines  continually  proportional  ;  and 
mean  proportionals  being  found  between  the  adjacent  terms  in 
this  series*  a  series  arises  of  nine  proportionals,  and  so  on. 

PROP.  XIV.  THEOR. 

Of  equal  parallelograms  (AC  and  HFJ9  having  an  angle  (ABC), 
oj  one,  equal  to  an  angle  (H)  of  the  other,  the  sides  about  the 
equal  angles  are  reciprocally  proportional  (AB  to  HG9  as  HE 
to  BC).  And  parallelograms  (AC  and  HF)9  which  have  an 
angle  (ABC J  of  one,  equal  to  an  angle  (H)  of  the  other, 
and  the  sides  about  the  equal  angles  reciprocally  proportional,  are 
equaL 

Tart  1.— On  AB  and  CB 

Produced,  take  BK  equal  to 
IG,  and  BL  to  HE,  com- 
plete the  parallelograms  BN, 
BM  [Cor.  6.  34.  1],  and 
join  EG  and  LK. 
The  angle  LBK  is  equal  to 


ABC 

equal 


15.    1],  or,  which  is 
^Hyp/},  the  angle  H ; 


whence  the  triangles  LBK,  EHG,  having  also  the  sides  LB 
and  BK,  severally  equal  to  the  sides  EH  and  HG  (Constr.), 
are  equal  (4.  1),  therefore  the  parallelograms  BM  and  HF, 
which  are  double  to  these  triangles  [34,  lj,  are  equal  [Ax.  6. 
1);  and  the  parallelograms  AC  and  HF  are  equal  (Hyp.), 
therefore  the  parallelograms  AC  and  BM  are  equal  (Ax.  1.1), 
therefore  AC  is  to  BN,  as  BM  to  the  same  BN  [7.  5]  ;  but  AC 
is  to  BN,  as  AB  toBK,  and  BM  to  BN,  as  LB  to  BC  [1.  6], 
therefore  AB  is  toBK,  as  LB  to  BC  [11.  5],  and  HG  is  equal 
to  BK,  and  HE  to  BL  [Constr.],  therefore  AB  is  to  HG,  as 
HE  to  BC  [7.  5]. 

Part  2. — The  same  construction  remaining,  the  parallelo- 
grams BM  and  HF  may,  in  like  manner  as  in  part  1,  be  proved 
equal;  and,  since  AB  is  to  HG,  as  HE  to  CB  [Hyp.],  and 
BK  is  equal  to  HG,  and  BL  to  HE  [ConstrJ,  AB  is  to  BK,  as 
BL  to  BC  [7.  5] ;  but  the  parallelogram  ACT  is  to  BN,  as  AB 
to  BK,  and  BM  to  BN,  as  BL  to  BC  (1.  6  >  therefore  AC  is 
toBN,  asBM  to  the  same  BN  (11.  5),  and  therefore  the  pa- 
rallelogram AC  is  equal  to  BM  (9.  5),  or  to  its  equal,  as  men- 
tioned above,  the  parallelogram  HF. 
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PROP.  XV.  THEOR. 


Of  equal  triangles  (ABC,  DEF)9  having  an  angle  (ACB)  of  one, 
equal  to  an  angle  (F)  of  the  other,  the  sides  about  the  equal 
angles  are  reciprocally  proportional  (BC  to  FE,  as  FD  to  AC). 
And  triangles  (ABC,  BEF),  which  have  an,  angle  (ACB)  of 
one,  equal  to  an  angle  (F)  of  the  other,  and  the  sides  about  the 
equal  angles  reciprocally  proportional,  are  equal. 

Part  1.— On  BC  and  AC 
produced,  take  CG  equal  to 
FE,  CH  to  FD,  and  join 
AG  and  GH. 

The  angle  HCG  is  equal 
to  BCA  [15.  l],or,  which  is 
equal  [Hyp.],  the  angle  F ; 
whence,  the  triangles  HCG, 
DFE,  having  also  the  sides 
HC,  CG  severally  equal  to 
DF,  FE  (Constr.),  are 
equal  (4.  1);  and  the  trian- 
gle ABC  is  equal  to  DFE  (Hyp.),  therefore  the  triangles  ABC 
and  HCG  are  equal  (Ax.  1,  1) ;  therefore  the  triangle  ABC  is 
to  ACG,  as  HCG  to  the  same  ACG  (7.  5)  ;  but  the  triangle 
ABC  is  to  ACG,  as  BC  to  CG,  and  HCG  to  ACG,  as  HC  to 
CA(1.  6),  therefore  BC  is  to  CG,  as  HC  to  CA(ll.  5),  and 
FE  is  equal  to  CG,  and  FD  to  CH  (Constr.),  therefore  BC  is 
to  FE,  as  FD  to  CA  [7.  5], 

Part  2. — The  same  construction  remaining,  the  triangles 
HCG  and  DFE  may,  in  like  manner  as  in  part  1,  be  proved 
equal :  and,  since  BC  is  to  FE,  as  FD  is  to  CA  [Hyp.],  and 
CG  is  equal  to  FE,  and  CH  to  FD  (Constr.),  BC  is  to  CG,  as 
CH  to  CA  (7.  5) ;  but  the  triangle  ABC  is  to  ACG,  as  BC  to 
CG,  and  HCG  to  ACG,  as  CH  to  CA  (l.  6),  therefore  the 
triangle  ABC  is  to  ACG,  as  HCG  to  the  same  ACG  (11.  5), 
and  therefore  the  triangle  ABC  is  equal  to  HCG  (9.  5),  or  to 
its  equal,  as  mentioned  above,  the  triangle  DFE. 
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PROP.  XVI.  THEOR. 

If  four  right  lines"  fA,  B9  C  and  B)  be  proportional,  the  rect- 
angle under  the  extremes  (A  and  BJ9  is  equal  to  the  rectangle 
under  the  means  (B  and  CJ.  And  four  right  lines  (A9  B,  C 
and  B)>  the  rectangle  under  tlie  extremes  fA  and  B)  of  which, 
is  equal  to  the  rectangle  under  the  means  (Z?  and  C)9  are  pro- 
portional. 

Part    1. — Draw  the 

right  lines  FE  and  LK    A 

equal  to  A  and  B,  draw    B 


LM  and  FG  perpend  i-  © 
cular    to    them,     and  j> 
equal  to  C  and  D,  and  G 
complete  the  parallelo- 
grams   GE   and    MR 

(Cor.  6.  34.  1).  r  Ti    1a  ;      K 

Because  then,  in  the  parallelograms  GE  and  MR,  the  angles 
F  and  L  arc  equal,  being  right  (Theor.  at  1 1.  1 ),  and  FE  to 
LK,  as  A  to  B  (Constr.  and  Cor.  1.  7.  5),  or,  which  is  equal 
(Hyp.),  as  C  to  D,  or,  which  is  equal  (Constr.  and  Cor.  1.  7. 
5),  as  LM  to  FG,  and  therefore  the  sides  about  the  equal  angles 
F  and  L  being  reciprocally  proportional,  the  parallelogram 
GELsequalto  MK(14.  6). 

Part  2. — The  same  construction  remaining,  because  the 
parallelograms  GE  and  MR  are  equal  (Hyp.  and  Cor.  3.  34. 
1),  the  angles  F  and  L  being  equal  (Constr.  and  Theor.  at 
11.  1),  FE  is  to  LK,  as  LM  to  FG  (14.  6),  and  therefore  A  is 
toB,  as  C  is  to  D  (Constr.  Cor.  1.  7.  5  and  11.  5). 

PROP.  XVII.  THEOR. 

m 

If  three  right  lines  (A,  B  and  C)  he  proportional,  the  rectangle 
under  the  extremes  {A  and  C)9  is  equal  to  the  square  of  the 
mean  (B).  And  three  right  lines  {A,  B  and  C),  the  rectangle 
under  the  extremes  of  which  is  equal  to  the  square  of  the  mean9 
are  proportional. 

Part  1 Take  D  equal  toB  (3.  1.);  A 

A  is  to  B,  as  D  is  to  C  (Hyp.   and  7.  B 

5),  therefore  the  rectangle  under      and  C— 

C  is  equal  to  the  rectangle  under  li  and  I)  

D  (16.  6),  or,  to  the  square  of  ii. 


lfg  BUCLID'S  ELEMENTS  BOOK  VI. 

Part  2. — The  same  construction  remaining,  the  rectangle 
under  A  and  C,  being  equal  to  the  square  of  B  (Hyp.),  or,  to 
the  rectangle  under  B  and  D,  A  is  to  B,  as  D  is  to  C  (16.  6), 
and  therefore,  being  B  equal  to  D  (Constr.),  A  is  to  B,  as  B  is 

to  C(7  and  11.  5). 


PROP.  XVIII.  THEOB. 

On  a  given  right  line  (JIB),  to  describe  a  rectilineal  figure^  similar 
and  similarly  posited  to  a  given  rectilineal  figure  (ICLMNO). 

Join   KM,    KN, 
and,  with  the  right 

line     AB,    at    the  XI     « ?V  ™        '  7  *>L V 

points   A    and    B, 

make     the     angles 

BAG     and      ABC 

equal  to  the  angles 

I  KM  and    ELM; 

the  angles  BAG  and 

ABG,  being  equal  to  LKM  and  KLM  [Constr.],  are  less  than 


*«.» 


two  right  angles 
[Theor.  at  29.  i; 


17.  1],  therefore  AC  and  BC  meet  as  in   C 
and  the  remaining  angle  ACB  of  the  tri- 
angle ABC  is  equal  to  KML  [32.  l]  ;  in  like  manner  describe 
on  AC,  a  triangle  ADC  equiangular  to  KNM  ;  and  so  on. 

The  triangles  ABC,  ACD,  &c.  are  equiangular  to  the  tri- 
angles KLM,  KMN,  &c.  (Constr.)  and  therefore  similar  (Cor. 
4.  6) ;  therefore  the  angle  B  is  equal  to  L,  and,  adding  equals  to 
equals,  the  angle  BCD  to  LMN  (Ax.  2.  1),  and,  in  like  man- 
ner, the  other  angles  of  the  figure  ABCDE  may  be  proved  equal 
to  the  other  angles  of  the  figure  KLMNO,  therefore  these 
figures  arc  equiangular ;  and,  because  of  the  similar  triangles 
ABC,  KLM,  AB  is  to  BC,  as  KL  to  LM,  and  BC  to  CA,  as 
LM  to  MR  (Def.  1.  6),  and,  because  of  the  similar  triangles 
ACD,  KMN,  AC  is  to  CD,  as  KM  to  MN,  whence,  BC 
having  been  shewn  to  be  to  CA,  as  LM  to  MK,  by  equality, 
BC  is  to  CD,  as  LM  to  MN ;  and  it  may,  in  like  manner,  be 
proved,  that  the  sides  about  the  other  angles  of  the  figures 
ABCDE  and  KLMNO  are  proportional ;  whence,  these  figures, 
having  been  proved  to  be  also  equiangular,  are  similar  (Def.  1. 
6),  and  so  there  is  .described  on  AB,  a  rectilineal  figure,  similar 
and  similarly  posited  to  the  rectilineal  figure  KLMNO;  as  was 
required. 
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PROP.  XIX.  THEOR. 


Similar  triangles  (ABC,  DEFJ,  are  to  each  other  in  a  duplicate 

ratio  of  their  homologous  sides. 


On  any  side  of  either  of 
the  triangles,  as  AB,  pro- 
duced if  .necessary,  take 
AG  a  third  proportional  to 
AB,  and  the  side  DE,  of 
the  other  triangle,  which 
is  homologous  to  it  [1 1 .  6 J, 
and  join  CG. 


Because  then  AC  is  to  AB,  as  DF  to  DE  [Hyp*  and  Def. 
1.  6],  by  alternating,  AC  is  to  DF,  as  AB  to  OK  [16.  5], 
but  AB  is  to  DE,  as  DE  to  AG  [Constr.],  therefore  AC  is  to 
DF,  as  DE  to  AG  [11.  5],  and  the  angles  A  and  D  are  equal 
[Hyp.  and  Def.  l.  6],  therefore  the  triangles  CAG  and  FDE 
are  equal  [15.  6],  and,  of  course,  the  triangle  ABC  has  the 
same  ratio  to  each  of  them  [7.  5]  ;  but  the  triangle  ABC  is  to 
AGC,  as  AB  to  AG  [l.  6],  therefore  the  triangle  ABC  is  to 
DF.F,  as  AB  to  AG,  or  in  a  duplicate  ratio  of  the  homologous' 
rides  AB,  DE  [Constr.  and  Def.  14.  5]. 
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PROP.  XX.  TBLEOR. 

Similar  polygons  (ABCDE  and  KLMJWJ,  may  be  divided  into 
an  equal  number  of  similar  triangles,  having  the  same  ratio  to 
each  other 9  as  the  polygons  Iiaroe ;  and  the  polygons  are  to  each 
other  in  a  duplicate  ratio  of  their  homologous  swiea. 

Part  1. — Join  AC, 
AD,  KM,  KN ;  and, 
because  the  polygons 
are  similar,  the  an- 
gles B  and  L  are 
equal,  and  AB  is  to  % 
BC,  as  KL  to  LM 
[Def.  1.  6],  there- 
fore the  triangles  \  tv  K" 
ABC  and  KLM  are  similar  [6.  6  and  Cor.  4.  6] ;  and  because 
the  angles  BCD,  LMN  are  equal  [Hyp.  and  Def.  1.  6],  taking 
from  them  the  equal  angles  BCA,  LM K,  the  remaining  angles 
ACD,  KMN  are  equal ;  and  because  AC  is  to  CB,  as  KM  to 
ML,  and  BC  to  CD,  as  LM  to  MN  PHyp.  and  Def.  1.  6],  by 
3quality,  AC  is  to  CD,  as  KM  to  MN  [22.  5] ;  and  therefore, 
because  of  the  equal  angles  between  them,  the  triangles  ACD/ 
KMN  are  similar  [6.  6  and  Cor.  4.  6]  ;  and  in  like  manner  the, 
other  triangles  may  be  shewn  to  be  similar. 

Part  2. — Because  the  triangles  ABC  and  KLM  are  similar, 
they  are  to  each  other  in  a  duplicate  ratio  of  AC  to  KM  [19* 
6],  for  a  like  reason,  the  triangles  ACD  and  KMN  arc  to  each 
other  in  a  duplicate  ratio  of  AC  to  KM,  therefore  the  triangle 
ABC  is  to  KLM,  as  ACD  to  KMN  [Cor.  3.  22.  5] ;  in  like 
manner  it  may  be  proved,  that  the  triangle  ADE  is  to  KNO,  as 
ACD  to  KMN ;  therefore  as  one  of  the  antecedents  is  to  its 
consequent,  so  are  all  the  antecedents  to  all  the  consequents 
[12.  6],  or  the  polygon  ABCDE  to  the  polygon  KLMNO. 

Part  3. — Because  the  polygon  ABCDE  is  to  the  polygon 
KLMNO,  as  the  triangle  ABC  to  the  triangle  KLM  [by  part 
2],  and  the  triangle  ABC  is  to  KLM  in  a  duplicate  ratio  of  AB 
to  KL  [19. 61,  the  polygon  ABCDE  is  to  the  polygon  KLMNO 
in  a  duplicate  ratio  of  AB  to  KL  [11.  5]. 

Cor.  1.— The  homologous  sides  of  similar  rectilineal  figures 
are  to  each  other,  in  a  subduplicate  ratio  of  the  figures 
themselves. 
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Cor.  2. — If  three  right  lines  be  proportional,  a  rectilineal 
figure  described  on  the  first,  is  to  a  similar  and  similarly 
posited  one  on  the  second,  as  the  first  is  to  the  third. 

Car.  3. — Similar  rectilineal  figures,  are  as  the  squares  of  their 
homologous  sides,  both  the  figures  and  squares  being  in  a  dupli* 
cate  ratio  of  the  same  right  lines* 

PROP.  XXI.  THEOR. 

Rectilineal  figures  (A  and  B),  which  are  similar  to  tht  saint 

(C),  are  similar  to  each  other. 

Because  the  rectilineal  figure 
A  is  similar  to  C  [Hyp.],  it  is 
equiangular  to  it,  and  has  the 
sides  about  the  equal  angles 
proportional  [Def.  1.6];  and 
because  B  is  similar  to  C 
[Hyp.],  it  is  equiangular  to  it,  and  has  the  sides  ^boui  the  eqnal 
ingles  proportional  (Def.  1*6);  therefore  A  &nd  B  are  equian- 
gular to  each  other  (Ax.  1:  1),  and  have  the  sides  about  the 
equal  angles  proportional  (11,  5),  and  are  therefore  similar 
[Det  1.  6]. 

PROP.  XXII.  THEOR. 

If  on  the  two  first  (A  and  B)9  of  four  proportional  right  lines  (A9 
B9  C  and  D ),  rectilineal  figures  (E  and  FJ,  similar  and  simU 
lady  posited,  be  described9  and  also  on  the  two  last  (a&  O  and  H 
on  C  and  D)  ;  tliese  figures  are  proportional.  And  if  rectilineal 
figures  so  described  on  four  right  lines  be  proportional,  the  right 
lines  tliemsclves  are  proportional. 
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Part  i._The  ratios  of  E  to  F  and  of  G  to  H,  being  duplicate 
of  the  equal  ratios  of  A  to  B  and  of  C  to  D  [20.  6],  are  equ&l 
[Cor.  3.  22,  5]. 
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Part  2.— The  ratios  of  A  to  B  and  of  C  to  D,  being  subdu- 
plicate  of  the  equal  ratios  of  E  to  F  and  of  G  to  H  [Cor.  1.  20. 
6],  are  equal  [Cor.  5.  22.  5]. 


PROP.  XXIII.  THE  OR. 

Eqviangled  parallelograms  (AC  and  HFJ,are  to  each  other,  in  a 
ratio,  compounded  of  the  ratios  of  the  sides  (of  AB  to  HG,  and 
of  CBtoHEJ. 

On  AB  and  CB  produc- 
ed, take  Bk  equal  to  HG, 
and  BL  to  HE,  and  com- 
plete the  parallelograms 
BIS   and  BM    [Cor.     6. 

3*1]. 

k\\  the  parallelograms 

*BM   and   HF,   the  angle 

LBK  is  equal  to  ABC  [15. 

1],    or,    which    is    equal 

[Hyp.]  the  angle  H,  and 

the  sides  about  these  angles 


Q —    R 


are  equal  (Constr.],  therefore  these  parallelograms  are  equal 
(Cor.  2  and  3.  34.  1) ;  and  the  ratio  of  AC  to*BM,  or  its  equal 
HF,  is  .compounded  of  the  ratios  of  AC  to  BN,  and  of  BN  to 
BM  (Def.  13.  5),  or,  AB  being  to  BK,  as  AC  toBN  (1.  6),  and 
BC  to  BL,  as  BN  to  BM  [by  the  same],  in  a  ratio  compounded  of 
the  ratios  of  AB  to  BK  or  HG,  and  of  PB  to  BL  or  HE. 

Cor.  1. — By  a  similar  reasoning  it  may  be  proved,  that  tri- 
angles, which  have  an  angle  of  one,  equal  to  an  angle  of  the 
other,  are  to  each  other,  in  a  ratio,  compounded  of  the  ratios, 
of  the  sides  including  the  equal  angles. 

Cor.  2. — A  right  line  may  be  found,  to  which  a  given  right 
line  O  has  the  same  ratio,  as  two  equiangled  parallelograms  AC 
and  HF  have  to  each  other. 

Take  P  a  fourth  proportional  1o  AB,  HG  and  0  [12.  6],  and 
Q  a  fourth  proportional  to  CB,  HE  and  P  [by  the  same].  The 
right  line  0  is  to  Q,  in  a  ratio  compounded  of  the  ratios  of  O 
to  P  and  of  P  to  Q  [Def.  13.  5],  or  of  the  ratios,  equal  to  them 
fConstr.J,  of  AB  to  KG  and  of  CB  to  HE,  and  therefore 
[23.  6]  as  the  parallelogram  AC  to  HF.  Therefore  Q  is  the 
right  line  sought. 
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Cor.  3^— A  square  may  be  found,  to  which  a  given  square  has 
the  same  ratio,  as  two  equiangled  parallelograms  AC  and  HF 
have  to  each  other. 

Let  O  be  the  side  of  the  given  square  ;  find  a  right  line  Q,  to 
which  O  has  the  same  ratio,  as  AC  has  to  HF  [by  preced.  cor.] ; 
find  a  mean  proportional  R,  between  0  and  Q  [13.  6].  The 
square  of  O  is  to  the  square  of  R,  as  0  is  to  Q  ]Cor.  2.  20.  6], 
or,  which  is  equal  (Constr.%  as  the  parallelogram  AC  to  HF. 
Therefore  R  is  the  side  of  the  required  square. 

Cor.  4. — And  since  a  rectangle  may  be  made  equal  to  any 
given  rectilineal  figure  45.  1J,  a  right  line  or  square  may  be 
found,  to  which  a  given  right  line  or  square  has  the  same  ratio, 
as  any  two  given  rectilineal  figures  have  to  each  other. 

Cor.  5. — The  amount  of  the  compound  of  two  ratios  is  not 
altered,  by  shifting  the  consequents  to  different  antecedents. 

For  the  compound  of  the  ratios  of  AB  to  HG  and  of  CB  to 
HE,  is  equal  to  the  compound  of  the  ratios  of  AB  to  HE  and 
of  CB  to  HG,  each  being  equal  to  the  ratio,  which  the  paral- 
lelograms AC  and  HF  have  to  each  other  (23.  6). 

Cor.     6 If,     in    two    A B—    C D 

ranks,     of   four   propor-    E F G^—    H 

tional  right  lines  each  (A 

to  B,  as  C  to  D,  and  E  to  F,  as  G  to  H),  any  two  correspond- 
ing extremes  be  equal ;  the  other  extremes  are  to  each  other,  in 
a  ratio,  compounded  of  the  ratios  of  the  means  to  each  other. 

And  if  any  two  corresponding  means  be  equal,  the  other 
means  are  to  each  other,  in  a  ratio,  compounded  of  the  ratios 
of  the  extremes  to  each  other. 

Part  1. — Let  the  last  extremes  D  and  H  be  equal ;  A  is  to  E, 
in  a  ratio,  compounded  of  the  ratios  of  B  to  F  and  of  C  to  G. 

The  rectangle  under  A  and  D,  is  equal  to  that  under  B  and  C 
(16.  6),  and  the  rectangle  under  E  and  H,  to  that  under  F 
and  G  (by  the  same) ;  therefore  the  lvctangle  under  B  and  C  is 
to  that  under  F  and  G,  as  the  rectangle  under  A  and  D  to  that 
under  E  and  H  (Cor.  1.  7.  5),  or,  D  and  H  being  equal  (Hyp.), 
as  A  is  to  E  (l.  6  and  11.  5) ;  but  the  rectangles  under  B  and 
C,  and  under  F  and  G,  are  to  each  other,  in  a  ratio,  compound- 
ed of  the  ratios  of  their  sides  (25.  6) ;  therefore  A  is  to  E, 
in  a  ratio,  compounded  of  the  ratios  of  the  same  sides,  namely, 
of  B  tp  F  and  of  C  to  G. 
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Part  2. — If  the  first  extremes  be  equal;  since,  by  inverting 
all  the  terms  of  each  series,  the  first  extremes  become  the  last, 
and  the  contrary,  the  truth  of  the  corollary  is  manifest  from  the 
preceding  part. 

Part  3. — And  if  two  corresponding  means  be  equal,  since, 
by  shifting  the  two  first  terms  of  each  series,  to  the  place  of  the 
two  last,  and  the  contrary,  the  extremes  become  means,  and  the 
means,  extremes  ;  the  truth  of  the  corollary,  in  this  case,  id 
manifest  from  the  first  and  second  parts. 

Cor.  7. — Parallelograms  or  triangles  are  to  each  other,  in  a 
ratio,  compounded  of  the  ratios  of  ti»eh'  bases  and  heights  ;  for 
the>  are  equal  to  rectangles,  or  rigiu  angled  triangles,  of  equal 
bases  and  heights. 


PROP.  XXIV,  THEOR. 


In  every  parallelogram  (DB),  parallelograms  (EH,  OF  J, 
which  are  about  the  diagonal,  are  similar  to  the  whole,  and  to 
each  other. 

The  parallelograms  DB  and 
GF,  having  the  angle  at  A  com- 
mon, are  equiangular  (Cor.  2.  34. 
1)  i  and,  because  of  the  parallels 
GK  and  DC,  the  triangles  AGK 
and  ADC  are  equiangular  (£9.  1). 
and  therefore  similar  (Cor.  4.  6), 
therefore  AG  is  to  GK,  as  AD  to 

DC  (Def.  1.  6);  whence,  the  parallelograms  GF  and  DB, 
haying  their  other  sides  equal  to  AG,  GK,  AD  and  DC  (34. 
1),  hay e  the  sides  about  the  equal  angles  proportional,  and,  hay- 
ing been  proved  to  be  equiangular,  are  similar  (Def.  1.  6). 

In  like  manner  it  may  be  proved,  that  the  parallelograms  EH 
and  DB  are  similar.  ' 

And,  because  the  parallelograms  GF  and  EH  are  similar  to 
the  same  DB,  they  are  similar  to  each  other  (21.  6). 
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PROP.  XXV.  THEOR. 


2b  constitute  a  rectilineal  figure,  equal  to  a  given  one  (B)9  and 

similar  to  another  given  one  (ABC J. 

To  any  side 
BC,  of  the  rec- 
tilineal figure 
ABC,  apply  the 
parallelogram 
BE,  in  any  an- 

&  equal  to 
C  (Cor.  45. 
1),  and  to  the 
tight   line   CE, 

ttpkr  the  parallelogram  CM  equal  to  D,  having  the  angle 
FCE  equal  to  CBL:  BC  and  CF  are  in  the  same  right  line 
(89  and  14.  1) ;  between  BC  and  CF,  find  a  mean  proportion 
aa}  GB  (13.  6) ;  the  figure  described  on  GH,  similar  and  siini- 
to  ABC  (18.  6),  is  equal  to  D. 


For  flie  parallelogram  BE  is  to  CM,  as  BC  to  CF  (1.  6), 
or  in  a  duplicate  ratio  of  BC  to  GH  (Constr.  and  Def.  14.  5), 
and,  therefore,  as  the  rectilineal  figure  ABC  described  on  BC, 
to  the  similar  and  similarly  posited  figure  GUK  described  on 
OH  (so.  6) :  whence,  the  parallelogram  BE  being  equal*  to 
ABC  (Constr.),  CM  is  equal  to  GHK  (14.  5);  but  CM  is 
equal  to  D  (Constr.),  therefore  GHK  is  equal  to  D  (Ax.  1.  1), 
and  so  there  is  constituted  a  figure  GUK  equal  to  D,  and  simi- 
lar to  ABC,  as  was  required. 
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PROP.  XXVI.  THEOR.  (See  WoteJ. 

If  two  similar  and  similarly  posited  parallelograms,  (BB,  GE)9 
have  a  common  angle  (BAB),  they  are  about  the  same  dia- 
gonal. 

For  if  not,  let  the  parallelo- 
gram DB,  if  possible,  have  its 
diagonal  in  a  different  right  line 
from  the  diagonal  AF  of  CE,  as 
AHC,  meeting  one  of  the  sides 
GF  of  the  parallelogram  GE 
in  H,  and  through  H  draw  HK 
parallel  to  AD.  A        T£-p,  & 

Because  the  parallelograms  DB  and  GK,  being  about  the 
same  diagonal  AHC,  are  similar  (24.  6),  GA  is  to  AK,  as  DA 
is  to  AB  (Def.  1.  6) ;  but  GA  is  to  AE,  as  DA  is  to  AB  (Hyp. 
and  Def.  1.  6);  therefore  GA  is  to  AK,  as  GA  is  to  AE 
(11.  5),  and  so  AK  and  AE  are  equal  [9.  5),  part  and  whole, 
which  is  absurd.  Therefore  AHC  is  not  the  diagonal  of  DB* 
In  like  manner  it  may  be  shewn,  that  the  diagonal  AC,  of  the 
parallelogram  DB,  does  not  meet  the  sides  GF  or  FE,  of  the 
parallelogram  GE,  in  any  other  point,  except  F,  therefore  (he 
parallelograms  DB  and  GE  are  about  the  same  diagonal  AFC. 


PROP.  XXVII.  THEOR. 

Of  all  parallelograms  applied  to  the  same  right  line  (AC),  defi- 
cient by  parallelograms  similar  and  similarly  posited  to  mat 
(AE  or  CL),  which  is  described  on  the  half  line  'AC  or  CBJ, 
that  (AE),  which  is  described  on  the  half  line,  and  is  similar 
to  its  defect  (CL),  is  the  greatest 


First,  let  the  parallelogram 
AG,  applied  to  AB,  and  defi- 
cient by  the  parallelogram  DH, 
similar  to  AE  or  CL,  be  des- 
cribed on  a  part  AD  greater 
than  the  half  AC.  The  paralle- 
logram AE  is  greater  than  AG. 

Complete  the  parallelogram 
GL,  and  join  EB ;  and,  because 
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DII  and  CL  are  similar  [Hyp.],  EB  is  the  diagonal  of  each 
(26.  6),  and  therefore  CG  is  equal  to  6L  (43.  1) ;  adding  to 
each  DH,  CH  is  equal  to  DL;  but  CM  and  CH  are  equal 
OjP*  and  36.  1),  therefore  CM  and  DL  are  equal;  add  to 
each  CG,  and  AG  is  equal  to  the  gnomon  CHK,  and  therefore 
less  than  CL,  or  its  equal  AE. 

Secondly,  let  the  parallelo- 
gram AG,  applied  to  AB,  and 
deficient  by  a  parallelogram 
DH  similar  to  AE  or  CL,  be 
described  on  a  part  AD  less 
than  the  hajf  AC.  The  paral- 
lelogram AE  is  greater  than 
AG. 

Complete  the  parallelogram 
EH,  and  join  GB,  which,  be- 
cause DH  and  CL  are  similar,  is  the  diagonal  of  each  (26.  6), 
and  therefore  DE  is  equal  to  EH  (43.  1);  but  FE  and  EL  are 
equal  (Hyp.  and  34.  1),  therefore  the  parallelograms  ME,  EH 
are  equal  (36.  1),  and  of  course  DE  is  equal  to  ME  (Ax.  1. 
1),  and  therefore  greater  than  its  part  MR;  adding  to  each 
AK,  the  whole  AE  is  greater  than  the  whole  AG  (Ax.  4.  1). 

SchoL — It  is  manifest,  that  the  parallelogram  EG  is,  in  both 
cases,  the  excess  of  AE  above  AG,  which  of  course  is  dimi- 
nished by  diminishing  CD. 
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PROP*  XXVIII.  THEOR, 
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lb  <*£""*  r^gfW  line  (Jfo)i  to  apply  a  paraUehgratii,  equal  te  a 
given  rectilineal  figure  (O  j9  and  deficient  by  a  parallelogram 
similar  to  a  given  parallelogram  (P).  But  the  rectilineal 
figure  ought  not  to  be  greater  than  the  parallelogram  applied  to 
half  the  given  right  line,  whose  defect  is  similar  ta  the  given 
parallelogram. 

Bisect  AB  in  C,  on 
AC,  describe  the  pa- 
rallelogram* AE,<  simi- 
lar and  similarly  po- 
sited to  the  given  onte 
P  (18.  6)V  and  Com- 
plete the  parallelogram 
AL  (Cor.  6.  34.  1> 

The  parallelogram 
AE,  is  either  equal  to, 
or  greater  than,  the 
rectilineal  figure  O 
[Hyp.. 

If  equal,  what  was 
required  is  done.  For 
to  the  right  line  AB, 

the  parallelogram  AE  is  applied,  equal  to  O,  and  deficient  by 
CL,  similar  to  P. 

If  AE  be  greater  than  O,  make  the  parallelogram  QRST 
equal  to  the  excess  of  AE  above  0,  and  similar  and  similarly 
posited  to  P  (14.  2.  Cor.  2.  47.  1  and  25.  6);  and,  since  the 
parallelogram  QS  is  less  than  AE,  it  is  less  than  CL,  which  is 
equal  to  AE  (36.  1);  but  QS  is  similar  to  CL,  being  each  of 
them  similar  to  P  (21.  6);  therefore  the  sides  QT,  TS  are  less 
than  the  sides  homologous  to  them  CE,  EL ;  take  from  CEf 
EL,  the  parte  EN  equal  to  QT  and  EK  to  TS,  and  complete 
the  parallelogram  NK  (Cor.  6.  34.  l),  which  is  similar  to  CL, 
the  parallelograms  NK,  CL  being  each  of  them  similar  to  QS, 
and  therefore  to  each  other  (21.  6),  and,  being  similarly  posit- 
ed, are  about  the  same  diagonal  (26.  6) ;  let  this  diagonal  be 
EGB,  and  produce  KG  to  D,  and  NG  to  M  and  H ;  and,  be- 
cause the  parallelogram  CL  is  equal  to  0  and  QS  together 
(Constr.),  and  NK  is  equal  to  QS,  the  gnomon  CHK  is  equal 
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to  0  ;  but  CG  and  GL  are  equal  [43.  1],  and,  adding  to  each 
DH,  the  parallelogram  CH  is  equal  to  DL ;  and  AN  is  equal  to 
CH  (Constr.  and  36.  1)#  tlierefore  AN  is  equal  to  DL,  adding 
to  each  CG,  AG  is  equal  to  the  gnomon  CHK ;  but  it  has 
been  proved,  that  the  gnomon  CHK  is  equal  to  O,  there- 
fore AG  is  equal  to  O,  and  DH  is  similar  to  CL  (24.  6), 
and  therefore  to  P  (Constr.  and  21.  6).  Therefore  there  is 
applied  to  the  given  right  line  AB,  a  parallelogram  AG  equal  to 
O,  and  deficient  by  a  parallelogram  DH,  similar  to  P,  as  wa* 
required. 

PROP.  XXIX.  PROB. 

To  a  given  right  line  (AB),  to  apply  a  parallelogram,  equal  to  * 
given  rectilineal  figure  (OJ9  and  exceeding  by  a  parallelogram 
similar  to  a  given  parallelogram  (TJ. 


Bisect  AB  in  C,  and  on  CB  make  the  parallelogram  CL  simi- 
lar and  similarly  posited  to  P  [18.  6]  ;.make  the  parallelogram 
QS  equal  to  CL  and  O  together,  and  similar  ftps)  similarly  posit- 
ed to  P  (14.  g.  Cor.  1.  47.  1  and  25.  6);  and  because  QS  is 
greater  than  CL,  its  sides  QT  and  TS  are  greater  than  the 
homologous  rides  CE  and  EL  of  the  parallelogram  CL ;  on 
these  produced,  take  EK  equal  to  TS  and  EN  equal  to  TQ ; 
complete  the  .parallelogram  NK  (Cor,  6.  34.  1),  which  is  equal 
and  similar  to  QS,  and  therefore  similar  to  CL ;  but  it  is  also 
similarly  posited  to  it,  therefore  N&  and  CL  are  about  the  same 
diagonal  (26.  6) ;  draw  their  diagonal  EBG,  through  A,  draw 
AM  parallel  to  CN,  meeting  GN  produced  in  M,  find  let  LB# 
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CB  produced,  meet  MG,  GK  in  HaudD  ;  and,  because  Q.S  is 
equal  to  CL  and  0  together  [Constr.],  and  NK  equal  to  QS,  [Cor. 
S.  34. 1>,  NK  is  equal  to  CL  and  0  together;  take  away  the  com- 
mon part  CL,  and  the  gnomon  NDL  is  equal  to  0  ;  but,  because  of 
the  equals  AC,  CB,  the  parallelogram  MC  is  equal  to  Nil  (36. 
1),  or  its  equal  (43.  i)  BK;  adding  to  each  ND,  the  parallelo- 
gram MD  is  equal  to  the  gnomon  NDL,  or  its  equal  0  ;  and  HD 
is  similar  to  CD  (24.  6),  and  therefore  (Constr.)  to  P.  There  is 
therefore  applied  to  the  right  line  AB,  a  parallelogram  MD, 
equal  to  O,  and  exceeding  by  a  parallelogram  HD  similar  to  F, 
as  was  required. 


PROP.  XXX.  PROB. 


To  cut  a  given  right  line  (&B)  in  extreme  and  mean  ratio. 

On  AB  describe  the  square  CB  (46.  1),  and 
to  AC  apply  the  parallelogram  CD  equal  to 
BC,  exceeding  by  a  figure  AD  similar  to  BC 
(29.  6)  y  and  because  AD  is  similar  to  the 
square  BC,  it  is  itself  a  square ;  and  since 
BC  is  equal  to  CD,  taking  from  each  the  com- 
mon part  CE,  BF  is  equal  to  AD ;  but  it  is 
also  equiangular  to  it,  therefore  EF  is  to  ED, 
as  AE  is  to  EB  [14.  6]  ;  but  EF  and  ED  are 
equal  to  AB  and  AE,  therefore  AB  is  to  AE, 
as  AE  is  to  EB,  and  so  AB  is  cut  in  extreme  and  mean  ratio 
(Def.  2.  6). 


Otherwise. 


Divide  AB  in  E,  so  that  the  rectangle  under  AB  a  id  EB 
may  be  equal  to,  the  square  of  AE  (11.  2),  and  AB  is  to  AE, 
as  AE  to  EB  (17.  6),  and  so  AB  is  cut  in  extreme  and  mean 
j»tiq  (Def.  2.  6). 
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PROP.  XXXI.  THEOR. 


IJ,  on  the  sides  of  a  right  angled  triangle  (ABC)*  similar  and 
similarly  posited  rectilineal  figures  be  described;  that  which  is 
described  on  the  side  (AB)  opposite  the  right  angle9  is  equal  to 
the  other  two  taken  together. 

Let  fall  the  perpendicular  Ct)  from 
the  right  angle  on  the  opposite  Ride  AB, 
and  AB  is  to  AC,  as  AC  to  AD  (Cor. 
1.  8.  6) ;  therefore  the  figure  on  AB  is 
to  the  similar  one  on  AC,  as  AB  to  AD 
[Cor.  2.  20.  Gl ;  in  like  manner  it  may 
be  proved,  that  the  figure  on  AB  is  to 
that  on  BC,  as  AB  to  BD ;  therefore 
the  figure  on  AB  is  to  the  two  figures 

on  AC  and  CB  together,  as  AB  to  AD  and  DB  together 
(Theor.  3.  15.  5  and  24.  5) ;  but  AB  is  equal  to  AD  and  DB 
together,  therefore  the  figure  described  on  AB  is  equal  to  the 
similar  figures  on  AC  and  CB  together  (Cor.  13.  5). 

Cor. — Hence  any  number  of  similar  rectilineal  figures  being 
given,  a  rectilineal  figure  may  be  found  equal  to  them  all,  by 
the  aid  of  Cor.  1.  47.  1.  And  two  similar  rectilineal  figures 
being  given,  one  may  be  found  equal  to  their  difference,  by  the 
aid  of  Cor.  2.  47.  1. 


PROP.  XXXII.  THEOR. 

Jf  two  triangles  (ABC,  BDE),  which  Iiave  two  sides  (AC,  CB) 
of  one,  proportional  to  two  sides  (BE,  El) J  of  tlie  other  (AC 
to  CB,  as  BE  to  ED  J,  be  so  joined  at  an  angle,  that  the  homo- 
logous sides  may  be  parallel  (AC  to  BE,  and  CB  to  ED  J,  and 
the  sides  (CB,  BE  J,  which  are  not  homologous,  may  constitute 
the  angle  at  which  they  are  joined,  the  remaining  sides  (AB 
and  BD)  are  in  the  same  right  line. 

For,  because  AC  and  BE  are 
parallel,  the  alternate  angles  C 
and  CBE  are  equal  (29. 1) ;  and, 
in  like  manner,  because  CB  and 
£D  are  parallel,  the  angles  E 
and  CBE  are  equal;  therefore 
the  angle  C  is  equal  to  E  ;  and 
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because  the  sides  of  the  triangles  ACB,  BED  about  these  equal 
angles  are  proportional  [Hyp.],  these  triangles  are  equiangular 
(6.  6),  and  therefore  the  angle  A  is  equal  to  EBD;  and  the 
angle  C  is  equal  to  Cflfe,  therefore  the  angles  A  and  C  together, 
are  equal  to  the  angle  CBD ;  to  each  add  the  common  angle 
ABC,  and  the  three  angles  A,  C  and  ABC  are  equal  to  the  two 
angles  CBD  and  CBA ;  but  the  three  angles  A,  C  and  ABC  of 
the  triangle  ABC  are  equal  to  two  right  angles  (32.  1),  there- 
fore the  angles  CBD  and  CBA  are  together  equal  to  two  right 
angles,  and  of  course  AB  and  BD  are  in  the  same  right  line 
(14.  1). 

PROP.  XXXIII.  THEOR. 

In  equal  circles,  angles,  whether  at  the  centre  (as  ACB,  DFEJ, 
or  at  the  circumference  fas  AGB,  DHEJ,  are  to  each  otJwr,  as 
the  arches  (AB,  BE  J,  on  which  they  stand.  As  are  also  the 
sectors  (ACB,  JDFEJ. 

Part  1.— Let  DK, 
KL,  LE  be  any  num- 
ber of  equal  parts,  in- 
to which  the  arch  DE 
is  divided,  on  AB 
take  as  many  parts 
AM,  MN,  NO,  OP, 
as  are  in  AB  equal  to 
DK  (Cor.  1.  4),  un- 
til a  part  PB  remain 
less  than  DK,  and 
join  FK,  FL,  CM, 
CN,  CO,  CP. 

Because  the  arches  DK,  KL,  LE,  AM,  MN,  NO  and  OP  arc 
equal,  the  angles  DFK,  KFL,  LFE,  ACM.  MCN,  NCO  and 
OCP  are  equal  (27.  3),  and  the  arch  PB  being  less  than  DK, 
the  angle  PCB  is  less  than  DFK,  therefore  the  angle  DFK  and 
arch  DK  are  equisubmultiples  of  the  angle  DFE  and  arch  DE, 
and  are  contained  equally  often  in  the  angle  ACB  and  arch  AB* 
In  like  manner  it  may  be  proved,  that  any  other  equisubmulti- 
ples of  the  angle  DFE  and  arch  DE,  are  contained  equally 
often  in  the  angle  ACB  and  arch  AB  j  therefore  the  angle  \Cn 
is  to  the  angle  DFE.  as  the  arch  AB  is  to  the  arch  HE  (Def. 

5,  5), 
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Part  2— And  the  angles  AGB,  DHE  being  halves  of  the 
angles  ACB,  DFE  [20.  3],  are  to  each  other,  as  thesevangles 
[15.  5],  and  therefore  (by  part  1  and  11.  5),  as  the  arches  AB, 
DE. 

Pari  S. — The  sectors  ACB,  DFE  may  be  proved  to  be  to 
each  other,  as  the  arches  AB,  DE,  in  the  same  manner,  as  in 
part  1 ,  the  angles  ACB,  DFE  are  proved  to  be  to  each  other 
in  that  ratio ;  only  substituting  for  the  words,  angle  and  angles, 
the  words  sector  and  sectors*  and  for  27.  3,  Cor.  1.  29.  3. 

Cor.  1.— An  angle  (ACB)  at  the  centre  of  a  circle,  is  to  four. 
right  angles,  as  the  arch  (AB)  on  which  it  stands,  is  to  the 
whole  circumference. 

For  the  angle  ACB  is  to  a  right  angle,  as  the  arch,  on  which 
it  stands,  is  to  a  fourth  part  of  the  circumference  (33.  6) ;  and 
therefore  (Theor.  1.  15.  5  and  22.  5),  the  angle  ACB  is  to 
four  right  angles,  as  the  arch  AB  is  to  the  whole  circumfe- 
rence. 

Cor.  2. — Arches  of  unequal  circles,  which  subtend  equal 
angles  at  the  centre,  or  at  the  circumference,  have  equal  ratios 
to  their  whole  circumferences. 

Port  1. — If  the  equal  angles  be  at  the  centre,  the  ratios  of  the 
arclies  to  their  whole  circumferences,  are  each  of  them  equal  to 
that  of  either  of  the  equal  angles  to  four  right  angles  [by  preced. 
Cor*],  and  therefore  to  each  other  [11.  5]. 

Part  2.— If  the  equal  angles  be  at  the  circumference,  since 
angles  at  the  centre,  insisting  on  the  same  arches,  are  double  to 
them  (20,  3).* and  therefore  equal  (Ax.  6.  1),  the  ratios  of  the 
arches  to  their  whole  circumferences  are  equal  by  part  1. 

Theor.  1. — {See  note.)  If  there  be  two  magnitudes  (AB  and 
CD),  and  two  others  (EF  and  GH)  both  severally  less  than 
them,  and  the  latter,  by  repeated  augmentations,  always,  in 
such  augmentations,  retaining  the  same  ratio  to  each  other,  and 
being  less  than  the  former,  approach  continually  nearer  and 
nearer  to  equality  with  the  same  former,  so  as  at  length  to  be 
deficient  of  them,  by  magnitudes  less  than  any  given  ones ;  the 
former  are  to  each  other  in  the  same  ratio. 

Let  EF,  EI,  EK,  &c.  and  X  Z 

GH,  GL,  GM,  &c.  be  the  con-    A |-B    C l-D 

tinaally    increasing     magni- 
tudes; and  if  the  ratio  of  AB  FI 

to  CD  be  not  equal  to  that  of    E l-l-K 

EF  to  GH,  let  it,  if  possible, 

be  greater  or  less  than  it ;  and  first,  let  it  be  greater,  and  let 

AX  be  a  magnitude,  which  is  to  CD,  as  EF  to  GH,  wkichi  < 
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less  than  AB  (Hyp,  and  10.  5),  let  XB  be  the  excess  of  AB 
above  AX,  and  let  EF,  EI,  EK,  GH,  GL,  GM,  &c.  be  con- 
tinued, till  EK  may  want  of  AB  by  a  magnitude  less  than  XB 
(Hyp.),  therefore  EK  is  greater  than  AX,  and  the  ratio  of  EK 
to  CD  is  greater  than  that  of  AX  to  CD  [8.  5],  or  [Constr.] 
of  EFto  GH,  or,  which  is  equal  (Hyp.),  of  EKto  GM;  since 
therefore  the  ratio  of  EK  to  CD  is  greater  than  that  of  the  same 
EK  to  GM,  CD  is  less  than  GM  (10.*  5),  contrary  to  the  sup- 
position. Therefore  the  ratio  of  AB  to  CD  is  not  greater  than 
that  of  EF  to  GH. 

Let  now  the  ratio  of  AB  to  CD  be,  if  possible,  less  than  of 
EF  to  GH,  and  let  CZ  be  a  fourth  proportional  to  EF,  GH 
and  AB,  the  magnitude  CZ  is  less  than  CD  [Hyp.  and  10.  5], 
let  ZD  be  the  excess  of  CD  above  CZ,  and  let  EF,  EI,  GH, 
GL,  &c  be  continued,  till  GM  may  want  of  CD  by  a  magni- 
tude less  than  ZD  (Hyp),  therefore  GM  is  greater  than  CZ, 
and  the  ratio  of  EK  to  CZ  greater  than  of  EK  to  GM  (8.  5), 
or  (Hyp.)  of  EF  to  GH,  or  (Constr.),  of  AB  to  CZ;  since 
therefore  the  ratio  of  EK  to  CZ  is  greater  than  of  AB  tb  flic 
same  CZ,  the  magnitude  EK  is  greater  than  AB  [10.  5],  con- 
trary to  the  supposition  ;  therefore  the  ratio  of  AB  to  CD  is 
not  less  than  of  EF  to  GH  ;  and  it  has  been  shewn,  not  to  be 
greater  than  it ;  therefore  the  ratio  of  AB  to  CD,  is  equal  to  that 
of  EF  to  GH. 

Theor.  2. — If  there  be  two  magnitudes  (AB  and  CD),  and 
two  others  (EF  and  GH)  both  severally  greater  than  them,  and 
the  latter,  by  repeated  diminutions,  always,  in  such  diminu- 
tions, retaining  the  same  ratio  to  each  other,  and  remaining 
greater  than  the  former,  approach  nearer  and  nearer  to  equali- 
ty with  the  same  former,  so  as  at  length  to  exceed  them,  by 
magnitudes  less  than,  any  given  ones;  the  former  are  to  each 
other  in  the  same  ratio. 

Let  EF,  EI,  EK,  &c.  and  .     B  .  D 

GH,  GL,  GM,    &c  be  the    A— ~\-^i  c l~z 

continually  decreasing  mag- 
nitudes ;  and,  if  the  ratio  of  K  I  ML 

ABto  CD  be  not  equal  to    E |-|-F     G |-|-H 

that  of  EF  to  GH,  let  it,  if 

possible,  be  greater  or  less  than  it ;  and  first,  let  it  be  greater  "" 
and  let  CZ  be  a  fourth  proportional  to  EF,  GH  and  AB,  th 
magnitude  CZ  is  greater  than  CD  (Hyp.  and  10.  5),  let  DSS 
be  the  excess  of  CZ  above  CD,  and  letEF  EI,  GH,  GL,  &< 
be  continued,  till  GM  exceed   CD  by  a  magnitude  less  tha- 
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DZ  [Hyp.],  therefore  GM  is  less  than  CZ,  and  the  ratio  of  EK  to 
CZ  is  less  than  of  EK  to  GM  [8.  5],  or  [HypXof  EF  to  GH,  or 
[Constr.]  of  AB  to  CZ ;  since  then  the  ratiflTof  AB  to  CZ  is 
greater  than  of  EK  to  the  same  CZ,  the  magnitude  AB  is 
greater  than  EK  (10.  5),  contrary  to  the  supposition,  therefore 
the  ratio  of  AB  to  CD  is  not  greater  than  of  EF  to  GU. 

Let  now  the  ratio  of  AB  to  CD  be,  if  possible,  less  than  of 
EF  to  GH,  and  let  AX  be  to  CD,  as  EF  to  GH,  AX  is  greater 
than  AB  (Hyp.  and  10.  5),  let  BX  be  the  excess  of  AX  above 
AB,  and  let  EF,  EI,  FH,  FL,  &c.  be  continued,  till  EK  ex- 
ceed AB  by  a  magnitude  less  than  BX  [Hyp],  therefore  AX  is 
greater  than  EK,  and  the  ratio  of  GM  to  AX  is  less  than  of  GM 
to  EK  (8.  5),  or  (Hyp.)  of  GH  to  EF,  or  (Constr.  and  Theor. 
3.  15.  5)  of  CD  to  AX ;  since  therefore  the  ratio  of  CD  to  AX 
is  greater  than  of  GM  to  the  same  AX,  the  magnitude  CD  is 
greater  than  GM  (10.  5),  contrary  to  the  supposition ;  therefore 
the  ratio  of  AB  to  CD  is  not  less  than  of  EF  to  GH,  and  it 
has  been  shewn,  not  to  be  greater  than  it ;  therefore  the  ratio  of 
AB  to  CD,  ii  equal  to  that  of  EF  to  GH. 
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ELEMENT*  OF  PLAIN  TRIGONOMETRY. 


Trigonometry,  is  that  science,  thereby,  from  hating  cer- 
tain sides  or  angles  of  triangles  given,  the  other  sides  and  angles 
may  be  found* 

As  these  triangles  are  of  two  kinds,  namely,  those  Which, 

being  in  a  plain,  are  bounded  by  right  lines,  and  those  which, 

being  on  the  surface  of  the  globe,  are  bounded  by  arches  of 

great  circles  of  the  globe ;  trigonometry  is  usually  divided  into 

two  kinds,  Plain  and  Spherical* 

Plain  Trigonometry,  is  that,  which  treats  of  plain  triangles. 

JVoie,  as  there  will  be  occasion  hereafter  of  making  other  ci- 
tations, besides  those  from  the  preceding  elements  of  Euclid, 
citations  from  these  will  be  marked  Eu,  from  Plain  Trigono- 
metry, PI.  Tr. 


DEFINITIONS. 


1.  A  degree  of  a  circle,  is  an  arch  thereof,  equal  to  a  three 
hundred  and  sixtieth  part  of  its  whole  circumference  ;  a  minute, 
an  arch,  equal  to  the  sixtieth  part  of  a  degree ;  a  second,  an  arch, 
equal  to  the  sixtieth  part  of  a  minute,  and  so  forth. 

2.  An  arch  of  a  circle,  described  from  the  concourse  of  the 
legs  of  a  rectilineal  angle,  as  a  centre,  included  between  these 
legs,  is  said  to  be,  the  measure  of  the  angle  ;  which  is  said  to 
be,  of  as  many  degrees,  minutes,  &c.  as  is  the  arch  so  in- 
cluded. 

.  Schoh**- The  number  of  degrees,  minutes,  &c.  included  be- 
tween the  legs  of  the  angle,  is  not  varied,  by  varying  the  length 
of  the  radius ;  since  the  intercepted  arches  whether  small  or 
great,  have  the  same  ratio  to  their  whole  circumferences,  by 
Cor.  2.  33.  6.  Eu.  and  therefore  contain  an  equal  number  of 
these  degrees,  minutes,  &c.  (By  converse  of  Theor.  2*  15. 
5.  Eu). 
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3.  A  quadrant  of  a  circle,  is  a  fourth  part  of  its  circum- 
ference. 

4.  The  difference,  of  an 
angle  from  a  right  angle,  or 
of  an  arch  from  a  quadrant, 
js  called  the  complement,  of 
that  angle  or  arch.  Thus,  if 
CG  be  perpendicular  to  AB,  a 
the  angle  DCG  is  the  comple- 
ment of  the  angle  BCD  or 
ACD ;  and  the  arch  GD,  of 
the  arch  BD  or  AGD. 

5.  The  complement,  of  an  angle  to  two  right  angles,  or  0f 
an  arch  to  a  semicircle,  is  called  the  supplement,  of  that  angle 
or  arch.  Thus  the  angle  ACD  is  the  supplement  of  BCD,  and 
the  arch  AGD  of  BD. 

6.  The  sin*  ef  an  arch  (BD  or  AGD),  or  of  the  angle  (BCD 
or  ACD)  of  which  itois  the  measure,  is  a  perpendicular  (DE), 
let  fall  from  one  extremity  (D)  of  the  arch,  on  the 'diameter 
(AB),  passing  through  its  other  extremity  (B  or  A). 

7.  The  versed  sine  of  any  arch  (BD),  or  of  its  cor- 
responding angle  (BCD),  is  the  segment  (EB)  q(  the 
jdiameter  (AB)  drawn  through  one  extremity  (B)  of  the  arch, 
between  that  extremity  and  the  perpendicular  (DE)  let  fall  on 
the  diameter  from  the  other  extremity  [D]. 

8.  The  tangent  of  an  arch  (BD  or  AGD),  or  of  its  corres- 
ponding angle  (BCD  or  ACD),  is  a  right  line(BF),  drawn  from 
one  extremity  (B)  of  the  arch,  and  touching  it  in  that  extremity, 
to  the  diameter  (CDF)  produced,  which  passes  through  its  other 
extremity  (D). 

9.  And  the  segment  (CF)  of  the  diameter,  so  produced  and 
meeting  the  tangent,  between  the  centre  and  tangent,  is  called 
the  secant  of  the  same  arch  or  angle. 

10.  The  cosine  of  any  arch  or  angle,  is  the  sine  of  its  com- 
plement to  a  quadrant  or  right  angle  ;  and  the  cotangent  of  any 
arch  or  angle,  is  the  tangent,  and  the  cosecant  of  any  arch  or 
angle,  the  secant  of  such  complement. 

Thus  KD  or  CE  is  the  cosine,  GH  the  cotangent,  and  CH 
the  cosecant,  of  the  arch  BD  or  angle  BCD;  being  the  sine, 
tangent  and  secant,  of  the  arch  GD  or  angle  GCD. 
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Cor.  1  to  tliese  dq/k&tiom. — The  sine,  tangent  or  secant,  of 
any  arch  or  angle,  is  the  sine,  tangent  or  secant  of  its  supple- 
ment* or  complement  to  a  semicircle  or  two  right  angles. 

For  it  is  maiiifest  from  these  definitions,  that  the  same  right 
lines  are  the  sine,  tangent  and  secant  of  the  arches  BD  and 
AGD,  and  of  the  angles  BCD  and  ACD. 

Cor.  2. — The  sine  of  a  quadrant  or  right  angle,  is  equal  to 
the  radius. 

Cor.  3. — The  tangent  of  half  a  quadrant  or  half  a  right 
angle  is  equal  to  the  radius  ;  tor  if  the  angle  BCF  were  half  a 
right  angle,  the  angle  CBF  being  right  (18.  3  Eu.)9  the  angle 
CFB  would  be  half  a  right  angle  (32.  1  Eu.)9  whence,  the 
angles  BCF,  BFC  being  equal,  the  tangent  BF  would  be  equal 
to  CB  (6.   l  Bti.),  or  to  radius. 

Cor.  4. — The  radius  is  a  mean  proportional  between  the  tan- 
gent (ifF)  and  cotangent  (GH)  of  any  arch  (BD). 

The  triangles  CBF,  HGC,  having  the  angles  at  B  and  G 
right,  and  the  angles  at  C  and  H  equal,  being  alternate  angles 
formed  by  CH  meeting  the  parallels  CR,  GH  (29.  1  Eu.)s  are 
equiangular  (32.  1  Eu.)9  therefore  BF  is  to  CB,  as  CGLor  CB 
to  GH  (4.  6  Eu). 

Cor.  5. — The  tangents  of  any  two  arches  of  the  same  circle, 
and,  of  course,  of  any  two  angles,  are  reciprocally  as  their 
cotangents. 

For  the  rectangle  under  the  tangent  and  cotangent  of  the  arch 
BD,  is  equal  to  the  rectangle  under  the  tangent  and  cotangent  of 
any  other  arch  of  the  circle,  each  of  these  rectangles  being  equal  to 
the  square  of  radius  [preced.  cor.  and  17.  6  Eu.]9  and  therefore 
the  tangent  of  i  D  is  to  the  tangent  of  that  other  arch,  as  the 
cotangent  of  the  same  arch  is  to  the  cotangent  of  BD  (16.  6  Eu.) 

Cor.  6. — The  radius  is  a  mean  proportional,  between  the  co- 
sine (CE)  and  secant  (CF),  or  between  the  sine  (DE)  and 
cosecant  (CH),  of  any  arch  (BD). 

Sin<  e  KD  and  BF  are  parallel,  CE  is  to  CB,  as  CD  or  CB 
is  to  CF  (2.  6  and  Schol.  18.  5  Eu). 

And  since  KD  is  parallel  to  GH,  CK  or  DE  is  to  CG,  as  CD 
or  CG  is  to  CH.  [2.  6.  and  Schol.  18.  5.  Eu]. 

Cor.  7. — The  sines  of  any  two  arches  of  the  same  circle,  are 
reciprocally  as  their  cosecants  ,•  and  the  cosines,  reciprocally  as 
the  secants. 

Since  the  rectangle  under  the  sine  and  cosecant  of  BD,  is 
equal  to  the  rectangle  under  the  sine  and  cosecapt  of  any  other 
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mreh  of  the  circle,  each  of  these  rectangles  being  equal  to  the 
square  of  radius  [prcced.  con  and  17.  C  Eu.\,  the  sine  of  BD 
is  to  the  sine  of  that  other  arch,  as  the  cosecant  of  the  same 
arch  is  to  the  cosecant  of  Bi)  [16.  6  JEu]. 

In  like  manner  it  may  be  shewn,  from  cor.  6  above,  and  16  & 
17. 6  Ku.  that  the  cosines  of  any  two  arches,  are  reciprocally  as 
their  secants* 

Cbr.  8.— The  ratio  of  the.  radius,  to  the  sine  tangent  or  se- 
cant of  any  angle  (as  A.),  is  tlic  same,  whatever  be  the  dimen- 
sion or  magnitude  of  the  radius. 

On  either  leg,  as  AB,   of  the  <v- 
angle  A,  from  the  point  A,  take                                   g*$*3k 
any  unequal  parts  as  AB,"  AF,                                   C^^iv 
and  from  the  centre  A,  at  the  dis- 
tances AB,  AF,  let  arches  of  cir- 
cles be  described  meeting  the  other     

leg  of  the  angle  A,  in  C  and  6 ;  X  J**  MF 

from  the  points  C,  G,  let  fall  the 

perpendiculars  CD,  GH  on  AF;  and  at  the  points  B,  F, raise 
the  perpendiculars  BE,  FR  meeting  AC  produced  in  E  and  K ; 
CD  and  GH  are  the  sines  of  the  arches  BC,  FG  (Def.  6.  PL 
Tr.)9  BE  and  FK  the  tangents  [Def.  8.  PL  Tr.]9  and  AE  and 
AK  the  secants  of  the  same  arches  (Def.  9.  PL  Tr.);  which 
arches  are  the  measures  of  the  angle  CAB.  The  radius  has  in 
both  cases  the  same  ratio  to  the  corresponding  sine,  tangent  or 
secant. 

The  triangles  ADC,  AHG  are,  because  of  Ahe  right  angles 
at  D  and  H,  and  the  common  angle  at  A,  equiangular  (32.  I 
Eu*)9  therefore  AC  is  to  CD,  as  AG  is  to  GH  [4.  6  Eu.] ;  but 
AC,  AG  are  the  radiuses,  and  CD,  GH  the  sines  of  the  arches 
CB,  GF  [Def.  6.  PL  Tr.]f  which  are  measures  of  the  angle  A. 

And  the  triangles  ABE,  AFK,  being  right  angled  at  B  and  F, 
and  having  a  common  angle  at  A,  are  equiangular;  therefore 
AB  is  to  BE,  as  AF  to  FK,  and  AB  to  AB  as  AF  to  AK ;  but 
AB,  AF  are  radiuses,  and  BE,  FR  tangents  (Def.  8.  PL  Tr.)9 
and  AE,  AK  secants  [Def.  9.  PL  Tr.],'of  the  arches  CB,  CF, 
which  are  measures  of  the  angle  A. 

Scholium. — The  reader  should  beware,  when  the  sines,  tan- 

Sents  or  secants  of  angles  are  mentioned,  that  he  do  not  consi* 
cr  them,  as  right  lines  of  a  given  length ;  but  rather,  as  terms, 
denoting  the  ratios,  which  the  right  lines  representing  them  have 
to  radius,  their  length  varying  according  to  the  radius  to  which 
they  are  referred,  but  the  ratios  between  them  are  definite  and 
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fixed,  which  is  sufficient  for  the  purposes  of  trigonometry.  They 
may  be  considered  as  the  quotients,  which  arise  from  dividing 
the  right  lines  which  represent  them,  by  the  radius,  which  quo- 
tient would  express  their  ratio  to  the  radius,  and  would  be  a  fixed 
quantity ;  but  this  way  of  conceiving  the  thing  would  rather 
belong  to  arithmetick  than  to  geometry,  would  not  be  so  easily 
understood,  and  would  lead  to  nothing,  which  is  not  attainable 
in  the  usual  way,  being  that  which  is  in  this  tract  pursued. 

PROPOSITION  I.  THEOREM. 

In  a  right  angled  plain  triangle  (ABC),  the  hypothenuse  (AC) 
is  to  either  of  the  legs,  or  sides  including  the  right  artgle  fas 
BC),  as  radius  is  to  the  sine  of  the  angle  (BAC)  opposite  that 

.    leg* 

.  From  the  centre  A,  at  the  dis- 
tance AC,  let  an  arch  of  a  circle 
CD  be  described,  meeting  AB  pro- 
duced inD ;  CB  is  the  sine  of  the 
arch  CD,  or  angle  CAD  (Def.  6. 
PL  Tr.\  and  the  ratio  of  radius  to 
the  sine  of  a  given  angle  is  invaria- 
ble [Cor.  8.  Def.  PL  Tn]  ;  there- 
fore AC  is  to  CB,  as  radius  to  the 
sine  of  the  angle  CAB. 

In  like  manner,  if  a  circle  be  described  from  the  centre  C,  at 
the  distance  C A^  meeting  CB  produced  ;  it  may  be  proved,  that 
AC  is  to  AB,  as  radius  to  the  sine  of  the  angle  ACB. 

PROP.  II.  THEOR. 

In  a  right  angled  triangle  (ABC,  see  fig.  topreced.  prop.),  eitlitr 
of  the  legs  (as  &&)  &  to  the  other  (BC),  as  radius  is  to  the 
tangent  of  the  angle  (BAC)  opposite  that  other,  and  to  the 
hypothenuse  (AC),  as  radius  to  the  secant  of  the  same  angle. 

From  the  centre  A,  at  the  distance  AB,  describe  a  circle, 
meeting  AC  in  E  ;  BC  is  the  tangent,  and  AC  the  secant,  of 
the  arch  BE,  or  angle  EAB  [Def.  8  and  9.  PL  Tr.l,  and  the 
ratio  of  radius  to  the  tangent  or  secant  of  a  given  angle  is  inva* 
liable  [Cor.  8.  Def.  PL  IV.],  therefore  AB  is  to  BC,  as  radius 
to  the  tangent,  and  to  AC,  as  radius  to  the  secant,  of  the  angle 
CAB;  opposite  to  BC. 
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In  like  manner,  if  a  circle  be  described  from  the  centre  C, 
at  the  distance  CB  meeting  CA;  it  may  be  proved,  that  BC 
is  to  AB,  as  radius  to  the  tangent,  and  to  AC,  as  radius  to 
the  secant,  of  the  angle  ACB,  opposite  to  AB* 

Scholium. — From  this  proposition  and  the  preceding,  arises 
that  usual  mode  of  speaking  among  mathematicians,  that  in  a 
right  angled  plain  triangle,  if  the  hypothenuse  be  made  radius, 
the  legs  become  the  sines  of  the  apposite  angles,  and  if  either 
of  the  legs  be  made  radius,  the  other  leg  becomes  the  tangent 
of  the  angle  opposite  to  it,  and  the  hypothenuse,  the  secant  of 
the  same  angle. 

PROP.  III.  THEOR. 

The  rides  of  plain  triangles  fas  ABC,  see  fgure  1,  2  and  3 ) 

are  as  the  sines  of  the  opposite  angles. 


About  the  triangle  ABC  describe  a  circle,  which  is  done  as 
in  5.  4  En.  by  bisecting  two  of  its  sides  AC  and  BC  by  per- 
pendiculars DG  and  EG  meeting  each  other  in  the  centre  G  y 
and  if,  in  the  cases  of  fig.  1  and  3,  GF  be  drawn  perpendicular 
to  AB,  and  AG  be  joined,  AD  becomes,  in  all  the  figures,  the 
sine  of  the  angle  AGD,  AG  being  radius  [Def.  6.  PL  Tr.] ;  but 
AD  is  the  half  of  AC  (3.  3  Eu.)9  and  the  angle  AGD  is  equal 
to  ABC,  being  each  of  them  half  of  the  angle  at  the  centre  on  the 
arch  AC  (.20;  3  and  4.  1  Eu.) ;  therefore  the  half  of  the  side  AC 
is  equal  to  the  sine  of  the  angle  ABC,  AG  being  radius.  In  like 
manner  it  may  be  shewn,  that  the  half  of  BC  is  the  sine  of 
the  angle  B AC,  and,  in  fig.  1,  that  the  half  of  AB  is  the  sine 
of  the  angle  C,  to  the  same  radius. 

In  a  right  angled  triangle,  fig.  2,  AG  the  half  of  AB  is 
radius,  and  therefore  equal  to  the  sine  of  the  right  angle  ACB*- 
rCor.  2.  Def.  PI.  In]. 
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In  an  obtuse  angled  triangle  fig.  3,  join  GB,  AH  and  HB  : 
AF  the  half  of  AB  is  the  sine  of  the  angle  AGF  [Def.  6.  PI. 
Tr.]9  and  the  angle  AGF  is  the  half  of  the  angle  AGB  (4.  1 
Eu.\  and  therefore  equal  to  the  angle  H  (20.  3*  Eu.)  but  the 
angle  H  is  the  complement  of  the  angle  C  to  the  two  right 
angles  (2,9,.  3  Eu.)9  and  the  sine  of  an  angle  and  of  its  comple- 
ment to  two  right  angles  is  the  same  [Cor.  1.  Def.  PL  Tr.]9 
therefore  AF  is  the  sine  of  the  angle  C.  Thus,  in  every  case,' 
the  halves  of  the  sides  becomes  sines  of  the  opposite  angles,  to 
the  radius  of  the  circumscribing  circle,  and  the  sides  are  as 
their  halves  (15.  5.  Eu.)9  therefore,  in  every  case,  the  sides  art 
to  each  other,  as  the  sines  of  the  opposite  angles. 

Otherwise. 

Fig.  1.  Fig.  2. 

Let  fall  a  perpen- 
dicular  CD  (see  both 
figures),  from  an  an- 
gle C,  on  the  oppo- 
site side  AB ;  and 
in  the  right  angled 
triangle  ADC,  AC  is  to  CD,  as  1-adius  to  the  sine  of  A  [1  PL 
Tr.]9  and  CD  is  to  CB,  as  the  sine  of  the  angle  CBD  to  the 
radius  (By  the  same) ;  therefore,  by  perturbate  equality,  AC  is 
to  CB,  as  the  sine  of  CBD  to  the  sine  of  A  (23.  5.  Eu.)  and 
therefore-  in  the  case  of  fig.  2,  the  sines  of  the  angles  CB  A  and 
CBD  being  equal  [Cor.  l.  Def.  PI  Tr.]9  as  the  sine  of  the 
angle  CBA  to  the  sine  of  A.  In  like  manner  it  may  be  proved, 
that  any  other  two  sides  are  to  each  other,  as  the  sines  of  the 
opposite  angles. 

Otherwise. 

The  same  construction  remaining,  the  perpendicular  CD 
being  radius,  the  sides  AC  and  CB  are  to  each  other,  as  the 
consecants  of  the  adjacent  angles  at  the  base  AB  [2.  PL  Tr. 
and  22.  5  Eu.]9  or,  the  consecants  of  any  two  angles  being 
inversely  as  their  sines  [Cor.  7.  Def.  PL  Tr.]9  as  the  sines  of  the 
remote  angles  at  the  base,  or,  of  the  opposite  angles* 
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TROP.  IV.  PROB. 

The  sum  of  the  sines  of  any  two  arches  C&B*  EBJ  °f  a  circle,  or 
of  any  two  angles  (DCB,  ECBJ,  is  to  the  difference  of  their 
tines,  at  the  tangent  of  half  the  sum  of  the  arches  or  angles, 
to  the  tangent  of  half  their  difference. 

Let  C  be  the  centre  of  the  cir- 
cle, draw  the  diameter  ACB(  on 
which  let  fall  the  perpendiculars 
1>L,  EH,  produce  DL  to  meet  the 
drcumference  again  in  F,  draw 
EKG  parallel  to  AB,  and  join 
CP,  GD,  GF  and  FE. 
Because  CL  bisects  the  right  line 
DF  in  L  [3.  3.  Eu .],  and,  because 
of  the  equality  of  the  angles  DCL 
and  FCL,  the  arch  DF  in  B  [26. 
3.  Jftt-j,  FL  is  equal  to  DL  the  sine 
of  the  arch  DB,  and  EH  or  KL  is 
the  sine  of  the  arch  EB  ;  therefore  FR  is  the  sum  of  the  sines 
•fine  arches  DB  and  EB,  and  DK  the  difference  of  their  Bines : 
and,  because  the  arches  FB  and  DB  are  equal,  FE  is  the  sum, 
and  DE  the  difference  of  the  arches  DB  and  EB,  of  which  sum 
and  difference  the  angles  at  the  centre  FCE  and  DCE  are  the 
measures  [Def  2.  PL  IV,],  and  therefore  the  angles  FGK  and 
BGK  at  the  circumference,  being  the  halves  of  these  angles 
FCE  and  DCE  at  the  centre  [30.  3.  Eu.],  are  the  measures  of 
half  the  same  sum  and  difference  ;  but  in  the  triangle  FKG, 
right  angled  at  K,  FR  is  to  RG,  as  tho  tangent  of  the  angle 
FGK  is  to  radius  [2.  PL  Tr.  and  Theor.  3.  15.  5.  En,],  and 
in  the  triangle  GRD,  GR  is  to  RD,  as  radius  to  the  tangent  of 
the  angle  DGR  [2.  PI.  Tr.];  therefore,  by  equality,  FR  is  to 
KD,  as  the  tangent  of  the  angle  FGK  to  the  tangent  of  DGK 
[22  5.  Eu.],  or,  which  has  been  shewn  to  be  equal,  as  the  tan- 
gent of  the  half  sum  of  the  arches  DB  and  EB,  to  the  tangent 
of  half  the  difference  ;  and  it  has  been  shewn,  that  FK  and 
DK  are  the  sum  and  difference  of  the  sines  of  the  arches  DB 
and  EB,  which  are  therefore  to  eacli  other  in  the  ratio  of  that 
sum  and  difference  [Cor.  1.  7.  5.  Eu.];  therefore  the  ratios 
of  that  sum  and  difference,  and  of  the  tangents  of  the  half  sum 
and  half  difference  of  the  same  arches,  being  each  equal  to  the 
ratio  ofFKtoDK,  are  equal  to  each  other  [ll.  5  Eu]. 
S8 


i 
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PROP.  V.  THEOR. 

The  mm  of  the  cosines  of  any  two  arches  (DB  and  EB,  see  free* 
fig-Jf  <*  °f  any  two  angles  (DCB,  ECBJ,  is  to  the  differ- 
ence of  their  cosines,  as  the  cotangent  of  half  the  sum  of  tlie 
arches  or  angles,  to  the  tangent  of  half  the  difference. 

The  same  construction,  as  in  the  preceding  proposition*  re- 
maining, €L  is  the  cosine  of  BD,  and  CH,  equal  to  the  half  of 
GE,  the  tJosine  of  EB  $  therefore  GK  is  equal  to  the  sum  of 
these  cosines,  and  KE  to  their  difference  ;  and  it  has  been  shewn 
in  the  preceding  proposition,  that  the  angle  FGK,  is  the  mea- 
sure of  the  half  sum  of  the  arches  DB  andEB,  and  that  DGK, 
and  therefore  EPK,  which  is  equal  to  it  [21.  3  En.],  is  the  mea- 
sure of  half  their  difference ;  and,  in  thejright  angled  triangle 
FKG,  GK  is  to  KF  as  the  cotangent  of  the  angle  FGK  is  to 
radius  [2.  PI.  Tr,  T/ieor.  3.  15.5  and  Def  10.  PL  TrJ],  and,  in 
the  triangle  FKE,  FK  is  to  KE,  as  radius  to  the  tangent  of 
the  angle  EFK  [2.  PI.  Tr.] ;  therefore,  by  equality,  GK  is  to 
KE,  as  the  cotangent  of  the  angle  FGK  to  the  tangent  of  EFK 
[22.  5  Eu.\  or,  as.  the  cotangent  of  the  half  sum  of  the  arches 
DB  and  EB,  or  angles  DCB  and  ECB,  to  the  tangent  of  half 
their  difference ;  and  it  has  been  shewn,  that  GK  and  KE  are 
Hie  sum  and  difference  of  the  cosines  of  these  arches  or  angles 
to  the  radius  CB,  therefore  CK  and  KE  are  to  each  other,  in 
the  ratio  of  that  sum  and  difference  [Cor.  I.  7.  5  Eiu\ ;  and 
therefore  the  ratios  of  that  sum  and  difference,  and  of  the 
cotangent  of  the  half  sum  of  the  same  arches  or  angles  to  the 
tangent  of  half  their  difference,  being  each  equal  to  the  ratio  of 
GK  to  KE,  are  equaL  to  each  other  [11.  5  Eu\ 
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PROP.  VI.  THEOR. 

In  a  plain  triangle  fABCJ  the  mm  of  the  legs  (AC,  CB)  is  to 
the  difference  of  the  legs,  as  tlte  tangent  of  half  the  sum  of  the 
angles  (CAB,  CBJ  J  at  tlie  base  CAB  J  is  to  the  tangent  of  lialf 
their  difference. 

Let  CB  be  the  greater  of  the 
legs,  and  since  CB  is  to  CA  as  the 
sine  of  the  angle  CAB  to  the  sine 
of  CBA  (3.  PL  Tr.),  the  sum  of 
CB  and  CA  is  to  their  difference, 
as  the  sum  of  the  sines  of  the  angles 
CAB  and  CBA  is  to  the  difference 
of  their  sines  (18,  Sell.  18,  and  22. 
5  JBu.) ;'  but  the  sum  of  the  sines  of 
the  angles  CAB,  CBA  is  to  the 
difference  of  their  sines,  as  the  tan- 
gent of  half  their  sum  to  tiie  tangent  of  half  their  difference 
(4.  PLTr)  ;  therefore  the  ratios  of  the  sum  of  CB  and  CA  to 
their  difference,  and  of  the  tangent  of  half  the  sum  of  the  angles 
CAB  and  CBA  to  the  tangent  of  half  their  difference,  being 
each  equal  to  the  ratio  of  the  sum  of  the  sines  of  these  angles  to 
the  difference  of  their  sines,  arc  equal  to  each  other  (11.  5  Eu). 

Otherwise. 

On  the  less  of  the  legs  AC,  produced  both  ways,  take  CD  and 
CE  each  equal  to  CB  ;  join  KB  and  DB,  and  through  D,  draw 
DF  parallel  to  AB,  meeting  EB  produced  in  F. 

The  two  interior  angles  CDB  and  CBD  of  the  triangle 
DBC,  are  equal  to  the  exterior  ECB  (32.  1  Eu.),  or,  which  is 
equal  (by  the  same),  to  the  two  interior  angles  CAB  and  CBA  of 
the  triangle  ABC  ;  therefore  CDB  and  3BD  together  arc  equal 
to  the  sum  of  the  angles  CAB  and  CBA  at  the  base  AB  of  the 
triangle  ABC,  and  being,  because  of  the  equality  of  the  sides 
CD  and  CB,  equal  to  each  other  (5.  I  Eu.)9  one  of  thein  CDB 
is  equal  to  half  the  sum  of  these  angles. 

And,  because  the  exterior  angle  CAB  of  the  triangle  DBA  is 
equal  to  the  interior  angles  ADB  and  ABD,  or,  ADB  being 
equal  to  CBD  (5.  1  Eu.)9  to  the  angles  CBD  and  ABD,  or,  to 
CBA  and  twice  ABD,  the  angle  ABD,  or  its  equal  (29.  1  En.)9 
the  alternate  angle  BDF,  is  half  the  difference  of  the  angles  CAB 
and  CBA,  at  the  base  AB,  of  the  triangle  ABC. 
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And,  because  of  the  isosceles  triangles  CBE,  CBD,  the  an- 
gles CBE,  CBD  are  severally  equal  to  the  angles  CEB,  CDB, 
whence  the  angle  EBD,  of  the  triangle  DBE,  being  equal  to 
its  other  two  angles  BED,  BDE,  is  a  right  angle  (S2.  1  Bu.). 
and  DB  is  perpendicular  to  EF  ;  therefore,  in  the  right  angled 
triangle  EBD,  EB  is  to  BD,  as  the  tangent  of  the  angle  EDB 
is  to  radius  (2.  PL  Tr.)9  and  DB  is  to  BF,  as  radius  to  tho 
tangent  of  the  angle  BDF  (by  the  same) ;  therefore,  by  equality, 
EB  is  to  BF,  as  the  tangent  of  the  angle  EDB  to  the  tangent  of 
BDF,  or,  as  the  tangent  of  half  the  sum  of  the  anglep  CAB, 
CBA  to  the  tangent  of  half  their  difference.  And,  because  AB 
is  parallel  to  DF,  EA  is  to  AD,  as  EB  to  BF  (2.  6  Eu,),  and, 
because  both  CE  and  CD  are  equal  to  CB  (Constr.),  EA  is  the 
sum  of  the  legs  AC  and  CB,  and  AD  their  difference  ;  therefore 
the  sum  of  the  legs  AC,  CB  of  the  triangle  ABC  is  to  their 
difference,  as  the  tangent  of  half  the  sum  of  the  angles  CAB  and 
CBA  at  the  Ipse  is  tp  the  tangent  of  half  their  difference. 


PROP.  VII.  TJIEOR. 


If  to  half  the  sum  of  any  two  magnitudes  (JIB  and  BC),  half 
the  difference  be  added,  the  aggregate  is  equal  to  the  greater  of 
them  ;  and  if  from  half  their  sum,  Italf  their  difference  be  taken, 
the  residue  is  equal  to  the  less. 


Let  AB  be  the  greater,  and  BC  the  A    D        E        B    C 

less  of  the  two  magnitudes  ;  let  AD  be    | 1 1 1 | 

taken  equal  to  BC,  and  AC  is  the  sum  of  these  magnitudes,  and 
DB  their  difference,  and,  AC  being  bisected  in  E,  AE  or  EC 
is  half  their  sum,  and  DE  or  EB  half  their  difference.  Whence, 
AE  the  half  sum  and  EB  the  half  difference,  are  together 
equal  to  the  greater  AB,  and  the  excess  of  the  half  sum  EC 
above  EB  the  half  difference,  is  equal  to  the  less  BC. 
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SOLUTIONS  OF  THE  SEVERAL 

CASES  OP  PLAIN  TRIGONOMETRY. 


PROBLEM  I. 


Of  the  three  side*  and  three  angles  of  a  right  angled  plain  trianr 
gUf  any  two  being  given  besides  the  right  angle,  whereof  one  at 
least  is  a  sufc,  to  find  the  rest ;  or,  the  acute  angles  being  given, 
to  find  the  ratios  of  the  sides. 

When  the  given  parts  are  two  of  the  skies,  the  other  side 
may  be  found  by  prop.  47.  1  En.,  the  sum  of  the  squares  of  the 
two  legs,  or  sides  about  the  right  angle,  being  by  that  prop, 
equal  to  the  square  of  the  hypothenuse,  and  the  excess  of  the 
square  of  the  hypotiienuse  above  that  of  either  of  the  legs,  being 
equal  to  the  square  of  the  other. 

If  one  of  the  acute  angles  of  a  right  angled  plain  triangle  be 
given,  the  otlier  is  given,  the  latter  being,  by  S2.  i  Eu. 
the  complement  of  the  former  to  a  right  angle. 

If  two  angles  of  any  plain  triangle  be  given,  the  third  is 
given,  being  the  complement  of  the  sum  of  the  two  given  tingles 
to  two  right  angles. 

The  solutions  of  the  other  cases  are  as  in  the  following  tables. 
In  which  it  may  be  observed  that  when  an  angle  is  sought,  the 
proportion,  by  which  it  is  found,  begins  with  a  side,  and,  when 
a  side  is  sought,  with  an  angular  expression. 

Characters  used  in  the  following  tables,  namely,  R.  for 
radius,  S.  sine,  cos.  cosine,  T.  Tangent,  cot.  cotangent,  sec. 
secant,  cosec.  cosecant,  o  at  top,  degrees,  ',  minutes, ",  seconds, 
+,  plus  or  more,  — ,  minus  or  less,  x,  multiplied  by,  -4-,  divid- 
ed by,  =,  equal  to.  Also,  one  quantity  placed  over  another, 
with  a  stroke  between,  denotes  the  division  of  the  upper  by  the 
lower,  and  the  figure  2  placed  after  a  quantity  at  top,  denotes 
the  square  of  that  quantity,  thus  A2  signifies  the  square  of  A, 
:  ; :  :  denotes  proportion,  the  middle  mark  being  placed 
between  the  two  means,  the  others  between  the  other  terms. 
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Case,  |      Given. 


1* 


2. 


Both  legs. 
AB  and  BC. 


The   hypo 
thenuse  and  a 
leg. 

AC  &  AB. 


A  leg  and 
the  acute  an- 
gles 

AB  and  the 
angles  A  &C. 


The  hypo- 
thenuse  and 
the  acute  an- 
gles. 

AC  and  the 
jangles  A  &  C. 


Sought. 


The     acute 
angles. 
A  and  C. 


The .    acute 
angles. 


The  other 
leg  and  the 
hypothenuse. 
BC  and  AC. 


Either  leg. 
AB  or  BC. 


Solutions. 


AB  :  BC  :  :R:  TTofthc 
angle  A  (2.  PL  Tv.),  and  the 
angle  C  is  the  complement  of 
A  to  a  right  angle  or  90°. 

AC  :  :  AB  :  :  B  :  S.  C. 

(1.  PL  Tr.)9  and  A  is  the 
complement  of  C  to  a  right 
angle. • 


R  :  T.  A  :  :  AB  :  BC  (2. 
PL  IV.).  S.  C.  :  R  :  :  AB  : 

AC  (1.  PL  Tr.). 


R  :  S.  C.  :  :  AC  :  AB  (l, 

PL  Tr.). 


ttLAI*  TBIGOKOUBTHY* 


tos 


PROBLEM  II. 

Of  the  thru  sides  and  three  angles  of  any  plain  triangle,  any 
three  being  given,  whereof  one  at  least  is  a  side,  to  find  the 
rest :  or,  all  the  angles  being  given,  to  find  the  ratios  of  the 
sides* 


If  all  the  angles  be 
given,  the  ratios  of 
the  sides  are  given, 
being  as  the  sines 
of  the -opposite  an*  . 
gks  (3.  PL  Tr.).      A 


Fig.  1. 


Fig.  2. 


Case. 


1. 


Given. 


Sought* 


All  the  an- 
gles and  one 
side. 

The  angles 
A  and  ABC, 
and  therefore 
ACB,  and 
AB. 


The  other 
sides. 


Solutions. 


ft. 


Two  sides 
and  an  angle 
opposite  to 
one  of  them. 

AC,  BC 
and  A. 


S.  ACB  :  S.  ABC  :  :  AB 

AC  (3.   PI.  Tr).    Also  S. 
AC  &BC.  ACB  :  S.  A  :  :AB  :  BC  (By 
the  same). 


The  other!     BC  :  AC  :  :  S.  A :  S.  ABC 
angles.  (3#  PI.  Tr).    If  the  sideBC 


The 

ABC 

ACB. 


angles 
and 


opposite  the  given  angle  bel 
greater  than  the  other  given 
side  AC,  the  angle  ABC  is 
acute.    But   if  BC  he    less 
than  AC,  since  the  sine  of  an' 
angle  and  of  its  complement 
to  two  right  angles  is  the. 
same,   by  cor.    1.   Def.   PI. 
Tr. ;  the  species  of  the  angle 
B,   namely,    whether   it  be 
acute    or   obtuse,    must   be 
known,   or  the  solution  will 
be  ambiguous.    The   angles. 
A  and  ABC  being  given,  the  ^ 
angle  ACB  may  be   found/ 
being  the  complement  of  their 
sum  to  180°  or  two  right  an- 
gles, by  32.  1  Eu. 
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Case.|      Given.      |     Sought     | 


Solutions. 


3. 


eluded  angle. 
AC,  BC 
and  the  angle 
ACB. 


4. 


Two  sides  I    The  other,     Let    AC    be    the  greater 
and  the    in-  angles.  [of     the    given    sides,    and 


The  angles' AC + B  C    •.    AC— B  C 
A  and  ABC.  T    ABC+A  :    T  ABC—A 

2  2 

(6.  PI.  Tr).  Whence  is  found 
the  difference  of  the  angles  A 
and  AB  C,  \yhose  sum  is  given, 
being  the  complement  of  the 
given  angle  ACB  to  two 
right  angles,  whence  the  an- 

?Ies   A    and  ABC    may  be 
>und  by  prop.  7  of  this. 


All    the 
sides. 

AB,.BC 
and  AC. 


gles. 


The      an-l    Let  a  perpendicular  CD  be 


let  fall  from  one  of  the  angles 
ACB  on  the  opposite  side  AB. 
And,  by  cor.  1.  5  and  6.  2 
and  16.  6  Eu.  in  fig.  1  AB  : 
AC  +  CB  :  :AC— CB  :  AD— 
DB,  and  in  the  case  of  fig.  2. 
AB:AC  rCB  :  :  AC—CB  : 
AD+BD,  whence  the  sum 
and  difference  of  AD  and  BD 
being  in  either  case  given,  tb 
lines  AD,  BD  themselv 
may  Ije  found  by  prop.  7  o\ 
this ;  and  thence,  by  case  2  o: 
right  angled  triangles,  th 
angles  CAD,  CBD,  and  o: 
course,  in  fig.  2.  the  angl 
ABC,  the  complement  of 
CBD  to  two  right  angles  by 
13.  1  Eu.,  may  be  found. 
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SUPPLEMENT 
TO  THE  SIX  FIRST  BOOKS  OP 

BUCLED'8  ELEMENTS  OF  GEOMETRY. 


BOOK  I. 

ELEMENTS  OF  CONICK  SECTIONS. 
Note.— lit  subsequent  citations,  sup.  denotes  supplement 

DEFINITIONS. 

J.  [See  note.]  Conick  Sections,  or  Pattattoids,  are  figures  form- 
ed by  lines,  the  sums  or  differences  of  the  distances  of  every  point 
of  which,  from  two  given  points,  or  the  distances  of  every  point 
of  which  from  a  given  point,  or  from  a  given  point  and  given 
right  line,  are  equal.  And  these  figures  are  sometimes,  for 
brevity,  called,  sections. 

Car.  1.    Right  lines  come  within  this  definition. 

For  the  sums  of  the  distances  of  every    Fig.  1.   C  D 

Eint,  as  C  and  D  (see  fig.  1),  in  any  right    At  — |- — |B 

te  AB,  from  its  extremes  A  and  B,  are    Fig.  2.   B  C 
equal.    And  the  differences  of  the  distan-    A  I     i       |D 

ces  of  every  point,  as  C  and  D  (see  fie.  2),  in  the  production  of 
any  right  line  AB,  from  its  extremes  A  and  B,  are  equal., 
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•A.nd  every  point,  of 
a  right  line  (MIS'),  ^ 
perpendicularly  bi- 
secting another  right 
line  (AB),  is  equally  0 
distant  from  'the  ex- 
tremes (A  and  B),  of 
the  bisected  line  (4.  I 
En.),  and  so  comes 
Within  the  definition. 

Cor.  2.     Circular  lines  come  also  within  the  definition. 

For  the  distances  of  every  point  thereof  from  a  given  point, 
namely,  their  centre,  are  equal  (Def.  10. 1  Eu). 

But,  by  the  term,  conick  sections,  are  chiefly  understood  the 
figures,  called  Ellipses,  Hyperbolas  and  Parabolas,  which  are 
defined  in  the  2d,  4th  and  8th  definitions  following. 

2.  An  Ellipse,  is  a  conick  section,  bounded  by  a  line 
(AMBN),  the  sums  of  the  distance*  of  every  point  of  which, 
from  two  given  points  (E  and  P)  within  the  same,  are  equal. 

3.  These  two  given  points  are  called,  the  focuses;  toe  point 
(C),  wherein  the  right  line  (EF),  joiningtbe  focuses,  is  bisected, 
the  centre  of  the  ellipse  ;  any  right  line  ( QP),  passing  through 
the  centre,  and  terminated  both  ways  by  the  ellipse,  a  diameter ; 
the  points  (Q  and  P),  wherein  it  meets  the  ellipse,  the  vertices 
of  the  diameter ;  the  diameter  (AB)  which  passes  through  the 
focuses,  the  greater,  transverse  .  or  principal  axis,  and 
its  vertices  (A  and  B),  the  principal  vertices  ;  that  diameter 
(MX),  which  is  at  right  angles  thereto,  the  less  or  second  axis. 
The  distance  (CE  or  CF)  of  the  centre  from  either  focus,  the 
eccentricity  of  the  ellipse. 

4.  A  Hyperbola,  is  a  conick  sec- 
tion, formed  by  a  line  (AQ  or  BP), 
the  differences  of  the  distances,  of 
every  point  of  which  from  two  given 
points,  (E  and  F)  on  different  sides 
thereof,  are  equal  ;  and  if  from  the 
two  points  (A  and  B),  in  tile  right 
line  (EF1  joining  these  given  points,  -' 
the  difference  of  whose  distances  from 
the  same  points  is  equal  to  the  giv- 
en difference  of  distances,  two  such 
figures  (AQ  and  BP)  be  formed, 
these  figures  are  called,  opposite  hy- 
perbolas. 
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5.  The  two  given  points  (E  and  F)  are  called,  the  focuses; 
the  point  (C),  wherein  a  right  line  joining  them  is  bisected,  the 
centre  of  the  hyperbola  or  opposite  hyperbolas  ;  any  right  line 
(QP),  passing  through  the  centre,  and  terminated  both  ways  by 
the  opposite  hyperbolas,  a  transverse  diameter ;  the  points 
(Q  and  P),  wherein  it  meets  the  hyperbolas,  the  vertices  of  the 
diameter  ;  the  diameter  (AB),  which  produced  passes  through 
the  focuses,  the  transverse  or  principal  axis,  and  its  vertices 
(A  and  B),  the  principal  vertices  ;  the  right  line,  which  passes 
through  the  centre,  at  right  angles  to  the  transverse  axis,  and 
the  distance  of  cither  extreme  of  which  from  either  of  the  prin- 
cipal vertices,  is  equal  to  that  of  either  focus  from  the  centre, 
the  second  axis.  The  distance  (CE  or  CF;,  of  the  centre  from 
either  focus,  the  eccentricity  of  the  hyperbola  or  opposite  hyper- 
bolas. 

6.  Four  hyperbolas  (AQ,  BP,  MO,  NU)  are  said  to  be 
conjugate;  when  the  transverse  axis  of  two  of  them,  is  the 
second  axis  of  the  other  two,  and  the  contrary. 

7.  Any  right  line  (OU),  passing  through  the  centre,  and 
terminated  both  ways,  by  hyperbolas  conjugate  to  those  which 
pass  through  the  principal  vertices,  is  called,  a  second  diameter. 

8.  A  Parabola,    is    a  conick  section, 
formed  by  a  line  (BPS),  the  distances  of  C^ 
e?ery  point  of  which,  from  a  given  point 
(F),  and  a  given  right  line  (DK),  are 
equal. 

9.  That  given  point  (F\  is  called  the 
focus,  and  that  given  right  line  (DK),  the 
directrix  of  the  parabola  ;  every  right  line  *1" 
(as  KPQ),  perpendicular  to  the  directrix, 
is  called,  a  diameter;  the  point  (P),  wherein 
it  meets  the  parabola,  the  vertex  of  that  j, 
diameter;    the  diameter   (DBF),    which 
passses  through  the  focus,  the  axis  of  the  parabola  ;  and  its 
vertex,  (B),  the  principal  vertex. 

10.  A  right  line  (RPX,  sec  the  3  prcc.  fig.),  which  meets  a 
conick  section  in  any  point  (P),  and,  being  promiced  both  ways, 
falls  wholly  without  the  section,  is  said  to  be  a  tangent  to  the 
section,   or  to  touch  it  in  that  point. 

11.  But  if  a  right  line,  meeting  a  conick  section,  is  on  one 
side  of  its  concourse  with  the  section,  within,  and  on  the  other, 
without  the  section,  it  is  called,  a  secant. 

12.  A  right  line  (ST),  drawn  from  any  point  (S)  of  a  conick 
section,  meeting  a   diameter  (PQ)  of  the  section,  and  parallel 
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to  a  tangent  (RPX)  to  tbe  section,  passing  through  the  vertex 
(P)  of  the  diameter,  is  said  to  be  ordinately  applied  to  that  di- 
ameter ;  and  the  part  (SH  or  TH),  of  the  right  line  so  applied, 
between  the  section  and  the  diameter,  is  said  to  be  an  ordinate 
to  the  diameter. 

And  a  right  line,  terminated  by  opposite  hyperbolas,  is  said 
to  be  ordinately  applied  to  the  diameter,  whose  vertex  is  in 
the  contact,  of  a  tangent,  parallel  to  the  right  line  so  termi- 
nated. 

scholium.  Hence,  in  the  circle,  perpendiculars  let  fall  from 
the  circumference  to  a  diameter,  are  ordinates  to  that  diameter. 

IS.  A  segment  (PH),  of  a  diameter  (PQ)9  between  an  ordinate 
thereto,  and  a  vertex  of  the  diameter,  is  called  an  abscissa. 

14.  Two  diameters  of  an  ellipse  or  hyperbola,  each  of  which 
is  parallel  to  a  tangent,  passing  through  a  vertex  of  the  other, 
frre  called,  conjugate  diameters. 

From  the  12th  definition  it  is  manifest,  that  either  of  two  con- 
jugate diameters  is  ordinately  applied  to  the  other. 

15.  A  right  line,  which  is  a  third  proportional  to  two  conju- 
gate diameters  of  an  ellipse  or  hyperbola,  is  said  to  be,  the  par* 
ameter  or  latus  rectum,  of  that  diameter,  which  is  the  first  of  the 
three  proportionals. 

16.  A  right  line,  which  is  four-fold  the  distance  of  the  vertex 
of  a  diameter  of  a  parabola,  either,  from  the  directrix  or  the  fo- 
cus, is  said  tp  be,  the  parameter  or  latns  rectum,  of  that  diameter. 

17.  The  parameter,  which  belongs  to  the  axis  of  a  parabola, 
or  the  transverse  axis  of  an  ellipse  or  hyperbola,  is  said  to  be  the 
principal  parameter  or  latus  rectum  of  the  section. 

18.  A  right  line  perpendicularly  cutting  the  transverse  axis 
of  an  ellipse  or  hyperbola,  produced  in  the  ellipse;  and  whose 
distance  from  the  centre,  is  a  third  proportional,  to  the  eccentri- 
city and  the  transverse  semiaxis,  is  called  $,  directrix  of  the  sec- 
tion. 

19.  Right  lines  (CY  and  CZ,  See  fig.  to  Def.  4.),  passing  thro9 
the  centre  (CJ  of  a  hyperbola,  and  the  extremes  of  a  right  line 
(YZ)  equal  to  the  second  axis  (MN),  and  perpendicularly  bisect- 
ed by  the  transverse  axis  (AJB)  in  a  vertex  (A),  are  called,  asymp- 
totes. 

Cor.— The  angle  (YCZ)  formed  by  the  asymptotes  (CY,  CZ) 
towards  either  of  the  opposite  hyperbolas  (as  AQ)  is  bisected  by 
the  axis  (AB). 

For,  in  the  triangles  CAY,  CAZ,  the  sides  AY  and  AZ  are 
equal,  being  each  equal  to  CM  (by  this  def.),  AC  common,  and 
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the  angles  at  A  equal,  being  right  angles ;  therefor©  the  angle 
ACT  is  equal  to  ACZ  [4.  1.  EuJ] 

20.  Hyperbolas  are  said  to  be,  right  angled,  when  the  asymp- 
totes are  at  right  angles  to  each  other. 

SchoL — That,  in  this  case,  any  two  conjugate  diameters  are 
equal,  is  demonstrated  in  prop.  54  of  this  :  whence  the  hyper- 
bolas in  this  case  are  also  said  to  be  equilateral,  as  is  in  that  prop- 
osition observed. 

21.  Two  conick  sections,  which  touch  the  same  right  line  in 
the  same  point,  are  said  to  touch  each  other  in  that  point 

22.  A  circle,  which  so  touches  a  conick  section  in  any  point, 
that,  between  it  and  the  section,  no  other  circle,  described  through 
that  point,  can  pass,  is  said,  to  have  the  same  curvature  with  the 
flection  in  the  point  of  contact,  or  to  osculate  the  section  in  that 
point 

23*  If  the  ratio  of  the  principal  axis  of  an  ellipse  or  hyperbo- 
la to  its  second  axis,  be  the  same,  as  that  of  the  principal  to  the 
second  axis,  of  another  ellipse  or  hyperbola,  these  two  ellipses  or 
hyperbolas  are  said  to  be  similar. 

A         C  D        B 

24.  If  a  right  line  (AB)  be  so  divided  in    | 1 — ( — -\ 

two  points  (C  and  D  ,  that  the  whole  (AB)  is  to  either  extreme 
part  AC),  as  the  other  extreme  part  (DB)  is  to  the  middle  part 
(CD),  that  right  line  (A,B)  is  said  to  be,  harmonically  divided* 


POSTULATES. 


1.  That 9  from  any  two  given  points  as  focuses,  and  through  any 
other  given  point  not  in  the  right  line  joining  t/iem,  an  ellipse 
may  be  described. 

The  genesis  or  formation  of  the  ellipse  may  be  thus  conceived* 
Let  E  and  F  (see  figure  to  Dcf.  2.  above),  be  the  points 
from  which,  as  focuses,  and  P  the  point,  through  which,  the  el- 
lipse is  to  be  described.  Let  the  extremities  E  and  F  of  a  thread 
or  flexible  line  EPF  whose  length  is  equal  to  the  two  right  lines 
EP  and  PF,  be  fastened  in  the  points  E  and  F,  and  by  means  of 
a  pin  P,  let  the  thread  be  extended,  and  the  pin  P  be  moved  round, 
the  thread  remaining  continually  extended,  till  it  return  to  the 
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I  lace  from  which  it  began  to  move  ;  then  is  the  sum  of  the  dis- 
&nces  of  every  point  of  the  line  described  by  the  pin  P,  from  the 
E Dints  E  and  F,  always  equal,  as  is  manifest,  and  therefore  tliat 
ne  will  form  an  ellipse  described  from  the  points  E  and  F  as 
focuses,  and  through  the  point  P  (by  Def.  2.  1.  Sup). 


2.  That,  from  any  two  given  points  as  focuses,  and  through  any 
other  given  point  neither  in  the  j)roduction  of  a  right  line  join- 
ing them,  nor  in  a  right  line  perpendicularly  bisecting  tlitm, 
a  liyperbola  and  its  opposite  may  be  described* 


The  genesis  or  formation  of  the  liyperbola  or  opposite  hyper- 
bolas may  be  thus  conceived.  Let  E  and  F  (see  fig.  to  Def.  4* 
above),  be  the  two  points,  from  which,  as  focuses,  and  P  the 

Joint,  through  which,  the  hyperbola  is  to  be  described,  the 
escription  of  its  opposite  being  also  required. 
Let  one  extreme  of  a  ruler  EI,  be  so  affixed  at  the  point  E, 
that  it  may  be  freely  moved  round  that  point  as  a  centre  ;  let 
the  ruler  be  so  placed,  as  to  pass  by  the  point  P,  through  which 
(he  figure  is  to  be  described,  let  a  pin  be  so  fixed  in  the  ruler, 
as  to  be  moveable  to  and  from  the  point  I  at  pleasure,  and  let 
one  extreme  of  a  thread  or  flexible  line  FPI,  whose  length  is 
equal  to  the  right  lines  FP  and  PI  together,  be  affixed  at  the 
point  F,  and  go  close  round  the  pin  in  the  situation  P,  so  that 
the  pin  may  be  within  the  angle  FPI,  let  its  other  extremi- 
ty be  affixed  to  the  extremity  of  the  ruler,  and  let  the  ruler  be 
moved  round  the  point  E,  towards  S  or  T,  and,  the  thread 
or  line  still  remaining  extended,  let  the  pin,  affixed  to  the  side 
of  the  ruler,  describe  the  line  BPS  ;  and  since  the  point  P  is 
neither  in  the  production  of  the  right  line  EF,  nor  in  a  right  line, 
as  MN  perpendicularly  bisecting  it,  it  is  manifest,  that  the 
difference  of  EP  and  PF  is  always,  during  the  above  descrip- 
tion, equal  to  a  given  right  line,  and  because  EF  and  FP 
together  are  greater  than  EP  (20.  1  Eu.),  taking  FP  from 
each,  EF  is  greater  than  the  excess  of  EP  above  PF,  or  than 
the  given  difference  of  EP  and  PF  (Ax.  5.  1  Eu.),  and  there* 
fore  the  line  described  by  the  pin  intersects  the  right  line  EF 
somewhere  between  E  and  F  as  in  B,  (for  if  it  could  intersect 
the  right  line  EF  produced,  EF  would  be  equal  to  the  given 
difference  of  EP  and  PF,  contrary  to  what  has  been  proved), 
whence,  the-  points  E  and  F  being  on  different  sides  of  the 
described  line  BPS,  and  the  difference  of  the  distances  of  every 
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point  of  that  line  from  the  same  points  E  and  F  always  equal  to 
a  given  right  line,  that  described  line  BPS  is  a  hyperbola, 
described  from  the  points  £  and  F  as  focuses,  and  through  the 
point  P  (by  Def.  4.  1  Sup). 

Let  now  EA  be  taken  on  EF  equal  to  BF,  and  the  extreme 
of  the  ruler,  which  was  before  affixed  at  the  point  E,  be  now  af- 
fixed at  the  point  F,  and  a  hyperbola  QA  be  described  in  liko 
manner  as  above,  from  the  points  E  and  F  as  focuses,  through 
the  point  A  ;  and  since  E  A  is  equal  to  BF,  the  difference  of  EF 
and  EA  is  equal  to  the  difference  of  EF  and  BF,  and  therefore 
the  hyperbolas  AQ  and  BP  described  from  the  focuses  E  ond  F, 
are  opposite  hyperbolas  (Def.  4,  1.  Snp).  And  these  lines  may 
be  extended  to  a  distance  from  the  points  E  and  F,  greater 
than  any  given  distance,  namely,  if  a  thread  he  taken,  whose 
length  is  greater  than  that  distance. 

3.   That  to  a  given  right  line,  as  directrix,  and  from  any  given 
point  not  therein,  as  focus,  a  parabola  may  be  described. 

The  genesis  or  formation  of  the  parabola  may  be  thus  con- 
ceived. Let  LG  (See  fig.  to  Def.  8.  above),  be  the  right 
line,  to  which,  as  directrix,  and  F  the  point,  from  which,  as  fo- 
cus, the  parabola  is  to  be  described  :  let  one  side  KG,  of  a  square 
GKQ,  be  so  applied  to  the  directrix  LG,  that  the  side  KQ,  may 
pass  through  the  point  F,  and  the  point  K  may  coincide  with  the 
point  D  ;  bisect  the  right  line  DF  in  B,  and  to  the  extrem- 
ity Q,  of  the  side  KQ,  let  one  extremity  of  a  thread  of  the  same 
length  as  KQ  be  fastened,  and  let  its  other  extremity,  the  thread 

Eing  round  a  pin,  in  the  side  KQ  of  the  square  at  the  point  B, 
fastened  at  the  point  F,  which  it  is  manifest,  it  would  reach, 
because  DB  and  BF  are  equal  [Constr]  ;  let  the  side  KG  of 
the  square  be  moved  along  the  right  line  LG,  and,  the  thread 
remaining  extended,  let  the  pin,  affixed  to  the  side  KQ  of  the 
square,  describe  the  line  OPS.  And  since,  in  every  sit- 
uation of  the  pin,  during  the  description  of  the  line  OPS,  the 
side  KQ  is  equal  in  length  to  the  thread  FPQ,  taking  from  each 
PQ,  which  is  common,  KP  is  equal  to  PF  [Ax.  3.  1.  Eu.]  ; 
and  so  the  distances  of  every  point  of  the  line  OPS  from  the 
point  F  and  right  line  LG  are  equal,  therefore  the  line  OPS  is 
a  parabola  (Def.  8.  1.  Sup).  And  this  line  may  he  extended 
to  a  distance  from  the  point  F  greater  than  any  given  distance, 
namely,  if  a  square  be  taken,  the  length  of  whose  sideKQU 
greater  than  that  distance. 
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PROPOSITION  I.  THEOREM. 


J»  ellipses  (as  APB,  Jig.  1),  the   sum,  and  in  hyperbolas  fas 
Aq,  BP,  Jig.  2  J,  the  difference,  of  the  distances  CEP,  PFJ  of 
any  point  fPJ  of  the  section,  or  opposite  sections,  from  t fa  focuses . 
(E  and  F),  is  equal  to  the  principal  axis  CAB  J  ;  and  either  axis 
CAB  or  JlfJVJ  is  bisected  in  the  centre  C^J* 


Jfyp.T. 


M  P 


Pari  1.  In  the  ellipse  (see  fig.  1),  the  sum  of  AE  and  AF, 
or  of  twice  AE  and  EF,  is  equal  to  the  sum  of  FB  and  KB 
C Bef.  2.  1  Sup.  J,  or  of  twice  FB  and  EF  ;  taking  away  EF 
which  is  common,  twice  AE  is  equal  to  twice  FB,  and  so  AE  to 
FB  CAx.  7.  1  Eu.)  ;  therefore  AF  and  AE  together  are  equal 
AF  and  FB  together,  or  AB ;  hut  EP  and  PF  together  are 
equal  to  AF  and  AE  together  (Bef.  2.  1  Sup.  ),  therefore  EF 
and  PF  together,  are  equal  to  AB. 

Part  2.  In  like  manner,  in  the  hyperbola  (see  fig.  2),  the 
difference  of  AF  and  AE,  or  of  EF  and  twice  AE,  is  equal  to 
the  difference  of  EB  and  FB  (Bef.  4.  1  Sup.),  or  of  EF  and 
twice  FB,  wherefore,  taking  from  EF  that  difference,  the 
remainder  is  equal  to  either  twice  AE  or  twice  FB,  which  are 
therefore  equal  to  each  other  C*$x.  3.  1  En.),  and  so  AE  is  equal 
to  FB  CAx-  7.  1  En.)  ;  therefore  the  difference  of  AF  and  AE, 
is  equal  to  the  difference  of  AF  and  FB,  or  AB  ;  but  the  differ- 
ence of  EP  and  PF  is  equal  to  the  difference  of  AF  and  AE 
CDef.  4. 1  Sup.)  ;  therefore  the  difference  of  EPandPF  is  equal 
to  AB. 

Part  3.  And,  AE  having  been  proved  equal  to  BF,  and  EC 
being  equal  to  CF  (r2>e/>.  3  and  5.  1  Sup.),  AC  is  equal  to  CB 
CAx.  2  and  3.  1  Eu.),  and  so  AB  is  bisected  in  C. 

And  in  fig.  1,  EM  and  MF  being  joined,  the  triangles  ECM 
and  FCM,  having  CE  and  CF  equal  (Bef.  3.  1  Sup.J,  CM 
common,  and  the  angles  at  C  right  (by  the  same),  ME  and  MF 
are  equal  C4*  *  Eu^J  ;  whence,  EM  and  MF  together  being 
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equal  to  AB  (part  1,  of  this),  either  of  then,  as  FM,  fa  equal  to 
its  half  CB ;  in  like  manner  FN  may  be  proved  equal  to  CB  ; 
therefore  FM  and  FN  are  equal,  and  of  course  the  angles  FMN 
and  FNM  (5.  1  Eu.)9  whence,  the  triangles  MCF  and  NCF  hav- 
ing also  the  right  angles  at  C  equal,  MC  is  equal  to  CN  (26  1. 
En.),  and  so  MN  is  bisected  in  C. 

In  fig.  2,  MB  and  BN,  being  drawn,  are  equal  (Def.  5. 1  Sup.)9 
and  therefore  the  angles  BMN  and  BNM  (5.  1  Eu.) ;  whence, 
the  triangles  MCB  and  NCB,  having  also  the  right  angles  at  C 
equal,  MC  is  equal  to  CN  (26. 1  EuX  and  so  MN  is  bisected  in 
C. 

Cor.  "  The  distance  of  a  vertex  (M,  see  fig.  1),  of  the  second 
"axis  (MN)  of  an  ellipse  from  either  focus  (E  or  F),  is  equal 
"  to  the  principal  semiaxis."  It  having  been  proved,  in  the 
demonstration  of  part  3  of  this  proposition,  that  either  EM 
or  MF  is  equal  to  CB. 

PROP.  II.  THEOR. 

The  square  of  the  second  semiaxis  (CM9  see  Jig*  to  prec.  prop.  J,  of 
an  ellipse  or  hyperbola  CBPJ,  is  equal  to  the  difference  of  the 
squares  of  the  principal  semiaxis  (CB)9  and  tne  eccentricity 
(CF)9  or  to  the  rectangle  under  the  distances  of  either  focus 
(as  FJ9  from  the  principal  vertices  (A  and  B)9  or  of  either 
principal  vertex  (as  B)9  from  the  focuses  (E  and  F). 

In  the  ellipse  (see  fig.  1),  draw  MF,  which  is  equal  to  CB 
[Cor*  1.  1  &«/>•];  whence,  in  the  triangle  CFM,  right-angled 
at  C,  the  square  of  CM  is  equal  to  the  difference  of  the  squares  of 
MF  and  CF  [47.  1  Eu.\  or  of  CB  and  CF,  or,  which  is  equal 
[8du*.  6.  2  Eu.\  to  the  rectangle  AFB  or  EBF. 

In-  the  hyperbola  (see  fig.  2),  draw  MB,  which  is  equal  to  CF 
[Def.  5.  1.  Sup.']  ;  whence,  in  the  triangle  CBM,  right  angled 
it  C,  the  square  of  CM  is  equal  to  the  difference  of  the  squares 
of  MB  and  CB  [47.  1  Eu.],  or  of  CF  and  CB,  or,  which  is  equal 
[Schel.  6.  2  Eul9  to  the  rectangle  AFB  or  EBF. 

Cor  1  •  Hence,  if,  in  ellipses,  there  be  taken  two  points  (E 
and  F,  see  fig.  1),  in  the  principal  axis  (AB),  the  rectangle  under 
the  distances  of  each  of  which  from  the  principal  vertices  (A 
and  B,  namely,  the  rectangle  AEB  or  AFB),  is  equal  to  the 
square  of  the  second  semiaxis  (CM),  which  may  be  done  by 
cor.  2.  5  and  6.  2  Eu.  these  points  are  the  focuses  of  the  ellipse. 

Cor.  2.  In  like  manner,  if,  in  hyperbolas,  there  be  taken 
two  points  (E  and  F,  see  fig.  2),  in  the  principal  wis  (AB)  prti- 
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duced  both  ways,  the  rectangle  under  the  distances  of  each  of 
which  from  the  principal  vertices  (A  and  B,  namely,  the  rectan- 

?;leAEB  or  AFB),  is  equal  to  the  square  of  the  second  semiaxis 
CM),  which  may  be  done  by  cor.  3.  5  and  6.  2  Eu.  these  points 
are  the  focuses  of  the  hyperbola  or  opposite  hyperbolas. 

PROP.  III.  THEOR. 

The  sum  of  the  distances  (  GE  and  GF,  see  jig.  I  J,  of  any  point 
(G)  without  an  ellipse  (JLPB),  from  the  focuses  (E  and  FJ9 
is  greater 9  of  any  point  (H)  within  it,  less,  than  the  principal 
axis  fJlBJ. 

And  the  difference  of  the  distances  (  GE  and  GF9  see  jig.  2),  of  any 
point  (G)  without  opposite  hyperbolas  (AOand  BPjffrom  the 
focuses  (E  and  Fj9  is  less,  of  any  point  (H),  within  one  of  them 
(BP),  greater,  than  the  principal  aacis  (JIB). 

And  the  distance  (GF,  see  jig.  3  J,  of  any  point  (G)  without  a 
parabola  (KP , ,  from  the  focus  (F)9  is  greater,  of  any  point 
(H)  within  it,  less,  than  the  distance  of  the  same  point  from  the 
directrix  (DO). 

Fart  l9jig  1.  Let  FG,or  FH 
produced,  meet  the  ellipse  in  P  j 
and  EG  and  GF  together,  are 
greater,  and  EH  and  HF  together, 
less,  than  EP  andPF  [21.  1  Eu.], 
or,  which  is  equal  [1.1  Sup'],  AB. 

Part  2,  jig.  2.  Let  GF  meet  the 
hyperbola,  BP  in  P,  and  because 
EG  is  less  than  EP  and  PG  to- 
gether [20.  1  Eu],  the  excess  of  *\$^-\q 
EG  above  GF,  is  less  than  the 
excess  of  EP  and  PG  together 
above  GF  [Ax.  5.  I  Eu.],  or,  of 
EP  above  PF,or  [l.  1  Sup.],  AB. 

And  the  difference  of  EH  and 
HF  is  greater  than  AB. 

For,  having  drawn  HE  meeting 
the  hyperbola  HP  in  K,  and  join- 
ed KF ;  because  HF  is  less  than 
HK  and  KF  together  [20.  1  En.], 
the  excess  of  EH  above  HF,  is 
greater  than  the  excess  of  EH 
above  HK  and  KF  together,  or  of 
EK  above  KF,  or  [1.  1  Sup.],  AB. 

Part  3,  jig.  3.  Join  GF  and  HF, 
and  draw  GL  and  HD  perpendicu- 
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lar  to  DO  ;  and,  because  G  is  without  the  parabola  and  F  within 
it,  6F  meets  the  parabola,  as  in  P,  and,  for  the  same  reason,  HD 
meets  it,  as  in  K ;  draw  PO  perpendicular  to  DO,  and  join  KF 
and  GO  ;  and  PF  and  PO  being  equal  [Def.  8.  1  Sup.],  GF  is 
equal  to  GP  and  PO  together  [Jx.  2.  1  Eu],  and  therefore,  GP 
and  PO  together  being  greater  than  GO  [20.  1  Eu.],  and  GO 
than  GL  [Cor.  1.  19.  1  Eu.],  GF  is  greater  than  GL.  And  HF 
islessthan  HR,  KF  together  [20. 1  Eu.],  or,  KB  being  equal  tp 
KF  [Be/.  8.  1  Sup.],  than  HD. 

PROP.  IV.  THEOR. 

If  the  sum  of  the  distances  of  any  point  from  the  focuses  CE  and  F9 
see  fig.  1  above ) ,  of  an  ellipse,  be  equal  to  the  principal  axis 
CAB),  that  point  is  in  tlie  ellipse  ;  if  that  sum  be  greater,  it  is 
without,  if  less,  within  the  same. 

If  the  difference  of  tlie  distances  of  any  point  from  the  focuses  (E 
and  F,  see  fig.  2  aboroe),  of  a  hyperbola,  be  equal  to  the  princi- 
pal axis,  that  point  is  in  one  of  tlie  opposite  hyperbolas  ;  if  that 
difference  be  less,  it  is.  without  both,  if  greater,  within  one  of 
them. 

And  if  the  distance  of  any  point  from  the  focus  (F,  see  fig.  3 
db<roe)  9  of  a  parabola,  be  equal  to  its  distance  from  the  directrix 
(DO),  that  point  is  in  the  parabola  ;  if  the  distance  from  the 
focus  be  greater,  tlie  point  is  without,  if  less,  within  it. 

Fart  1.  Fig.  1.  If  the  sum  of  EP  and  PF  be  equal  to  ABf 
P  is  in  the  ellipse ;  for,  if  V  were  without  the  ellipse,  that  sum 
would  be  greater,  if  within  it,  less,  than  AB  [3.  1  Sup.],  contra- 
ry to  the  supposition. 

If  the  sum  of  EG  and  GF  be  greater  than  AB,  G  is  without 
the  ellipse ;  for,  if  G  were  in  the  ellipse,  that  sum  would  be  equal 
to,  if  within  it,  less  than  AB  [l  and  3.  1  *up],  contra  hyp. 

And  if  the  sum  of  EH  and  HF  be  less  than  AB,  H  is  within 
the  ellipse  ;  for,  if  H  were  in  the  ellipse,  that  sum  would  be  equal 
to,  if  without  it,  greater  than  AB  (l  and  3. 1  Sup.),  contra  hyp. 

Part  2,  fig.  2.  If  the  difference  of  EP  and  PF  be  equal  to 
AB,  P  is  one  of  the  opposite  hyperbolas  ;  for,  if  P  were  without 
both  of  them,  that  difference  would  be  less,  if  within  one  of  them, 
greater,  than  AB  (3,  1  Sup.),  contra  hyp. 

If  the  difference  of  EG  and  GF  be  less  than  AB,  G  is 
without  both  of  the  opposite  hyperbolas ;  for,  if  G  were  in 
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one  of  these  hyperbolas,  that  difference  would  be  equal  to,  if 
within  one  of  them,  greater  than,  AB  (l  and  3.  1  Sup.),  contra 
hyp. 

And  if  the  difference  of  EH  and  HF  be  greater  than  AB,  H 
is  within  one  of  the  opposite  hyperbolas  ;  for,  if  H  were  in  one 
of  them,  that  difference  would  be  equal  to,  if  without  both  of  them, 
less  than,  AB  (1  and  3.  1  Sup.),  contra  hyp. 

Part  3,  jig.  3.     If  PF  drawn  to  the  focus  be  equal  to  PO 
drawn  perpendicularly  to  the  directrix,  P  is  in  the  parabola ; 
'  for,  if  P  were  without  the  parabola,  PF  would  be  greater,  if 
within  it,  less  than  PO  (3.  1  Sup.),  contra  hyp. 

If  GF  drawn  to  the  focus  be  greater  than  GL  drawn  perpen- 
dicularly to  the  directrix,  G  is  without  the  parabola  ;  for,  if  G 
were  in  the  parabola,  GF  would  be  equal  to,  if  within  it,  less 
than,  GL  (1  and  3.  1  Sup.  J,  contra  hyp. 

And  if  HF  drawn  to  the  focus  be  less  than  HD  drawn  per- 
pendicularly to  the  directrix,  H  is  within  the  parabola ;  for,  if 
H  were  in  the  parabola,  HF  would  be  equal  to,  if  without  it, 
greater  than,  HD  (1  and  3. 1  Sup.  J  contra  hyp. 

PROP.  V.  TllEOR. 

Any  diameter  of  an  ellipse  or  hyperbola  is  bisected  in  the  centre. 

If  the  diameter  be  an  axis,  the  JjW 
proposition  is  demonstrated  in  1.  1  / 
Sup. 

But  if  it  be  any  other  diameter, 
as  QP,  (see  fig.  1  and  2),  C  being 
the  centre,  QP  is  bisected  in  C. 

For  if  QC  and  CP  be  not  equal, 
let  one  of  them,  as  CP,  if  possible, 
be  greater  than  the  other  QC,  and  _.  0 
take  on  CP,  a  part  CR  equal  to  CQ,  *V>  *• 
and  to  the  focuses  E,  F,  draw  PE, 
PF,  QE,  QF,  RE  and  RF,  and  join 
EF,  producing  it,  in  fig.  1,  both 
ways,  to  the  principal  vertices  A  and 
B. 

The  trianglesECR,  QCF  (see  both 
fig.),  having  the  sides  EC,  CR  and 
angle  ECR,  severally  equal  to  FC, 
CQ  and  the  angle  FCQ,  the  fight 
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ER  and  FQ  are  equal  [4.  1  En.] ;  for  the  same  reason,  FR 
and  EQ  are  equal,  therefore  the  sum  in  fig.  1 ,  and  difference  in 
fig.  2,  of  ER  and  RF  is  equal  to  the  sum  or  difference,  ad  the 
case  may  be,  of  FQ  and  QE,  or,  which  is  equal  [1.1  Sup.  j  of 
EP,  PF.  But  this  is  absurd,  in  fig.  1,  ER,  RF  being  less  than 
EP,  PF,  [21.1  Eu.],  therefore  CP  is  not  greater  than  CQ  in 
that  case ;  in  like  manner  it  may  be  proved,  that  CP  is  not  less 
than  CQ,  therefore  CP  and  CQ  are  equal,  and  QP  is  bisected 
in  C,  in  the  case  of  the  ellipse,  fig.  1. 

And  in  the  case  of  the  hyperbola,  fig.  2,  besides  the  above 
construction,  on  PE  take  PG  equal  to  PF,  and  on  RE,  RH 
equal  to  RF  ;  join  RG  and  GH,  divide  EF  in  K,  so  -that  EK 
may  be  to  KF,  as  EP  to  PF  [Cor.  1.  10.  6  Bu.],  and  join  PK  : 
and,  since  the  triangles  ECP  and  FCP  have  the  sides  EC  and 
CP  severally  equal  to  FC  and  CP,  but  the  obtuse  angle  ECP 
is  greater  than  the  acute  angle  FCP,  the  base  EP  is  greater 
fttnthe  base  FP  [24.  1  Eu.],  therefore  ER  is  greater  than  KF 
pnstr.  and  cor.  13,  5  En.\  therefore  EC  and  CF  being  equal 
Def.  5.  1  Sup.],  the  point  K  falls  between  C  and  F ;  and, 
because  EP  is  to  PF,  as  KK  to  KF  [constr.],  the  angle  EPK 
is  equal  to  KPF  [3.  6  Eu.]f  therefore  the  angle  EPC  is  less 
than  CPF ;  whence,  the  triangles  GPR  and  FPR  having  the 
sides  GP  and  PR,  severally  equal  to  FP  and  1>R,  but  the  angle 
GPR  less  than  FPR,  the  base  GR  is  less  than  the  base  RF 
[24. 1  Eu.],  or  its  equal  RH  ;  therefore  the  angle  RHG  is  less 
than  RGH  [18.  1  Eu.],  and  therefore  acute  [32.  1  Eu.]9  and  so 
file  angle  EHG  is  obtuse  [13.  1  Eu.],  and  therefore  EGH  acute 
[3£.  1  Em.]  $  therefore  EG,  the  excess  of  EP  above  PF,  is 
greater  than  EH,  the  excess  of  ER  above  RF  [19.  1  Eu.]  ;  but 
these  excesses  are  above  proved  to  be  equal,  which  is  absurd  ; 
therefore  Cr  is  not  greater  than  CQ  ;  in  like  manner  it  may  be 
proved,  that  it  is  not  less,  therefore  CP  and  CQ  are  equal,  and 
QP  is  bisected  in  C,  in  the  case  of  the  hyperbola,  fig.  2. 
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PROP.  VI.  THEOR. 


•  ■* 


The  ratio  of  the  distance,  of  any  point  of  a  conick  section  from  a 
focus,  to  tlie  distance,  of  tlie  saint  point  from  the  directrix  adja- 
cent to  that  focus,  is  always  the  same,  whatever  point  of  the 
section  be  taken. 


First,  let  the  figure  be  an  ellipse  or  hyperbola,  and  let  PF 
(see  all  the  four  figures),  be  a  right  line  drawn  from  any  point 
P  of  the  section,  to  a  focus  F,  and  PK,  a  perpendicular,  let  fall 
from  P,  on  the  directrix  DK  adjacent  to  that  focus  ;  let  AB  be 
the  principal  axis,  and  C  the  centre,  of  the  section.  The  ratio 
of  PF  to  tyK  is  the  same,  wherever  in  the  section  the  point  P  be 
taken. 

Let  E  be  the  other  focus  of  the  section,  join  EP,  let  fall  the 
perpendicular  PH  on  AB,   and  from  B,  the  principal  vertex  ' 
adjacent  to  F,  towards  H,  take  BG-  equal  to  PF. 

The  rectangle  under  the  sum  and  difference  of  EP  and  ?F,  is 
equal  to  the  rectangle  under  the  sum  and  difference  of  EH  and 
HF  [Cor.  1.  5  and  6.  2  Eu.~\,  whence  the  rectangles  under  the 
half  sums  and  half  differences  of  these  right  lines,  being  similar 
to  those  under  their  sums  and  differences  [Def.  1.  6  Eu.],  are  to 
each  other  in  the  same  ratio,  as  the  rectangles  under  those  sums 
and  the  differences  [15.  5  and  22.  6  Eu.]9  which  ratio  being  that 
of  equality,  the  rectangle  under  the  half  sum  and  half  difference 
of  EP  and  PF,  is  equal  to  the  rectangle  under  the  half  sum  and 
half  difference  of  EH  and  HF  ;  but,  in  the  ellipse,  CB  is  half  the 
£um,  and  CG  half  the  difference,  and,  in  the  hyperbola,  CB  is 
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half  the  difference,  and  CG  half  the  sum,  of  EP  and  PF  [1. 1 
Sup.  and  con$tr*~]9  and,  when  the  point  H  falls  between  E 
and  F,  as  in  fig.  1  and  3,  CF  is  half  the  sum*  and  GH 
half  the  difference,  and,  when  otherwise,  as  in  fig.  2  and  4, 
CF  is  half  the  difference,  and  CU  half  the  sum,  of  EH  and  HF 
[Def.  3  and  5. 1  SupJ];  therefore,  in  every  case,  the  rectangle  un- 
der CB  and  CG  is  equal  the  rectangle  under  CF  and  CH,  and  so 
CG  is  to  CH,  as  CF  to  CB  [16.  6  Eu.],  or,  which  is  equal  [Def. 
18.  1  8up.]9  as  CB  to  CD ;  and,  by  alternating,  CG  is  to  CB,  as 
CH  is  to  CD  [  1 6. 5  Eu.] ;  therefore,  in  the  cases  of  fig.  2  and  4,  the 
sum,  and  in  those  of  fig.  1  and  3,  the  difference,  of  CG  and  CB, 
or  BG,  or  its  equal  [constr.]  PF,  is  to  CB,  as  HD,  the  sum  or 
difference,  as  the  case  may  be,  of  CH  and  CD,  or  its  equal  [34. 

lib.]  PK,  is  to  CD  [ir  and  18.  5  Eu.]  ;  and,  by  alternating, 
PF  is  to  PK,  as  CB  is  to  CD  [16.  5  Eu.]9  or,  which  is  equal 

[Dff.  18.  1  Sup.]9  as  CF  is  to  CB,  and  therefore  in  a  constant 

ratio,  and  always  the  same,  wherever  in  the  section  the  point  P 

betaken. 
In  the  case  of  a  parabola,  the  ratio  of  these  .distances  is  always 

the  same,  being  the  ratio  of  equality  [Be/*  8.  1  Sup].' 
Scholium.    Tliis  ratio  is  called  the  determining  ratio  of  the 

section,  and,  in  the  ellipses  and  hyperbolas,  is  the  same,  as  that 

tffte  eccentricity  (CF)  to  the  principal  semiaxis  (CB). 


220 


EXBIO&CTTS  OT   G*01O5TRT.        ST7FFMM  B!CT. 


PROP.  VII.  THEOR. 


The  ratio,  of  the  distance,  of  any  point  within  a  conick  section,  or 
either  of  the  opposite  sections,  from  a  focus,  to  its  distance  from 
the  directrix  adjacent  to  thatjocus*  is  less,  of  any  point  with- 
out, greater,  than  the  determining  ratio.  ,  4 
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First.  Let  the  point  M  be 
Within  the  section,  F  being 
the  focus  within  the  same, 
and  SK  the  adjacent  directrix, 
let  FM  produced  meet  the 
section  in  P,  and  let  fall  the 
perpendiculars  PD  and  M6 
on  SK,  draw  DF  meeting 
MG  in  H ;  and,  because  of  the 
equiangular  triangles  FMH  28 
and  FPD,  FM  is  to  MH, 
as  FP  to  PD  [4.  6  En.],  but  the  ratio  of  FM  to  MG  is  less 
than  that  of  FM  to  MH  [8.  5  Eu.],  and  therefore  than  that  of 
FP  to  PD,  or  the  determining  ratio. 

Secondly.  Let  the  point  N  be  without  the  section,  being  on 
the  same  side  of  the  directrix,  as  the  focus  F,  join  NF  meeting 
the  section  in  P,  let  fall  the  perpendicular  NKon  DG,  join  Kb, 
meeting  PD  in  L  ;  and,  because  of  the  equiangular  triangles 
FNK  and  FPL,  FN  is  to  NK,  as  FP  is  to  PL  [4.  6  JSu.],  but 
the  ratio  of  FP  to  PL  is  greater  than  of  FP  to  PD  [8.  5  Eu."], 
therefore  the  ratio  of  FN  to  NK  is  also  greater  than  of  FP  to 
PD,  or  the  determining  ratio. 

Thirdly.  Let  the  point  0  be  on  the  other  side  of  the  direc- 
trix SK  of  an  ellipse  or  parabola,  with  respect  to  the  focus  F  ; 
join  FO,  cutting  the  section  in  Q,  and  the  directrix  in  R  ;  draw 
OS  and  Q  V  perpendicular  to  the  directrix,  join  FT,  which  produce 
to  meet  SO  produced  in  Z  ;  and,  because  of  the  equiangular 
triangles  ZOF  and  TQF,  FO  is  to  OZ,  as  FQ  is  to  QT ;  but 
QT  is  not  less  than  FQ  [Def.  8  and  Cor.  6.  1  8upJ]9  therefore 
ZO  is  not  less  than  OF  [Cor.  13. 5  Eu.~\,  but  OF  is  greater  than 
OS  [9  Ax.  and  Cor.  19.  1  Eu.],  therefore  ZO  is  greater  than 
OS,  and  so  the  ratio  of  FO  to  OS  is  greater  than  of  FO  to  OZ 
[8.  5  Eu.],  or,  because  of  the  equiangular  triangles  ZOF  and 
TQF,  of  FQ  to  QT,  or  the  determining  ratio. 
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Fourthly.    Let  M  be  within  the 
opposite  hyperbola*    Join  FM  cut- 
ting the  opposite  hyperbola  in  P, 
let  fall  the  perpendiculars  MG  and 
PD  on  the  directrix  SK,  join  FD, 
which  produce  to  meet  MG,  as  in 
H ;  and,  because  of  the  equiangu- 
lar triangles  FMH,  FPD,  FM  is 
to  MH,  as  FP  to  PD  [4.  6  Eu], 
but  the  ratio  of  FM  to  MG  is  less 
than  of  FM  to  MH  [8.  5  Eu.]9  and  therefore  than  of  FP  to  PD, 
or  the  determining  ratio. 

Lastly.  Let  the  point  N  be  taken  any  where  between  the 
directrix  SK  and  the  opposite  hyperbola.  Draw  NK  perpen- 
dicular to  SK,  which  produce  to  meet  the  opposite  hyperbola  in 
Q ;  join  FQ,  and  draw  QR  parallel  to  the  directrix,  meeting 
FN  produced  in  R  ;  draw  RS  parallel  to  QK,  join  FK,  and 
produce  it  to  meet  RS  in  T.  And,  because  the  angle  FRQ 
belonging  to  the  right  angled  triangle  NQR  is  acute,  and  FQR 
not  acute,  FR  is  greater  than  FQ  [19.  1  En.~]  ;  but,  because  of 
the  equiangular  triangles  FNK  and  FRT,  the  ratio  of  FN  to 
NK  is  the  same,  as  of  FR  to  RT  [4.  6  Eu.\  and  therefore  [8.  5 
JB*]  greater  than  that  of  FR  to  RS  or  QK,  or,  [8.  5  Eu.],  of 
FQ  to  QK,  or  the  determining  ratio. 


PROP.  VFII.  THEOR. 

If  the  distance  of  any  point  from  a  focus  of  a  conick  section,  be  to 
its  distance  from  the  directrix  adjacent  to  that  focus,  in  the  deter- 
mining ratio,  that  point  is  in  the  section,  or,  in  tlie  case  of  a 
hyperbola,  in  one  of  the  opposite  sections  ;  if  in  a  less  ratio,  than 
the  same  determining  one,  the  point  is  within,  if  in  a  greater, 
without  the  section  or  sections,  as  the  case  may  be. 

Part  1.  Let  the  distance  FP  (see  1st  fig.  of  preceding  prop.}, 
of  any  point  P,  from  the  focus  F  of  a  conick  section,  be  to  its 
distance  PD  from  the  directrix  SK  adjacent  to  that  focus,  in  the 
determining  ratio.  P  is  in  the  section,  or,  in  the  case  of  a  hy- 
perbola, in  one  of  the  opposite  sections. 

For,  if  P  be  not  in  the  section,  it  must  be  either  within,  or 
without  the  section  or  sections  ;  it  is  not  within,  for  if  it  wer^ 
the  ratio  of  FP  to  PD  would  be  less  than  the  determining  ratio 
[7. 1  &np.li  contrary  to  the  supposition  ;  neither  is  it  without, 
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for  then  the  ratio  of  FP  to  PD,  would  be  greater  than  that 
ratio  [7.  1  Sup.]9  which  ip  also  contrary  to  the  supposition.     • 

Part  2.  Let  now  the  ratio  of  the  distances  of  any  point,  as 
M,  from  the  focus  and  adjacent  directrix,  be  less  than  the  deter- 
mining ratio,  that  point  is  within  the  section,  or  one  of  the  oppo- 
site sections  ;  for  if  it  were  in  the  section  or  its  opposite,  the* 
ratio  of  the  distance  of  that  print  from  the  focus  to  its  distance 
from  the  directrix,  would  be  equal  to,  if  without  the  section,  or 
in  the  case  of  a  hyperbola,  both  of  the  opposite  sections,  greater 
than,  the  determining  ratio  [6  and  7.  1  Sup.],  both  of  which  art 
contrary  to  the  supposition. 

Part.  3.  '  Let  lastly  the  ratio  of  the  distances  of  any  point, 
as  N,  from  the  focus  and  adjacent  directrix,  be  greater  than  the 
determining  ratio,  that  point  is  without  the  section  or  opposite 
section^  ;  for  if  were  in  the  section  or  its  opposite,  the  ratio  of 
the  distance  of  that  point  from  the  focus  to  its  distance  from  the 
directrix,  would  be  equal  to,  if  within  the  section,  or,  in  the 
cafee  of  a  hyperbola,  either  of  the  opposite  sections,  less  than* 
the  determining  ratio  [6  and  7. 1  Sup],  both  of  which  are  contra- 
ry to  the  supposition. 

PROP.  IX.  THEOR. 

Every  right  line,  joining  two  points  of  a  conick  section,  falls  wholly 

within  the  section. 


K 


Xet  OP  be  a  right  line  joining  two  points  jjl 
O  and  P  of  a  conick  section.  OP  falls  -, 
wholly  within  the  same.  ***• 

Let  F  be  a  focus  of  the  section  in  which  £}. 
the  points  O  and  P  are  and  DR  the  direc- 
trix adjacent  thereto.    Take  any  point 
whatever  K  in  OP  ;  join  OF,  KF  and 
PF,  and,  on  the  directrix  DR,  let  fall  the 

J^rpendiculars  OG,  KH  and  PD  ;  draw 
»L  parallel  to  OF,  and  equal  to  PF,  join 
FL,  through  K,  draw  KM  parallel  to  OF  or  PL,  meeting  FL 
in  M,  and  join  DL,  HM  and  GF,  and  produce  PO,as  toQ. 

Because  of  the  right  angles  OGR,  PDR,  GO  is  parallel  ta 
DP  (28.  1  Eu.\  therefore  the  external  angle  GOQ  is  equal  to 
the  internal  remote  DPO  (29.  1  Eu.);  for  a  like  reason,  the 
angle  QOF  is  equal  to  OPL  ,•  therefore  the  whole  angle  GOF  » 
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equal  to  the  whole  Angle  DPL  (Ax.  2. 1  Eu.)  ;  and  GO  is  to  OF, 
as  DP  is  to  PF  16.  1  Sup.),  or  its  equal  (Conxir.)  PL ;  there- 
fore the  triangles  60F  and  DPL  are  equiangular  (6.  6.  Eu.)f 
and  the  angles  OGF  and  PDL  equal,  which  being  taken  from 
the  right  angles  OGR  and  DPR,  the  remaining  angles  t<$R  and 
LDR  are  equal,  and  therefore  GF  and  DL  parallel  (28.  1  Eu). 

And  because  of  the  parallels  DP,  HK  and  GO,  the  right  line 
GH  is  to  HD,  as  OR  is  to  KP,  for  if  GD  and  OP  were  parallel, 
OK  and  KP  would  be  equal  to  GH  and  HD  (34.  1  Eu.),  and 
therefore  in  the  same  ratio,  as  these  right  lines  (Cor.  2.  7.  5 
En.),  and  if  GD  and  OP  were  not  parallel,  they  would  meet, 
and,  with  a  right  line  joining  their  remote  extremes,  form  a 
triangle,  and  then  GH  would  be  to  HD,  as  OK  to  KP  {Cor.  2. 
10.  6  Eu.)i  for  a  like  reason,  because  of  the  parallels  OF,  KM 
and  PL,  FM  is  to  ML,  as  OK  to  KP  ;  therefore  GH  is  to  HD, 
as  FM  is  to  ML  (11.  5  Eu.) ;  whence,  GF  being  parallel  to 
DL,  HM  is  parallel  to  each,  for  if  it  were  not,  a  right  line  drawn 
through  its  intersection  either  with  G  D  or  FL,  as  through  H,. 
parallel  to  DL,  would  meet  the  other  FL,  in  a  point  different^ 
from  M,  and,  by  a  similar  reasoning  to  that  used  above  abouT 
GD  and  OP,  might  be  shewn,  to  cut  the  right  lines  GD  and 
FL  proportionally,  therefore  the  ratio  of  FM  to  ML  would  not 
be  equal  to  that  of  GH  to  HD  (8  and  13.  5  Eu.),  contrary  to 
what  has  been  just  proved,  therefore  HM  is  parallel  to  GF  or 
DL 

And  the  angle  HKM  may  in  like  manner,  as  GOF  has  been, 
be  proved  equal  to  DPL,  and  because  HM  is  parallel  to  DL, 
the  external  angle  MHR  is  equal  to  the  internal  remote  LDR 
(29. 1  Eu.),  which  being  taken  from  the  right  angles  KHR  and 
PDR,  the  remaining  angles  KHM  and  PDL  are  equal,  there- 
fere  the  triangles  HKM  and  DPL  are  equiangular  (S£.  1  Eu.), 
and  so  KM  is  to  KH,  as  PL,  or  its  equal  PF  is  to  PD  (4.  6 
&•) ;  and,  because  PF  is  equal  to  PL,  the  angle  PFL  is  equal 
to  PLF  (5.  1  Eu.),  or  its  equal  (29.  I.  Eu.)  KMF  ,•  whence  the 
angle  KFM,  being  greater  than*  PFM  (Jx.  9.  1  Eu.),  is  also 
greater  than  KMF,  and  therefore  KM  is  greater  than  KF  (19. 
1  Eu.),  and  of  course  the  ratio  of  KF  to  KH  is  less  than  that  of 
\  KM  to  KH  (8.  5  £n.),  or,  which  has  been  just  proved  equal, 
of  PF  to  PD,  or  the  determining  ratio  ;  therefore  the  point  K  is 
Within  the  section  (8. 1  Sup). 

In  like  manner  it  may  be  proved,  that  any  point  whatever  in 
{he  right  line  OP  is  within  the  section ;  therefore  the  same  right 
line  OP  is  wholly  within  the  section* 
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Cor.  1.  If  two  right  lines  be  cut  by  three  or  more  parallel 
right  lines,  they  are  cut  proportionally  ;  it  having  been  demon- 
strated in  this  proposition,  from  the  parallelism  of  GO,  HK  and 
I)PJ(t}|at  GH  is  to  HD,  as  OK  to  KP  ;  and  a  like  reasoning 
being  jaralicable  to  a  greater  number  of  parallel  right  lines. 

Cor.*%.  'If  two  right  lines  (CP,  FL)  be  cut  proportional]/ 
by  three  right  lines  (GF,  HM  and  DL),  two  of  which  are  paral- 
lel to  each  other,  the  third  is  parallel  to  the  other  two  :  it  haying 
been  demonstrated  in  this  proposition,  from  GD  and  FL  being 
cut  proportionally,  and  GF  being  parallel  to  DL,  that  HM  is 
parallel  to  both. 

Cot*  3.  If  two  right  lines  meeting  each  other,  be  parallel  to 
two  others  meeting  each  other,  the  angle  made  by  the  former,  i» 
equal  to  that  made  by  the  latter  towards  the  same  part:  it 
having  been  demonstrated  in  this  proposition,  from  the  paral- 
lelism of  GO  and  OF  to  DP  and  PL,  that  the  angle  GOFis 
equal  to  Di  L. 

Vcltolium.  In  this  3d  cor.  it  is  required,  that  the  angles  bo 
towards  the  same  part,  for  if  DP  and  LP  were  produced  beyond 
P,  they  would  form  four  angles  about  that  point,  whereof  DPL 
and  its  opposite  would  be  equal  to  GOF,  and  either  of  the 
other  two,  its  complement  to  two  right  angles,  as  is  manifest 
from  IS.  1  Eu. 


PROP.  X.  THEOR. 

•fl  right  line,  passing  through  any  point  of  a  conick  section,  a*& 
bisecting,  in  the  case  of  an  ellipse,  an  angle,  in  continuation  to 
that;  formed  by  right  lines,  drawn  front  that  point  to  tliefocu&c*  5 
and,  in  the  case  of  a  hyperbola,  the  angle  so  formed  by  rigM 
lines  drawn  to  the  focuses,  touches  the  section,  in  that  point  ml$: 
as  does,  in  the  case  of  a  parabola,  a  right  line,  passing  through 
any  point  of  the  section,  and  bisecting  the  angle  formed  by  ii# 
right  lines,  drawn  from  tliat  point,  one  to  the  focus,  and  the  othe 
perpendicularly  to  the  directrix. 

Let  GPK  be  a  right  line,  passing  through  any  point  P  of 
conick  section,  see  fig.  l,  2  and  3,  and  bisecting,  in  the  case  * 
an  ellipse,  fig.  1,  the  angle  FPH,  which  is  in  continuation  * 
that  E1F,  formed  by  right  lines  PE  and  PF  drawn  from  P  * 
the  focuses  E  and  F  ;  in  the  case  of  a  hyperbola,  fig.  2,  tl> 
angle  EPF,  so  formed  by  right  lines  PE  and  PF  drawn  * 
the  focuses  \  and,  in  the  case  of  a  parabola,  fig.  3,  the  an^l 
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[PF,  formed  by  right  lines  PF 
nd  PH,  drawn  from  P,  to  the  fo- 
ils F,  and  perpendicularly  to 
he  directrix  DH ;  the  right  line 
?K  is  in  each  of  the  cases,  a  tan- 
;ent  to  the  section. 

Case  1.    When  the  figure  is  an 
ill  ipse  (see  fig.  1). 
Take;  any  point  whatever  in  GPK, 
except  P,  as  G,  and  on  EP  produc- 
ed, take  PH  equal  to  PF,  and  join 

GE,  GF  and  GH  ;  in  the  triangles 
OFF  and  GPH,  the  sides  GP  and 
PF  are  severally  equal  to  GP  and 
PH,  and  the  included  angles  GPF 
and  GPH  are  equal,  being  the  same 
as  the  angles  FPK    and    HPR, 
which  are  equal  by  hyp.  when  G  is  taken  with-  H 
in  the  angle  FPH,  and,  when  taken  other-  ^ 
wise,  the  complements  of  these  equal  angles 
to  two  right  angles  (13.  1  Eu.)9  therefore  GF 
is  equal  to  GH  (4.  1  Eu).    But  in  the  trian-   a> 
gle  EGH,  the  sides  EG  and  GH  or  its  equal  z 

GF,  are  together  greater  than  EH  (20.  1 
Eu.),  or,  which  is  equal  (Constr.  and  Ax.  2. 
X  Eu.),  than  EP  and  PF  together ;  therefore  the  point  G  is 
without  the  ellipse  (4.  1  Sup).  In  like  manner  any  point  what- 
ever in  GPK,  except  P,may  be  proved  to  be  without  the  ellipse  ; 
and  therefore  PK,  meeting  the  ellipse  in  the  point  P,  and,  if 
produced  both  ways,  falling  wholly  without  it,  touches  it  in,  that 
3pointonly  (Def.  10.  1  Sup). 

Case  2.    When  the  figure  is  a  hyperbola,  see  fig.  2, 
Take  any  point  whatever  in  GPK,  except  P,  as  G,  on  PE,  take 
PH  equal  to  PF,  and  join  GE,  GF  and  GH;  and,  in  like  manner 
as  in  the  preceding  case,  GF  and  GH  may  be  proved  equal. 
And  since,  in  the  triangle  EGH,  EG  is  less  than  EH  and  HG 
together  (20.  1  Eu.),  taking  from  each  GH,  the  excess  of  EG 
above  GH  or  GF,  is  less  than  EH  (Ax.  5.  1  Eu.),  or,  than  the 
excess  of  FP  above  PH,  or  PF  or  (l."  1  Sup.)f  than  AB  ;  there- 
fore the  point  G  is  without  the  hyperbola  (4.  1  Sup*),  whence  it 
follows,  as  in  the  preceding  case,  that  PK  meeting  the  hyper- 
bola in  P,  and,  if  produced  both  ways,  falling  wholly  with- 
out it,  touches  it  in  that  point  only  (Def.  10. 1.  Sup). 
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Case  3.     When  the  figure  is  a  parabola,  see  fig.  3. 

Take  any  point  whatever  in  GPK,  except  P,  as  G,  draw  GL 
at  right  angles  to  DH,  and  join  GF  and  GH  ;  and,  in  like  man- 
ner as  in  the  first  case,  GF  and  Gil  may  he  proved  equal ;  and, 
in  the  triangle  GLH,  because  the  angle  GLH  is  a  right  angle, 
the  angle  GHL  is  acute  (32.  1  Eu.)9  therefore  GH,  or  its  equal 
GF,  is  greater  than  GL  (19.  1  Eu.),  and  so  the  point  G  is  with- 
out the  parabola  (4.  1  Sup.),  and  therefore,  as  in  the  two  pre- 
ceding cases,  PK,  meeting  the  section  in  P,  and,  if  pro- 
duced both  ways,  falling  wholly  without  it,  touches  it  in  that 
point  only  (Bef.  10.  1  Sup  J. 

Scholium.  In  like  manner  it  may  be  proved,  that  a  right  line 
BR,  see  fig.  1,  2  and  3,  perpendicularly  meeting  the  principal 
axis  BF  of  a  conick  section,  in  its  vertex,  touches  the  section  in 
that  point*  Take  any  point  whatever  in  BR,  except  B,  as  R  j 
and,  in  fig.  1,  drawing  ER  and  FR,  in  the  right  angled  triangles 
EBR  and  FBR,  ER  is  greater  than  EB  (Cor.  19.  1  Eu.),  and 
FR  than  FB  (by  the  same),  therefore  ER  and  FR  together,  are 
greater  than  EB  and  FH  together,  or  AB,  and  so  R  is  without 
the  section  (4-  1  Sup.)  :  in  the  case  of  fig.  2,  having  taken  on 
BE,  a  part  BX  equal  to  BF,  and  drawn  ER,  FR  and  XR,  the 
right  lines  XR  and  FRare  equal  (4.  1  Eu.) ;  whence,  ER  being 
less  than  EX  and  XR  together  (20.  1.  Eu.),  taking  from  each 
XR,  the  excess  of  ER  above  XR  or  above  FR,  is  less  than  EX 
(Ax.  5. 1  Eu.),  or  than  the  excess  of  EB  above  XB,  BF  or  EA» 
or,  (1.  1.  Sup.),  than  AB,  and  so  R  is  again  without  the  section 
-(4.  1  Sup.) ;  and,  in  the  case  of  fig.  3,  having  drawn  RF,  and 
NZ  perpendicularly  to  the  directrix,  RF  is  greater  than  BF 
(Cor.  1.  19.  1  EU.),  or  its  equal  (Bef.  8.  1.  bup.)  DB,  or,  which 
is  equal  (34.  1  Eu.)  ZR,  and  so  R  is,  in  this  case  also,  without 
the  section  (4.  1  Sup)-  Since  therefore,  in  every  case,  the  right 
line  BR  meets  the  section  in  B,  and,  being  produced  both  ways* 
falls  wholly  without  it,  BR  touches  the  section  in  that  point  only 
(Bef.  10.  1  Sup). 

The  case  of  a  right  line,  perpendicularly  meeting  the  second 
axis  of  an  ellipse,  in  its  vertex,  comes  under  the  first  case  of  this 
proposition  ;  since,  in  that  case,  the  right  line,  so  meeting  the 
second  axis,  forms  equal  angles  with  right  lines  drawn  from  its 
vertex  to  the  focuses,  and,  of  course,  bisects  the  angle  in  con- 
tinuation of  that  formed  by  them,  as  might  be  easily  shewn  from 
the  1st  figure  to  1.  1  Sup.  where  the  angles  EMC,  and 
FMC,  which  are  the  complements  of  the  others  to  right  angles, 
are  equal  (4.  1  EuJ. 
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Cor.  U    From  this  proposition  and  scholium,  it  appears,  how, 

the  focus  and  principal  vertex  of  a  parabola,  or  the  focuses  of  an 

ellipse .  or  hyperbola  being  given,  a  right  line  may  be  drawn 

touching  the  section  in  a  given  point.    Namely,  by  drawing 

from  the  given  point  in  the  case  of  a  parabola,  two  right  lines* 

one  to  the  focus,  and  the  other  perpendicularly  to  the  directrix  | 

and,  in  the  other  cases,  right  lines  to  the  focuses ;  the  right  line, 

bisecting  the  angle,  formed  by  the  right  lines  so  drawn,  in  the 

cases  ofa  hyperbola  or  parabola,  and  the  angle  in  continuation 

thereto,  in  the  case  of  an  ellipse,  is  a  tangent  to  the  section  (10.. 

1  8up\     But  if  the  given  point  be  the  vertex  of  an  axis,  a  right 

I     line,  arawn  through  the  given  point,  perpendicular  to  the  axis, 

is  the  tangent  required  (SchoL  10.  1  Sup). 

And  since  these  focuses  and  principal  vertices,  are  necessary 

rrts  of  these  figures,  as  is  manifest  from  the  definition  of  them ; 
follows,  that  a  right  line  may  touch  a  conick  section  in  any 
pant  thereof. 

.  Cor.  2.  It  also  appears  from  ftis  proposition,  that,  as  a  per- 
pendicular is  the  nearest  distance  of  a  point  from  a  right  line 
{Cor.  1. 19.  1  Eu.) ;  so  the  sum  of  two  right  lines  (EP  and  PF, 
see  fig,  l  of  this  prop.),  drawn  from  two  points  (£  and  F)  on  the 
suae  side  ofa  right  line  (GR),  to  any  point  in  it  (as  P),  is  least, 
when  the  right  line  (GK),  to  which  they  are  drawn,  makes 
«quil  angles  (EPG  and  FPK)  with  them,  towards  opposite 
parts  (G  and  K). 

For  it  is  demonstrated  in  this  proposition,  that  the  sum  of  any 
tther  two,  as  EG  and  GF,  so  drawn,  is  greater  than  the  sum  of 
ftesc. 

Cor.  3.  And  hence  appears  a  method  of  drawing  to  a  given 
right  line  (GEL),  from  two  points  (E  and  F)  on  the  same  side  of 
it,  right  lines,  to  make  with  it  equal  angles,  at  the  same  point, 
towards  opposite  parts.  Namely,  by  letting  fall  the  perpendi- 
fldarFK  from  one  of  the  given  points  F,  on  GK,  taking,  on  FK 
produced,  KH  equal  to  FK,  and  joining  EH,  which  would  cut 
GK  in  the  point  P  required. 

For  the  angle  FPK  is  equal  to  HPK  (4.  1  Eu.)9  or  its  equal 
(15. 1  Eu.)  EPG. 

Cor.  4.  The  differences  of  the  distances,  of  two  right  lines 
(EPand  PF  see  fig.  2),  drawn  from  two  points  (E  and  F),  on 
different  sides  of.  and  at  unequal  distances  from,  a  right  line 
($R),  to  any  point  (P)  in  it,  is  greatest,  when  the  right  line 
(GK),  to  which  they  are  drawn,  makes  equal  angles  (EPK  and 
fPK)  jri*  then,  towards  the  same  part. 
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For  it  is  demonstrated  in  this  proposition,  that  the  difference 
of  any  other  two,  as  EG  and  GF,  so  drawn,  is  less  than  the  differ- 
ence of  these. 

Cor.  5.  And  hence  appears  a  method  of  drawing  to  a  given 
right  line  (GK),  from  two  points  (E  and  F),  on  different  sides 
of,  and  at  unequal  distances  from  it,  right  lines,  to  make  with 
it  equal  angles,  at  the  same  point,  and  towards  the  same  part. 
Namely,  by  letting  fall  the  perpendicular  FJK,  from  one  of  the 

f'ven  points  F,  on  GK  ;  taking  on  FK  produced,  KH  equal  to 
K,  and  joining  EH  ;  which,  because  the  points  E  and  F,  or  E 
and  H,  are  at  unequal  distances  from  GK,  being  produced 
towards  the  least  distance  HK,  would  meet  GK,  let  it,  so  pro- 
duced, meet  it  in  P,  and  join  FP. 

The  angles  HPK  or  EPK  and  FPK  are  equal  (4.  1  Eu). 

Cor.  6.  No  right  line  can  be  drawn,  in  any  conick  section 
(sec  fig.  1,  2  and  3),  between  the  right  line  GPK,  bisecting  the 
angle -FPH,  and  the  section,  and  of  course  any  right  line,  drawn 
through  P,  which  makes  unequal  angles  with  the  right  lines  PF 
and  PH,  enters  the  section  on  the  part  of  the  point  P,  whether 
towards  G  or  K,  on  which  the  angle  formed  with  PF  is  less 
than  that  formed  with  PH. 

For  such  a  right  line  would  divide  the  angle  FPH  unequally  ; 
whence,  in  the  case  of  the  ellipse  and  hyperbola,  see  fig.  1  and  2, 
right  lines  being  drawn  from  E  and  F,  to  make  equal  angles 
"with  that  right  line  at  the  same  point,  towards  opposite  parts  in 
fig.  1,  and  to  the  same  part  in  fig.  2  (by  cor.  3  and  5  above),  the 
sum  of  these,  in  the  former  case,  would  be  less  than  of  EPand 
PF  (Cor.  2  above),  and  the  difference  in  the  latter  case,  greater  than 
of  EP  and  PF  (cor.  4  above) ;  therefore,  in  both  cases,  the  point,  to 
which  the  right  lines  are  so  drawn  from  E  and  F,  is  within  the 
section  (4.  1  Sup.) ;  therefore  the  right  line,  so  dividing  the  .an- 
gle FPH  unequally,  enters  the  section ;  and,  that  it  enters  it  on 
that  side  of  P,  on  which  the  angle  it  makes  with  PF  is  less, 
is  manifest,  since,  on  the  other  side  of  P,  it  falls  without  GPK 
with  respect  to  the  section,  and  of  course  wholly  without  the  sec- 
tion. 
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And,  in  the  case  or  a  para- 
bola, see  adjacent  fig.  a  right  a 
line  PMi  which  makes  a  less 
angle  withPF  than  with  PH, 
enters  the  section  on  the  side  if 
of  P  which  is  towards  F  ;    ' 
for,  from  the  greater  angle 
MPH  take  MPN   equal   to 
MPF,  make  PN  equal  to  PH, 
join  NH,    through   N   draw 
QNR  at  right  angles  to  the 
directrix  QH,  meeting  PM  in 
R,  and  join  RF. 

Because  PN  is  equal  to 
PH,  the  triangle  PHN  is  isosceles,  therefore  the  angle  PHN, 
(King  equal  to  PNH  (5.  1  En.),  is  less  than  the  right  angle 
PHQ  (32.  1  Eu.),  therefore  the  point  N  falls  between  Q  ami  R, 
and  because  RP,  PF  and  the  included  angle  RPI",  are  severally 
equal  to  RP,  PN  and  the  included  angle  RPN,  RF  is  equal  to 
RN  (4.  1  Eu.),  and  therefore  less  than  (JR,  and  so  the  point  R  is 
within  the  section  (4.  1  Sup). 

And  if  a  right  line  Pm  make,  on  the  other  side  of  P,  a  less 
angle  with  PF  than  with  PH  ;  by  using  a  similar  construction 
ana  demonstration,  as  in  the  preceding  case,  only  substituting. 
the  small  letters  m,  n,  q,  r  for  the  corresponding  capitals, it  may 
he  shewn,  that  the  point  r  in  Pm  is  within  the  section ;  so  that, 
in  the  case  of  a  parabola,  as  well  as  of  the  other  sections*  a  right 
line  passing  through  P,  and  making  unequal  angles  with  PF 
•ad  PH,  enters  the  section  on  the  part  of  P.  on  which  the  angle 
formed  with  PF,  is  less  than  that  formed  with  PH. 

Cor.  7.  Through  any  point  of  a  conick  section,  there  can  be 
drawn  but  one  right  tine,  touching  it  in  that  point.  It  having 
taea  proved  in  the  preceding  corollary,  that  any  other  right 
*De,  except  that  bisecting  the  angle  FPH,  enters  the  section,  and 
fc  not  of  course  a  tangent  (Def.  10  of  this). 
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TtH  condition  in  the  second  corollary  to  this  proposition,  towards 
opposite  parts,  is  quite  necessary  ;  for  if  tin  points  E  and  F9 
see  fig.  I,  beat  unequal  distances  from  GK,  the  right  line  EF, 
being,  produced  toward  the  least  distance,  would  meet  GK9  and 
form  the  same,  and  of  course,  equal  angles  with  GK,  but  to  the 
same  part ;  a  like  observation  is  applicable  to  the  condition  in  the 
fourth  corollary,  towards  the  same  part  ;for  the  points  E  and  F, 
see  fig.  2,  being  on  different  sides  ofGK,  the  right  line  EF  would 
intersect  GK  produced,  and  form  with  it  equal  angles,  but 
toward*  opposite  parts  {15.  1  EuJ. 

PROP.  XL  THEOR. 

4  tangent  (GPK,  see  fig.  1,  2  and  3  of  prec.  prop.)  to  a  conick 
section,  bisects,  in  ellipses,  the  angle  FPH,  see  fig.  1),  in  con- 
tinuation to  that  CEPF J,  formed  by  right  lines  drawn  from  the 
contact  fPJ  to  the  focuses;  in  hyperbolas,  that  (EPF,  see  fig. 
£ J,  formed  by  right  lines  so  drawn  to  the  focuses  ;  an  in  in 
parabolas,  that ( FPH,  see  fig.  3),  formed  by  two  right  lines 
drawn  from  the  contact  (P),  one  (PF)  to  the  focus,  and  the 
other  (JPH),  perpendicularly  to  the  directrix  (1)HJ. 

For  in  every  case,  if  the  tangent  PK  bisects  not  the  angle 
FPH,  let  there  be  drawn  a  right  line  bisecting  this  angle  (9. 1 
Eu.),  the  right  line  so  drawn  also  touches  the  section  in  P  (10  1. 
Sup.)  ;  which  cannot  be  (Cor.  7.10.1  Sup.),  therefore  the  tangent 
GPK  bisects  in  every  case  the  angle  FPH. 

Cor.  1.  A  right  line,  touching  a  conick  section  in  the  vertex 
of  an  axis,  is  perpendicular  to  the  axis  ;  for  if  not,  a  perpendi- 
cular to  the  axis  being  drawn  at  the  vertex,  would  be  a  tangent 
to  the  section  (Schol.  lo.  1  Sup.),  and  so  two  right  lines  would 
touch  the  section  in  the  same  point,  contrary  to  cor.  7  10.  1 
Sup. 

Cor.  2.  A  right  line,  drawn  from  any  point  of  a  conick  sec- 
tion, perpendicularly  to  the  axis,  is  ordinateiy  applied  to  it ; 
being  parallel  to  the  tangent,  passing  through  a  vertex  of  the 
axis',  which  is  perpendicular  to  the  axis  (prec  cor.)  ;  the  part 
between  the  section  and  axis,  being  an  ordinate  to  the  axis  ( Def. 
12.  1  Sup). 

Cor.  3.  An  ordinate  to  an  axis,  is  perpendicular  to  it,  because 
the  tangent  of  the  vertex,  to  which  the  ordinate  is  parallel  (Def. 
12.  1  Sup.),  is  perpendicular  to  the  axis  (cor.  1  above). 

Cor.  4.  If  a  right  line,  joining  the  vertices  of  two  diameters 
of  a  parabola,  be  ordinateiy  applied  to  the  axis,  their  parame- 
ters are  equal. 
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For  the  segments  or  these  diameters,  between  their  vertices 
and  the  directrix,  are  equal,  being  opposite  sides  of  a  parallelo- 
gram, and  therefore  the  parameters,  being  fourfold  of  thes* 
segments  (Def.  16.  l  Sup). 
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•<  right  line,  passing  through  a  focus  of  a  conick  section,  and  any 
print  in  the  adjacent  directrix,  is  perpendicular  to  a  right  line, 
joining  that  focus,  to  the  contact,  of  a  tangent  to  the  section, 
drawn  from  the  same  point  in  the  directrix  ;  and  makes  equal 
angles,  with  two  right  lines,  joining  that  focus,  to  the  intersex 
Hons,  with  the  section  or  opposite  sections,  of  any  right  line, 
drawn  from  the  same  point  in  the  directrix,  and  cutting  in  two 
points  ike  section  or  sections  ;  the  equal  angles  being  on  the  same 
■or  different  sides,  of  the  right  line  joining  the  directrix  and  focus, 
and  towards  opposite  parts  or  the  same,  according  as  the  inter* 
sections  of  the  secant,  are  in  the  same  or  opposite  sections. 


V 
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Let  DFL,  see  fig.  1,  Sands,  bo  a  right  line  passing  through 
•  focus  F,  of  a  conick  section,  and  a  point  D,  in  the  directrix 
DH,  adjacent  to  that  focus,  and  let  DR.  be  a  tangent  to  the 
section,  drawn  from  D,  and  touching  it  in  B  ;  and  DQP  a  right 
line,  drawn  from  D,  cutting  the  section  or  opposite  sections  in 
P  and  Q,  and  let  FR,  FP  and  FQ  be  drawn  :  DL  is  perpendi- 
cular to  FR,  and  makes  equal  angles  PFG  and  QFD  with  FP 
and  FQ  ;  the  equal  angles  PFG  and  QFD  being  on  the  same  or 
different  sides  of  DFL,  and  towards  opposite  parts  or  the  same, 
according  as  the  intersections  P  and  Qare  in  the  same  or  oppo-  . 
site  sections. 

Tart  l.  The  right  line 
DL  is  perpendicular  to  the 
right  line  FR  drawn  to  the 
tangent. 

For,  if  the  angles  DFR  & 
and  LFR  be  not  right  an*  ~' 
glea,  and  of  course  equal 
to  each  other,  let  one  of 
them,  as  DFR,  be,  if  possi- 
ble, the  greater,  and  take 
from  it,  a  part  DFI,  equal 
to  LFR,  and  let  FI  meet 
DR  in  I,  let  fall  the  per- 
pendiculars RM  and  IN 
on  DH,  and  through  R, 
draw  RX  parallel  to  FI, 
meeting  DL  in  X. 

Because  of  the  equiangu- 
lar triangles  DFI,  DXR, 
and  DIN,  DRM,  the  angle 
RXF  is    equal  to   IFD    or  its  equal 
(oonstrj  RFX,  therefore  RF  and  RX 
ftre  equal  (5. 1  E%  }  ;  and  FI  is  to  ID, 
»s  XR,  or  its  equal  FR,  is  to  RD  (4.  6 
Pit.),  and  ID  to  IN,  as  RD  to  RM  (by 
the  same),  therefore,  by  equality,  FI  is 
to  IN,  as  FR  is  to  RM  (22.  5  En.),  or 
|n  the  determining  ratio,  therefore  the 
point  I  is  in  the  section  {8.  1  Sup.),  and 
■0  the  tangent  DR  meets  tho  section  in 
more  than  pne  point,  which  is  absurd 
(10,  J  Sup.);   therefore  the  angles  DFR  and  LFR  are  not 
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ineqaal,  they  are  therefore  equal,  and  of  course  DL  is  perpen- 
dicular to  FR  {Def.  20. 1  Eu). 

Part  2.  The  right  line  DL  makes  equal  angles,  with  the  right 
fines  FP  and  FQ,  drawn  from  the  focus,  to  the  points,  wherein 
&e  secant  DQP  meets  the  section  or  opposite  sections ;  the 
equal  angles  being  on  the  same  or  different  sides  of  DL,  and 
towards  opposite  parts  or  the  same,  according  as  the  intersec- 
tions P  and  Q  are  in  the  same  or  opposite  sections. 

Through  P,  draw  PG  parallel  to  FQ,  meeting  DL  in  G ;  and, 
because  of  the  equiangular  triangles  DPG,  DQF,  and  DPH, 
DQK,  GP  is  to  PD,  as  FQ  is  to  QD  (4. 6.  Eu*),  and  PD  to  FH, 
as  QD  to  QR  (by  the  same),  therefore,  by  equality,  GP  is  to 
PH,  as  FQ  to  QR  (22.  5  Eu.)9  or,  which  is  equal  (6. 1  Sup.),  as 
FP  is  to  PH ;  whence  GP  and  FP,  having  the  same  ratio  to 
PH,  are  equal  (9.  5.  Eu),  therefore  the  angle  PFG  is  equal  to 
the  angle  PGF,  or,  which  is  equal  (29. 1  Eu.),  the  angle  QFD, 
and  so  the  right  line  DL  makes  equal  angles  with  the  right  lines 
FP  and  FQ,  on  the  same  side  of  DL,  and  towards  opposite 

Kb,  when  P  and  Q  are  in  the  same  section,  as  in  fig.  1  and  3, 
on  different  sides  of  DL,  and  towards  the  same  part,  when 
f  and  Q  are  in  the  opposite  sections,  as  in  fig.  2. 
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PROP.  XIII.'  THEOR. 

If,  in  a  right  line,  touching,  or  catting  in  two  points,  a  conick  sec- 
tion or  opposite  sections,  and  meeting  a  directrix,  any  point  ht  ta- 
ken, ana  also  a  finite  right  line,  which  is  to  the  distance  of  tttj 
point  from  the  directrix,in  the  determining  ratio ;  Hie  square  of tit 
Segment  of  the  tangent,  or  rectangle  under  the  segments  of  tk 
secant,  between  the  assumed  point,  -.and  tlie  point  or  points,  when- 
in  it  meets  the  section  or  sections,  is  to  the  difference  of  the  aqusra, 
of  tlic  distance  of  that  point,  from  the  focus  adjacent  to  the  direc- 
trix, and  the  assumed  finite  right  line  ;  as  the  square  of  tie 
segment,  of  tlie  same  tangent  or  secant,  between  the  same  pout 
and  the  directrix,  is  to  the  difference  of  tlie  squares,  of  the  MM 
segment,  and  Hie  assumed  finite  right  line. 
Case    1.    When  a  secant    j  *&-2a 

DPQ  passes  through  a  focus  f        —  ■_ ■  ,/x 

F,  that  focus  being  the  assum- 
ed point. 

And  P  and  Q  being  the 
points,  in  which  the  secant 
meets  the  section,  and  D  that, 
in  which  it  meets  the  direc- 
trix ;  the  perpendicular  FX 
being  let  fall  from  F  on  the 
directrix  DX,  and  FM  being 
taken  on  FD,  having  to  FX 
tlie  determining  ratio,  see 
schol.  6.  1  Sup.— The  rectan- 
gle PFQ  is  to  the  square  of 
FM,  as  the  square  of  FD  is 
to  the  difference  of  thesquares 
of  FD  and  FM. 

From  P  and  Q  let  fall  the 
perpendiculars  I'll  and  QJ  on 
the  directrix  DX,  and  from 
the  centi-c  F,  at  the  distance 
FM,  describe  a  circle,  meet- 
ing DPQ  again  in  N. 

And,  since,  as  FP  is  to 
PH,  so  is  FM  to  FX  [Hyp.], 
and,  because  of  the  equiangu- 
lar triangles  PHD  and  FXD, 
PH  is  to  PD,  as  FX  is  to 
FD  (4.  6  En.),  by  equality, 
FP  is  to  PD,  as  FM  is  to 
FD  (22.  5  Eu.),  and  by  con- 
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rating,  FP  is  to  the  sum  of  Ft*  and  PD,  or  FD,  as  FM  in  to 
tbeiDm  of  FM  and  FD,  or  NO  ftfc/ioi.  IB.  5.  En.],  and,  alter- 
ntting.  FP  is  to  FM,  as  FD  is  to  ND. 

In  like  manner,  it  may  be  proved,  thatFQ  ia  to  FM,  as  FD 
ii  to  MD  ;  by  using  the  reasoning  of  the  preceding  paragraph, 
inly  substituting  the  letters  Q,  I  and  N  for  the  letters  P,  H  and 
M  respectively,  and  the  word  "  difference"  for  the  word  "  sum" ; 
therefore,  compounding  this  ratio  and  that  of  the  same  para- 
graph, the  rectangle  PFQ  is  to  the  square  of  FM,  as  the  square 
of  FD  is  to  the  rectangle  MDN  [23.  6  and  22.  5  lin),  or,  which 
is  equal  [Cor.  3.  36.  3  En),  to  the  difference  of  the  squares  of 
FD  and  FM. 


Case  2.  When  a  se- 
cant DPQ  passes  thro' 
i  focus  F,  the  assumed 
point  not  being  the  fu- 
nis, but  some  other 
point  in  the  secant,  as 

The  points,  wherein 
the  secant  meets  the 
section  anil  directrix, 
being  noted  as  before, 
let  fall  the  perpemlicu- 
lar  KX  on  the  direc- 
trix, and,  taking  KM 
on  KD  having  to  KX 
the  detertning  ratio. — 
Tlic  rectangle  PKQ  is 
to  the  difference  of  the 
anuarcs  of  K.F  and  KM, 
as  the  square  of  KD  is 
to  the  difference  of  tho 
squares    of    KD     and 

Having  let  fall  the 
perpendiculars  PH  anil 
QI  on  the  directrix  DX, 
from  the  centre  K,  at 
the  distance  KM,  des- 
cribe a  circle  meeting 
DPQ  again  in  N. 

Because  of  the  equi- 
angular triangles  Hi  D 


ryj. 
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and  KXD,  PD  is  to  PH,  as  KD  is  to  KX  (4. 6.  Eu.),  and  as 
PH  is  to  PF,  so  isKX  to  KM  {Hup.  and  Theor.  3.  15.  5  En.), 
therefore  by  equality,  PD  is  to  PF,  as  KD  is  to  KM  (22. 5E%X 
and,  by  alternating,  PD  is  to  KD  as  PF  is  to  KM  (16.  5  E+), 
therefore  the  excess  of  KD  above  PD.  or  KP,  is  to  KD,  as  the 
excess  of  KM  above  PF,  is  to  KM  (17  5  Eu.),  and  therefore, 
alternating,  KP  is  to  the  excess  of  KM  above  PF,  as  KD  istr 
KM  (16.  5  Eu.)9  and  converting,  KP  is  to  KP  with  the  exoeas 
of  KM  or  KN  above  PF,  or  FN,  as  KD  is  to  KD  and  KM  to- 
gether, orND. 

In  like  manner,  because  of  the  equiangular  triangles  DXK 
and  DIQ,  KD  is  to  KX,  as  QD  to  QI  (4.  6  Eu.),  and  as  KX  is 
to  KM,  so  is  QI  to  QF  (Hyp.  and  Theor.  3.  15.  5  Eu.),  then- 
fore,  by  equality  KD  is  to  KM,  as  QD  to  FQ  (22.  5  Eu.),  and, 
alternating,  KD  is  to  QD,  as  KM  to  FQ  (16.  5.  Eu.),  there- 
fore  the  sum  of  KD  and  QD  in  fig.  2,  and  their  difference  in  the 
other  figures,  or  KQ,  is  to  KD,  as  the  sum  or  difference,  as  th& 
case  may  be,  of  KM  and  FQ,  is  to  KM  (17  and  18.  5  Eu.),  and, 
alternating,  KQ  is  the  sum  or  difference,  as  the  case  may  be,o( 
KM  and  FQ,  as  KD  is  to  KM  (16.  5  Eu.),  and  therefore,  con- 
verting, KQ  is  to  the  difference  of  KQ  and  the  sum  or  difference 
of  KM  and  FQ,  which  is,  in  every  case,  equal  to  FM,  as  KD 
is  to  the  difference  of  KD  and  KM,  or  MD  (Sclwl.  18.  5  En). 
Therefore,  compounding  this  ratio  and  that  of  the  preceding 
paragraph,  the  rectangle  PKQ  is  to  the  rectangle  MFN,  or, 
which  is  equal  (Cor.  3.  36.  3  Eu.),  the  difference  of  the  squanr 
of  KF  and  KM,  as  the  square  of  KD  is  to  the  rectangle  MDN, 
or,  which  is  equal  (by  the  same),  the  difference  of  the  squares  of 
KD  and  KM  (23. 6  and  22.  5  Eu). 


.i 
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e  3.     When  a  secant 

meeting  a  directrix 
toes  not  pass  through 
jacent  focus, 
the  assumed  point  be    « 
n  FP,  FQ,  FR  and   * 
rhich  last  produce  as 
from    the  assumed 
K  draw  KM  and  KN 
el  to  FQ  and   FP, 
ig  DFN  in  M  and  N, 
Iraw  K.X  and  PH  at 

angles  to  DX  :  and, 
te  of  the  parallels  KN 
F,  the  ancle  KNM  is 
to  PFD  (29.  1  En.), 
hich  is  equal  (IS.  1 
,  the   angle  QFN  in 

and  3,  and  QFD  in 
,  or,  which,  because 
e  parallels  QF    and 

is  equal  (39.  1  Eu.), 
\ ;  therefore  KM  and 
in  equal  (6.  1  Eu.), 

circle  described  from 
ntre  K  at  the  distance 
msses  through  X  ;  let 
ircle  be  described,  and 
se  of  the  equiangular 
des  NKD,  FPU,  and 
.,  PDH,  NK  is  to 
as  PF  is  to  PD,  and 
o  KX,  as  PD  to  PH 
:.  Eu.),  therefore,  by 
ity,  NK  or  MK  is  to 
as  FP  to  PH  (22.  5 

or  in  the  determining 

id  the  rectangle  PKQ 
the  difference  of  the 
W3  of  KF  and  KM,  as 
juare  of  KD  is  to  the  U 
ence  of  the  squares  of 
ind  KM. 
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For,  because  KN  is  parallel  to  FP,  and  MK  to  FQ  ;  PK  is  to 
FN,  as  KD  is  to  ND  (2.  6  and  18  and  16.  5  Eu.),  and  QKto 
FM,  as  KD  to  MD  (by  the  same)  ;  therefore,  compounding  then 
two  ratios,  the  rectangle  PKQ  is  to  the  rectangle  MFN,  or, 
-which  is  equal  (Cor.  S.  36.  3  ,  the  difference  of  the  squares  of 
KF  and  KM,  as  the  square  of  KD  is  to  the  rectangle  MDN,  or, 
which  is  equal  (by  the  same),  the  difference  of  the  squares  of  KD 
and  KM  (23.  6  and  22.  5  Eu). 

Case  4.  When  the  assumed  point  as  L,  is  in  a  tangent  GLS 
meeting  a  directrix  DX  in  G. 

From  the  focus  F  adjacent  to  the  directrix  DX,  to  the  contact 
R,  draw  FR,  join  GF,  draw  RU  at  right  angles  to  DX, 
and  LO  parallel  to  RF,  meeting  FG  in  O.  And.  because  tto 
angle  GFR  is  a  right  angle  (12. 1  Sup.),  the  angle  GOL,  equal  to 
it  (29.  1),  is  also  a  right  angle  ;  and,  because  of  the  equiangular 
triangles  GOL  and  GFR,  GLZ  and  GRU,  LO  is  to  LG,  tf 
RF  is  to  RG  (4.  6  Eu.),  and  LG  to  LZ,  as  RG  to  RU  (by  thfl 
same),  therefore,  by  equality,  LO  is  toLZ,  as  RF  to  RU(«2.5 
Eu-)9  or  in  the  determining  ratio. 

And  the  square  of  LR  is  to  the  difference  of  the  squares  of  LF 
and  LO,  as  the  square  of  LG  is  to  the  difference  of  the  squares  of 
LG  and  LO. 

For,  because  of  the  parallels  OL  and  FR,  the  square  of  LB  is 
to  the  square  of  OF,  or,  which  is  equal  {47.  1  Eu.)9  the  difference 
of  the  squares  of  LF  and  LO,  as  the  square  of  LG  is  to  the 
square  of  GO  (2  and  22.  6  and  16.  5  Eu.),  or,  which  is  equal 
(47.  1  Eu.),  to  the  difference  of  the  squares  of  LG  andLO, 
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If  two  right  lines,  meeting  each  other,  and  parallel  to  two  rigU 
lines  given  by  position,  both  touch,  or  both  cut  in  two  poMh 
or  one  of  them  touch  and  the  other  so  cut  a  conick  section,  or 
opposite  sections  ;  the  squares  of  the  segments  of  the  tangents,  or 
rectangles  under  the  segments  of  the  secants,  between  the  cw- 
course  of  the  right  lines,  and  the  section  or  sections,  are  to  eaA 
other,  always  in  the  same  ratio,  wherever  the  concourse  of  Hit 
right  lines  may  fall, 
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Case  1.  Let  the  right 
lilies,  parallel  to  the  right 
lines  A  and  B  given  by  x 
position,  be  the  secants  DPQ 
wd  GST  meeting  each  o-  J 
ther  in  K,  and  a  directrix 
DX  in  D  and  G The  ra- 
tio of  the  rectangle  PKQ  to 
SET  is  a  constant  ratio, 
and  the  same,  wherever  the 
point  K  may  fall. 

Let  KF  be  drawn  to  the 
focus  F  adjacent  to  the  direc- 
trix DX,  and  the  perpendi- 
cular KX  be  let  fall  on  the 
directrix  DX,  and  let  KM 
be  taken,  having  to  KX  the 
determining  ratio  ;  then  the 
rectangle   PKQ   is  to    the 
difference  of  the  squares  of 
KF  and  KM,  as  the  square 
ofKD  is  to  the  difference  of 
toe  squares  of  KD  and  KM 
(13.  l  Sup)  i  also  the  rect- 
angle SKT  is  to  the  differ- 
ence of  the  squares  of  KF 
and  KM,  as  the  square  of 
KG  is  to  the   difference  of 
the  squares  of  KG  and  KM 
{by  the  same),   and,  by  in- 
verting, the  difference  of  the 
squares  of  KF  and  KM  is 
to  the  rectangle  S  KT,  as  the 
difference  of  the  squares  of 
KG  and  KM  is  to  the  square 
of  KG  (Theor.  3.  15.  5  Eu.) ;  but  the  rectangle  PKQ  is  to  the 
rectangle  SKT  in  a  ratio  compounded  of  the  ratios  of  the  rect- 
angle PKQ  to  the  difference  of  the  squares  of  KF  and  KM,  and 
of  the  difference  of  the  same  squares  of  Kb'  and  KM  to  the  rect- 
angle SKT  [Def.  13.  5  Eu.\  or,  which  has  been  just  shewn  to 
be  equal,  ratios  compounded  of  equal  ratios  being  equal  by  22. 
5.  Eu.  in  a  ratio  compounded  of  the  ratios  ef  the  square  of  J^B 
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to  the  difference  of  the  squares  of  KD  and  KM,  and  of  the  dif- 
ference of  the  squares  of  KG  and  KM  to  the  square  of  KG. 

But  the  position  of  A,  and  of  KPQ  parallel  to  it,  as  also 
of  the  directrix  DX,  being  given,  the  angle  KDX  is  given, 
whence,  the  angle  KXD  being  right,  and  therefore  given,  the 
ratio  of  KD  to  KX  is  a  constant  ratio,  or,  the  same,  wherever 
in  the  right  line  DQ  the  point  K  may  be  (4.  6  Eu.)9  also  the  ratio 
of  KX  to  KM,  being  the  determining  ratio,  is  a  constant  ratio  I 
(6.  1  Sup.)9  therefore  the  ratio  of  KD  to  KM,  compounded  of 
both  these  ratios  (Def.  13.  5  Hu.),  is  a  constant  ratio  (22. 5 
j£u.),  and  therefore  also  the  ratio  of  the  square  of  KD  to  the 
square  of  KM  (20.  6  and  Cor.  3.  22.  5  Eu.),  and  therefore  of  the 
square  of  KD  to  the  difference  of  the  squares  of  KD  and  KM 
(Schol.  18.  5  Eu.) ;  in  like  manner,  and  by  inverting,  it  may 
be  proved,  that  the  ratio  of  the  difference'  of  the  squares  of  KG 
and  KM  to  the  square  of  KG  is  constant;  therefore  the  ratio, 
which  is  the  compound,  of  the  ratio  of  square  of-  KD  to  the 
difference  of  the  squares  of  KD  and  KM,  and  of  that  of  the 
difference  of  the  squares  of  KG  and  KM  to  the  square  of  KG, 
is  constant,  (22.  5  Eu.)  :  but  the  rectangle  PKQ  has  been  just 
shewn  to  be  to  the  rectangle  SKT,  in  a  ratio  compounded  of 
these  ratios,  therefore  these  rectangles  are  to  each  other  in  a 
constant  ratio,  and  therefore  in  the  same  ratio,  wherever  the 
concourse  K  of  the  right  lines  KPQ  and  KST  may  fall. 

Case  2.  Let  now  one  of  the  right  lines,  as  HKR,  parallel  to 
a  right  line  as  C,  given  by  position,  and  meeting  a  directrix,  as 
in  H,  be  a  tangent,  the  point  of  contact  being  R,  the  other  DPQ 
being  a  secant  as  in  the  former  case,  the  point  of  concourse  of 
these  right  lines  being  K.  The  ratio  of  the  rectangle  PKQ  to 
the  square  of  KR  is  a  constant  ratio,  and  the  same,  wherever  the 
point  K  may  fall. 

The  demonstration  is  exactly  the  same  as  that  of  the  preceding 
case,  only  substituting  for  the  rectangle  SKT,  the  square  of  - 
KR,  and  for  the  right  lines  KG  and  KST,  the  right  lines  KH 
and  KR. 

Case  3.    Again,  let  both  the  right  lines,  so  meeting  the  direc- 
trix and  each  other,  be  tangents,  as  KZ  and  KR  ;  their  con-  - 
course  being  K,  and  the  points  of  contact  Z  and  R. 

Through  their  concourse  K,  draw  any  right  line  KPQ, 
cutting  the  section  or  opposite  sections  in  P  and  Q.  By  the 
preceding  case,  the  square  of  KZ  is  to  the  rectangle  PKQ  in  a 
constant  ratio,  and,  by  the  same,  the  rectangle  PKQ  is  to  the 
square  of  KR  in  a  constant  ratio,  therefore,  by  equality,  the 
squares  of  KZ  andKR  are  to  each  other  in  a  constant  ratio. 
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Cage  4.     Let  now  one  of 

two  secants  PQ  anil  8T, 
see  fig.  1,  2  and  3,  meeting 

tich  other  in  K,    and   the 

section  or  sections  in  P  and 

Q,    8    and  T,  as  ST,  be 

parallel  tothedirectrixDX, 

r(£  meeting  the  directrix  in 

D.— The  rectangle  PKQ  is 

to  the  rectangle  SKT  in  a 

constant  ratio. 
Join  FS  and  FT.  through 

the  focus  F,  let  MFN    be 

drawn,  parallel  to  DG,  and 

from  K  draw  KM  and  KN 

parallel  to   FS   and    FT, 

meeting  MFN  in  M  and  N, 
let  fall  the  perpendiculars 
KX  and  SG   on  DX,  and 

joinFK. 

Because  ST  is  parallel  to  DG,  tlic 
distances  of  the  points  S  K.  and  T  from 
DG  arc  equal  (28  and  34. 1  .Eu.) ;  and, 
because  ST  is  parallel  to  MN,  KM  to 
FS,  and  KN  to  FT,  in  the  parallelo- 
grams MS  and  NT,  the  side  MR  is 
equal  to  FS  and  NK  to  FT,  also  FM 
to  SK.  and  NF  to  KT  (34. 1  Eu.) ;  and, 
because  FS  and  FT  have  the  same 
ratio  to  the  equal  distances  of  the 
points  S  and  T  from  the  directrix  DG 
(6. 1  Sup-),  they  arc  equal  (9-  5  Eu.), 
as  am  therefore  their  equals  KM  and 
KN  ;  whence,  a  circular  arch  describ- 
ed from  the  centre  K  at  the  distance 
KM  passes  through  the  point  N  ;  let 
uuch  an  arch  MN  be  described,  and 
KM  is  to  KX,  as  FS  is  to  SG,  or  in  the  determining  ratio  (6.  1 
Sup.),  and  so  the  rectangle  FKw  is  to  the  difference  of  the 
squares  of  KF  and  KM,  or,  which  is,  because  oi  the  circular 
arch  MN,  equal  (Cor.  3.  36.  3  Eu.),  the  rectangle  MFN,  or, 
8K  and  KT  being  severally  equal  to  MF  and  FN,  to  the  rectan- 
gle SKT,  as  the  square  of  KD  is  to  the  difference  of  the  squares 


£48  ELEMENTS  Of  GEOMETRY.  STTPFLEMEHTV 

of  KD  and  KM  (13,  1  8up.)9  and  therefore  in  a  constant  ratio. 
Case  5.  Lastly,  let  one  of  the  right  lines  PQ.and  LR,  meet- 
ing each  other  in  L,  as  LK,  be  a  tangent,  touching  the  section 
in  a  vertex  R  of  the  principal  axis  Frt,  -and  of  course  perpen- 
dicular to  that  axis  (Cor.  1.  11.  1  Sup.),  and  therefore  parallel 
to  the  directrix  DG,  the  other  PQ  being  a  secant,  meeting  the 
directrix  in  D,  and  the  section  or  sections  in  i*  and  Q.  The 
rectangle  PLCJ  is  to  the  square  of  LR,  in  a  constant  ratio. 

Let  fall  the  perpendiculars  FU  and  LH  on  the  directrix  DX, 
draw  FO  parallel  to  LR  meeting  LH  in  O  ;  and,  because  of  the 
parallelograms  HR  and  OR,  the  right  lines  HL,  OL  and  OF 
are  severally  equal  to  UR,  FR  and  LR  (34.  1  Eu.) ;  therefore 
OL  is  to  LH,  as  FR  to  RU,  and  therefore  in  the  determining 
ratio  (6.  1  Sup.) ;  whence,  a  right  line  being  supposed  to  be 
drawn  from  F  to  L,  the  rectangle  PLQ,  is  to  the  difference  of 
the  squares  of  FL  and  LO,  or,  because  of  the  right  angled  tri- 
angle FOL  and  parallelogram  OR,  to  the  square  of  OF  (47.  1 
Eu.)9  or,  which  is  equal  (34.  1  Eu.),  LR,  as  the  square  of  LD  is 
to  the  difference  of  the  squares  of  LD  and  LO  (13.  1  &up.)9  and 
therefore,  as  before,  in  a  constant  ratio. 

SchoHum.-^r-Thut  the  truth  of  this  proposition  may  appear 
more  clearly,  in  the  different  positions  of  the  point  K,  another 
secant  skt  is  exhibited  in  the  figures  to  the  three  first  cases, 
meeting  the  secant  DPQ,  in  a  different  situation,  with  respect 
to  the  section,  as  internally,  instead  of  externally  ;  the  reason- 
ing in  the  demonstration  of  the  preposition  applying,  by  sub- 
stituting the  small  letters  s,  k,  t,  g  and  x,  for  their  respective 
capitals. 

Cor.  1.  If  any  right  line  (KZ,  sec  f\s;.  1  of  this  prop.),  touch- 
ing a  conick  section,  meet  two  parallel  riglit  lines  (GT,  gt), 
cutting  the  section  or  opposite  sections ;  the  rectangles  under 
the  segments  of  the  secants,  between  the  tangent  and  the  section 
or  sections,  are  to  each  other,  as  the  squares  of  the  segments  of 
the  tangent,  between  the  parallels  and  the  contact. 

For  the  ratios  of  the  rectangles  under  these  segments  of  the 
8ecants,to  the  squares  of  the  respective  segments  of  the  tangent 
which  they  meet,  being  by  this  prop,  equal,  by  alternating  these 
rectangles  are  to  each  other,  as  the  same  squares. 

Cor.  2.  Or  if  any  right  line,  touching  a  conick  section,  meet 
two  parallel  right  lines,  touching  the  section  or  opposite  sec- 
tions ;  it  may  in  the  same  manner  be  proved,  that  the  squares  of 
the  segments  of  the  parallel  tangents  between  their  contacts  and 
the  tangent  which  they  meet,  are  to  each  other,  as  the  squares  of 
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the  segments  of  that  tangent,  between  the  parallels  and  its  con- 
tact. 

Car.  3.  Or  if  any  right  line,  touching  a  conick  section,  meet 
two  parallel  right  lines,  whereof  one  is  a  tangent,  and  the  other 
a  secant ;  the  square  of  the  segment  of  the  tangent,  and  rectan- 
gle under  the  segments  of  the  secant,  between  the  tangent  which 
they  meet  and  the  section,  are  to  each  other,  as  the  squares  of 
the  segments  of  that  tangent  between  the  parallels  and  its 
contact. 

Cor.  4.  Or  if  any  right  line,  cutting  a  conick  section  or  op- 
posite sections  in  two  points,  meet  two  parallel  right  lines 
cutting  in  like  manner  the  same  section  or  sections  ;  the  rect- 
angles under  the  segments  of  the  parallels  between  the  section  or 
sections,  and  the  right  line  which  they  meet,  are  to  each  other, 
as  the  rectangles  under  the  segments  of  the  right  line  which  they 
so  meet,  between  the  parallels  and  the  section  or  sections. 

Cor.  5.  Or  if  any  right  line,  cutting  a  conick  section  or 
opposite  sections,  meet  two  parallel  right  lines  touching  the  same 
section  or  opposite  sections  ;  the  squares  of  the  segments  of  the 
parallel  tangents  between  their  contacts,  and  the  secant  which 
they  meet,  arc  to  each  other,  as  the  rectangles  under  the  seg- 
ments of  that  secant,  between  the  parallels,  and  the  section  or 
sections. 

Cor.  6.  Or  if  any  right  line,  cutting  in  two  points  a  conick 
section  or  opposite  sections,  meet  two  parallel  right  lines, 
whereof  one  is  a  tangent,  and  the  other  a  secant ;  the  square  of 
the  segment  of  the  tangent,  and  the  rectangle  under  the  segments 
of  the  secant,  between  the  section  or  sections  and  the  sccaut 
which  they  meet,  are  to  each  other,  as  the  rectangles  under  the 
segments  of  that  secant  between  the  parallels,  and  the  section  or 
sections. 
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PROP.  XV.  THEOR. 

J  right  tine  fVB),  drawn  from  any  ■point  fP)  of  a  hyperbola 
(BP)t  to  the  adjacent  directrix-CDX),  parallel  to  the  adjacent 
asymptote  <  CK),  is  eqnal  to  the  distance  (PF)  of  the  same 
poiiit,from  the  adjacent  focus  (P), 

Let  E  be  other  focus,  and  AB  _ 

the  principal  axis  ;  draw  AK 
at  right  angles  to  AB»  meeting 
the  asymptote  CK  in  K,  and  PX 
at  right  angles  to  DX. 

Because  AK  is  equal  to  the 
second  scmiaxis  {Def,  19- 1  Sap.), 
ife;  square  is  equal  to  the  differ- 
ence of  the  squares  of  CE  and  ,r 
CA  (3.  1  Sup.),  and  the  square 
of  AK  is  also  equal  to  the  differ- 
ence of  the  squares  of  CK  and 
CA  (47.  1  Em.)  ;  whence,  the 
difference  of  the  squares  of  CE  and  CA,  and  of  CK  and  CA, 
being  each  eqnal  to  the  square  of  AK,  are  equal  to  each  other 
{Ax.  1.  l),  adding  to  each  of  these  differences  the  square  of  CA, 
the  squares  of  CE  and  C  :j".  arc  equal,  and  so  CE  is  equal  to 
CK  ;  and  PF  is  to  PX,  as  CE,  or,  which  has  been  just  proved 
equal  to  it,  CK,  is  to  CA  (Schol.  6,  1  Sup,),  or,  because  of  the 
equiangular  triangles  ACX  and  XHP,  as  PH  is  to  PX  (4.  6" 
Jiit.) ;  therefore  PF  and  I'll,  having  the  same  ratio  to  PX,  arc 
equal  (9.  S  Em). 

Scholium, — Hence,  a  focus  F,  the  adjacent  directrix  DX,  and 
an  asymptote  C  ■.  of  a  hyperbola  being  given,  the  section  may 
he  described.  Let  XHZbean  instrument  similar  to  a  square, 
but  with  one  side  HZ  moveable  about  H,  so  as  to  make  the 
angle  ZHX  equal  to  a  given  one.  Let  one  side  of  it  MS  be 
applied  to  the  directrix  DX,  and  the  other  side  HZ,  being 
toward  the  part  on  which  is  F,  be  so  inclined  to  the  side  UX, 
that  it  may  be  parallel  to  CK  ;  and  to  the  extremity  Z,  of  the 
side  HZ,  let  one  extremity  of  a  thread  of  the  same  length  as 
HZ  be  fastened,  and  let  its  other  extremity,  the  thread  going 
round  a  pin  in  the  side  HZ,  at  the  point  <*,  be  fastened  at  the 
point  F,  and  because  the  thread  F  Z  is  equal  to  HZ,  taking 
PZ  from  each,  '  F  remains  equal  to  PH  ;  let  the  side  HX  of  the 
instrument  be  moved  along  the  line  DX,  and,  the  thread  remain- 
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ing  extended,  let  the  pin*  affixed  to  the  side  HZ  of  die  instru- 
ment, describe  the  line  BP,  which  is  the  hyperbola  required,  as 
is  manifest  from  this  proposition. 

Hence  appears  further,  the  close  analogy,  which  exists  between 
i«  parabola  and  hyperbola,  seeing  that,  if  the  side  of  the  square, 
ir»  which  the  thread  and  pin,  are  applied,  deviate  ever  so  little 
si  ther  way  from  a  right  angle  with  the  other  side,  the  figure  te- 
s  a  hyperbola. 


PROP.  XVI.  THEOR. 

f,  in  a  right  tine  parallel  to  an  asymptote  of  a  hyperbola,  any 
point  be  taken,  and  also  a  finite  right  line,  -which  is  to  the  dis- 
tance of  that  point  from  the  directrix,  adjacent  to  the  hyperbola- 
which  it  meets,  in  the  determining  ratio  ;  the  rectangle  under  the 
distances  of  the  point,  wherein  the  parallel  right  line  meets  the 
hyperbola,  from  that  wherein  it  meets  the  directrix,  and  from 
the  assumed  point,  is  to  the  difference  of  the  squares  of  the  dis- 
tance of  that  point,  from  the  focus  adjacent  to  the  same  directrix, 
and  the  assumed  finite  right  line,  as  the  square  of  the  segment  of 
the  same  parallel,  between  the  directrix  and  hyptrbola,  to  the 
square  of  a  right  line,  joining  thefocus,  to  the  point,  in  which  the* 
parallel  meets  the  directrix. 


In  a  right  line  DK, 
rVallel  to  an  asymptote 
CZ  of  a  hyperbola,  let 
my  point  whatever  K  be 
taken ;  let  P  and  D  he  the 
points  in  which  DR.  meets 
the  hyperbola  and  direc- 
trix DX  adjacent  thereto, 
and  F  the  adjacent  focus  ; 
let  KM  be  taken  on  DH, 
saving  to  a  perpendicular 
KX,  let  fall  from  K.  on 
the  directrix  DX,  the  de- 
termining ratio,  and  let 
DP,  PP  and  FK  be  join- 
ed. 

The  rectangle  D>*K  in  to  the  difference  of  the  squares  at'  <F 
and  KM,  as  the  square  qi'PD  is  to  the  sugars  ef  F9. 
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Let  fall  the  perpendicular  PH  on  DX,  and  from  K  draw  KN 
parallel  to  PF,  meeting  DF,  produced  if  necessary,  in  N. 

Because  of  the  equiangular  triangles  DKN  and  DPF,  KN  i* 
to  KD,  as  PF  is  to  PD  (4.  6  Eu.)  ;  whence,  PF  being  equal  to 
PD  (15. 1  Sup.),  KN  is  equal  to  K  D.    And  since  KN  is  to  KD„ 
as  PF  is  to  PD,  and,  because  of  the  equiangular  Mangles  DKX. 
and  DPH,  DK  is  to  KX,  as  DP  to  PH  (4.  6  Eu.),  by  equality,. 
KN  is  to  KX,  as  PF  to  PH  (22.  5  Eu.)*  or  in  the  determin- 
ing ratio ;  therefore  KN  or  KD  is  equal  to  KM  {Hyp.  and  9.  & 
Eu). 

From  the  centre  K,  at  the  distance  KD,  KN  or  KM,  let  th 
circle  DNM  be  described  ;  and,  because  of  the  parallels  PF  an 
KN,  the  rectangle  D  PK  is  to  the  rectangle  DFN,  or,  which  i 
equal  (Cor-  3.  36.  3  Eu.\  the  difference  of  the  squares  of  KFan 
KM,  as  the  square  of  DP  is  to  the  square  of  DF  (20. 6  and  Car, 
3.  22.  5  Eu). 

Car.    The  segment  (KD),  of  a  right  line  (DM)  parallel  to 
asymptote  (CZ)  of  a  hyperbola,  between  any  point  (K)  in  th 
parallel,  and  the  directrix,  is  to  a  perpendicular  (KX)  let  fal 
from  the  same  point  on  the  directrix,  in  the  determining  ratio. 

For,  because  of  the  equiangular  triangles  DKX  and  DPH 
KD  is  to  KX,  as  PD,  or  its  equal  (15.  1  Sup.)  PF,  is  to  PH  (4— 
0  Eu.)9or  in  the  determining  ratio. 

Scholium.    The  reasoning  in  this  proposition  and  cord 
applies,  whether  the  point  taken  in  the  parallel,  be  within 
without  the  hyperbola,  as  the  point  k,  a  right  line  being  sup — 
posed  to  be  drawn  from  k  to  F,  by  substituting  the  small 
k,  x,  m  and  n  for  their  respective  capitals. 


PROP.  XVII.  THEOR. 


Jgf  two  right  lines,  parallel  to  each  other,  both  touch  or  both  cut  i^ 
two  points,  or  one  of  them  touch,  and  the  other  so  cut,  a  hyperbo- — • 
la  or  opposite  hyperbolas,  and  meet  a  right  line  parallel  torn 
asymptote  ;  the  squares  of  the  segments  of  the  tangents,  or  redan 
gles  under  the  segments  of  the  secants,  between  the  right  lin 
parallel  to  the  asymptote,  and  the  point  or.points  wfierein  th 
meet  the  hyperbola  or  hyperbolas,  are  to  each  other,  as  the  set 
ments  of  the  right  line  parallel  to  Hie  asymptote,  between  £-, 
parallels,  and  the  concourse  of  that  right  line,  with  the  hyperbola 
which  it  meets. 


CONIC*  SECTIONS. 


Let,  in  fig.  1 ,  RL  and  rl  be  two  tangents,  parallel  to  each  other, 
touching  opposite  hyperbolas  in  R  and  r,  meeting  a  directrix 
DG,  in  H  and  h,  and  DK.  parallel  to  the  asymptote  CZ  in  L 
and  1 ;  and  let  secants  ST  and  at  meet  a  hyperbola,  as  in  fig.  1, 
or  opposite  hyperbolas,  as  in  fig.  2,  in  S  and  T,  a  and  t,  the 
directrix  DG  in  G  aud  g,  and  the  parallel  to  the  asymptote  in 
X  and  k.  The  squares  of  Lit  and  li-  in  fig,  1,  and  the  rectangle 
SKT  and  skt  in  fig.  1  and  2,  are  to  each  other,  as  the  right 
fines  PL  and  PL  PK  and  Pk. 

Join  KF  and  DF ;  and  KD  and  kD  in  fig.  1  and  a,  and  LD  and 
ID  in  fig.  1,  have  to  perpendiculars  letfall  from  the  points  K  and  k, 
X  and  1,  on  the  directrix  DG,  the  determining  ratio  {Cor.  16. 1 
Sup.),  and  let,  first,  the  parallel  right  lines  which  meet  DK,  be, 
in  fig.  l,  the  tangent  LR  and  the  secant  ST  ;  and  since  the 
rectangle  SKT  is  to  the  difference  of  the  squares  of  KF  and 
KD,  as  the  square  of  KG  is  to  the  difference  of  the  squares  of 
KG  and  KD  [IS.  I  and  Cor.  16.  1  Sup,),  and  the  difference  of 
Ihe  squares  of  KF  and  KD  is  to  the  rectangle  DPK,  as  the 
Square  of  DF  is  to  die  square  of  DP  (1G.  I  Sup.  and  Theor.  3. 
25.  5.  En.),  by  compounding  these  ratios,  the  rectangle  SKT  is 
"to  the  rectangle  DPK,  in  a  ratio  compounded  of  the  ratios  of 
the  rectangle  SKT  to  the  difference  of  the  squares  of  KF  and 
X.D,  and  of  the  same  difference  to  the  rectangle  DPK,  (l)ef.  13. 
S  £».),  or,  which  has  been  just  shewn  to  be  equal,  of  the  ratios 
«f  the  square  of  KG  to  the  difference  of  the  squares  of  KG  and 
KD,  and  of  the  square  of  DF  to  the  square  of  DP. 
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In  like  manner  it  m^y  be  proved,  that  the  square  of  RL  is  to 
the  rectangle  DPL,  in  a  ratio,  compounded  of  the  ratios  of  the 
square  of  LH  to  the  difference  of  the  squares  of  LH  and  LD^and 
of  the  square  of  DF  to  the  square  of  DP. 

But  in  these  two  compounded  ratios,  that  of  the  square  of  DF 
to  the  square  of  DP  is  common  to  both,  and,  because  of  the 
equiangular  triangles  KGD  and  LHD,  the  r  atios  of  KG  to  KD 
and  of  LH  to  LD  are  equal  (4.  6  Eu.)9  and  therefore  those,  of 
the  square  of  KG  to  the  square  of  KD,  and  of  the  square  of  LH  to 
to  the  square  of  LD  (20.  6.  and  cor.  3.  22.  5.  EuJ),  and 
therefore  those,  of  the  square  of  KG  to  the  difference  of 
the  squares  of  KG  and  KD,  and  of  the  square  LH  to  the 
difference  of  the  squares  of  LH  and  LD  (Schol.  18.  5 
Eu.)  therefore  these  compound  ratios  being  compounded  of 
equal  Vatios,  are  equal  (22.  5  Eu.),  therefore  the  ratios  equal  to 
them  of  the  rectangle  SKT  to  the  rectangle  DPK,  and  of  the 
square  of  BL  to  the  rectangle  DPL  are  equal,  and,  by  alter- 
nating, the  rectangle  SKT  is  to  the  square  of  RL,  as  the  rectan- 
fle  DPK,  is  to  the  rectangle  DPL  (16.  5  Eu.),  or,  the  side 
)P  being  common  to  both  rectangles,  as  PK  is  to  PL  (1.  6.  En). 
In  like  manner,  if,  instead  of  the  tangent  RL  and  secant  SKT, 
the  tangent  rl  and  secant  skt  be  used,  the  truth  of  the  proposition 
may  be  shewn,  a  right  line  being  supposed  to  be  drawn  from  k 
to  F,  by  substituting  the  small  letters  s,  t,  k,  g,  r,  1  and  h  for  the 
corresponding  capitals,  as  is  manifest. 

And,  by  a  similar  reasoning,  it  may  be  proved,  in  both  figures, 
that  the  rectangles  feKT  and  skt,  arc  to  each  other,  as  the  seg- 
ments KP  and  kP,  of  the  right  line  parallel  to  the  asymptote, 
between  the  parallels  ST  and  st,  and  the  point  P. 

PROP.  XVIII.  THEOR. 

If  a  right  line,  touching  a  hyperbola,  or  cutting  a  hyperbola  or*  op- 
posite hyperbolas  in  two  points,  meet  two  right  lines  parallel  to 
an  asymptote;  the  squares  of  tlie  segments  of  the  tangent,  or 
rectangles  under  the  segments  of  the  secant,  between  tlie  parallels, 
and  the  point  or  points,  wherein  the  tangent  or  secant  meets  the 
section  or  sections,  are  to  eacJi  other,  in  a  ratio,  compounded  of 
the  ratios,  of  the  segments  of  the  parallels,  between  tlie  tangent 
or  secant,  and  tlie  points  wherein  the  same  parallels  meet  the  hy- 
perbola, and  of  the  segments  of  the  same  parallels,  between 
a  right  line  passing  through  the  focus  adjacent  to  tkein,  and 
perpendicularly  cutting  them,  and  the  adjacent  directrix* 
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Let  a  right  line  XZ,  see  fig.  1,  touching  a  hyperbola  in  R,  or 
ST,  see  fig.  l  and  3,  cutting  a  hyperbola  or  opposite  hyperbolas 
in  8  and  T,  meet  two  right  Hups  DK  and  GL,  parallel  to  aa 
asymptote  CH,  and  meeting  the  adjacent  directrix  D Gin  D  and 
G;  from  the  focus  F  adjacent  to  the  parallels,  let  the  right  line 
r'BA  be  drawn,  perpendicularly  meeting  these  parallels  in  A 
and  B,  the  squares  of  XR  and  ZR,  or  rectangles  SKT  and  SJ.T, 
as  the  case  may  be,  are  to  each  other  in  a  ratio  compounded  of 
the  ratios  of  XP  to  ZQ  or  PK  to  <it,  and  of  DA  to  OB. 
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First,  the  rectangles  SKT  and  SLT,  see  fig.  1  and  2,  are  to 
each  other,  in  a  ratio  compounded  of  the  ratios  of  PK  to  QL  and 
of  DA  to  GB. 

Join  FD,  FK,  FL  and  FP  ;  let  U  and  u  he  the  points  in 
which  ST  and  XZ  meet  the  directrix  DG  ;  take  AV  equal  to 
AD,  and  through  K  draw  KM  parallel  to  PF,  meeting  DF  pro- 
duced  in  M. 

The  right  line  FV  is  equal  to  FD  (4.  1  Eu.\  and  PF  to  PD 
(15.  1  Sup.)  ;  therefore  the  triangles  DFV  and  DPF  are  isos- 
celes, and,  having  the  angle  PDF  common,  are  equiangular, 
therefore  DV  is  to  DF,  as  DF  is  to  DP  (4.  6  Eu.)9  or,  which  is 
equal,  because  of  the  parallels  PFand  KM,  as  FM  is  to  PK  ; 
(2.  6  and  16.  5  Eu.)9  therefore  the  rectangle  under  DV  or  twice 
I) A  and  PK,  is  equal  to  the  rectangle  DFM  (16.  6  Eu.)  :  hut, 
because  of  PF  equal  to  PD,  and  parallel  to  KM,  the  right  lines 
KD  and  KM  are  equal,  and  a  circle  described  from  the  centre 
K,  at  the  distance  KD,  would  pass  through  M,  and  so  the  rect- 
angle DFM  is  equal  to  the  difference  of  the  squares  of  KD  and 
KF  {Cor.  3.  36.  3  Eu.)  ;  therefore  the  rectangle  under  twice  DA 
and  PK  is  equal  to  the  difference  of  the  squares  of  KD  andKF. 

In  like  manner,  if  BN  be  taken  equal  to  BG,  and  FQ,  FG  and 
FN  be  joined,  and  GF  produced  meet  a  right  line  drawn  through 
%j  parallel  to  QF,  it  may  be  proved,  that  the  rectangle  under 
twice  GB  and  QL  is  equal  to  the  difference  of  the  squares  of 
LG  and  LF. 

But  the  ratios  of  KD  and  LG,  to  perpendiculars  let  fall  from 
K  and  L  on  DG,  arc  equal  to  the  determining  ratio  (Cor.  16.  1 
Sup.),  therefore  the  rectangle  SKT  is  to  the  difference  of  the  squares 
of  KD  and  KF,  as  the  square  of  KU  is  to  the  difference  of  the 
squares  of  KU  and  KD  ( 1 3.  1  Sup.)  $  for  a  like  reason,  the  rectan- 
gle SLT  is  to  the  difference  of  the  squares  of  LG  and  LF,  as  the 
square  of  LU  is  to  the  difference  of  the  squares  of  LU  and  LG ; 
but,  because  of  the  equiangular  triangles  KUD  and  LUG,  the 
ratios  of  KU  to  KD  and  of  LU  to  LG  are  equal  (4.  6  Eu.)9  and 
therefore  those,  of  the  square  of  KU  to  the  square  of  KD,  anA 
of  the  square  of  LU  to  the  square  of  LG  (20.  6  and  Cor.  3.  22.  5 
En.)9  and  therefore  those,  of  the  square  of  KU  to  the  difference 
of  the  squares  of  KU  and  KD,  and  of  the  square  of  LU  to  th* 
difference  of  the  squares  of  LU  and  LG  (Schol.  18.  5  Eu.)  } 
therefore  the  ratios  of  the  rectangle  SKT  to  the  difference  of  tii^ 
squares  of  KD  and  KF,  and  of  the  rectangle  SLT  to  the  diffe*~ 
ence  of  the  squares  of  LG  and  LF,  which  are  equal  to  the^* 
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equal  ratios,  are  equal  (11.  5  Eu.)  ;  and  the  difference  of  the 
squares  of  KD  and  KF  is  above  proved  equal  to  the  rectangle 
under  twice  DA  and  PK,  and  the  difference  of  the  squares  of 
L6  and  LF  to  the  rectangle  under  twice  GB  and  QL,  therefor© 
the  rectangle  SKT  is  to  the  rectangle  under  twice  DA  and  PK, 
as  the  rectangle  SLT  is  to  the  rectangle  under  twice  GB  and 
QL,  and,  by  alternating,  the  rectangle  SKT  is  to  the  rectangle 
SLT,  as  the  rectangle  under  twice  DA  and  PK  is  to  the  rectan- 
gle under  twice  GB  and  QL  (16.  5  Eu.);  or,  which  is  equal 
(23.  6  Eh.),  in  a  ratio  compounded  of  the  ratios  of  PK  to  QL, 
and  of  twice  DA  to  twice  GB  ;  or,  twice  DA  being  to  twice  GB, 
as  DA  to  GB  (15.  5  En.),  in  a  ratio  compounded  of  the  ratios 
of  PK  to  QL  and  of  DA  to  GB. 

In  like  manner  it  may  be  proved,  in  the  case  of  the  tangent 
XZ,  see  fig.    1,  by  "drawing  through   X   and   Z,    instead  of 
through  K  and  L,  right  lines  parallel  to  PF  and  QF,  and  other- 
wise constructing  and  reasoning  as  above,  that  the  rectangles 
under  twice  DA  and  XP,  and  under  twice  GB  and  ZQ,  are 
equal  to  the  differences  of  the  squares  of  XD  and  XF,  and  of 
ZG  and  ZF  ;  and  so  the  square  of  RX  being,  for  the  like  reason 
as  above,  to  the  difference  of  the  squares  of  XD  and  XF,  as  the 
square  of  RZ  is  to  the  difference  of  the  squares  of  ZG  and  ZF  ; 
by  substituting  for  the  differences  of  the  squares  of  XD  and  XF, 
and  of  ZG  and  GF,  their  equals  as  above,  the  rectangles  under 
twice  DA  and  XP,  and  under  twice  GB  and  ZQ,  the  square  of 
RX  is  to  the  rectangle  under  twice  DA  and  XP,  as  the  square 
of  RZ   is  to  the  rectangle  under  twice  GB  and  ZQ,  and,  by 
alternating,  the  square  of  RX  is  to  the  square  of  RZ,  as  the 
rectangle  under  twice  DA  and  XP  is  to  the  rectangle  under 
twice  GB  and  ZQ  (16.  5  Eu.)9  or,  in  a  ratio,  compounded  of 
the  ratios  of  XP  to  ZQ  and  twice  DA  to  twice  GB  (23. 6Eu.) 
or,  twice  DA  being  to  twice  GB,  as  DA  to  GB  (15.  5  Eiu)9  in 
a  ratio  compounded  of  the  ratios  of  XP  to  ZQ  and  of  DA  to  GB. 
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PROP.  XIX.  THEOR. 

If,  in  a  diameter  of  a  parabola,  any  point  be  taken  ;  the  rectangle 
under  the  segments  of  the  diameter,  between  its  vertex  and  that 
point,  and  its  vertex  and  tlie  directrix,  is  to  the  difference  of  the 
squares,  of  the  distances  of  the  assumed  point,  from  the  focus,  and^ 
from  the  directrix,  as  the  square  of  the  segment  of  the  diameter 9 
between  Us  vertex  and  the  directrix,  is  to  the  square  of  a  fight 
line,  joining  tlie  focus,  to  the  point,  in  which  the  diameter  meets 
the  directrix. 

In  a  diameter  DPK  of  a  parabola, 
take  any  point  whatever  K ;  let  P 
and  D  be  the  points  in  which  the  di- 
ameter meets  the  parabola  and  tlie 
directrix  DG,  and  F  the  focus,  and 
let  DF,  PF  and  KF  be  joined.  The 
rectangle  DPK  is  to  the  difference 
of  the  squares  of  KF  and  KD,  as  € 
the  square  of  FD  is  to  the  square  of 

FD. 

From  K  draw  KM  parallel  to  FP, 
meeting  DF»  produced,  if  necessary, 
in  M.  Because  of  the  equiangular 
triangles  DKM  and  DPF,  KM  is  to  KD,  as  PF  to  PD  (4.  6 
Eu.),  or  in  a  ratio  of  equality  (Def.  8.  1  Sup.)  :  from  the  centre 
K,  at  the  distance  KD,  let  a  circle  be  described,  which,  because 
of  the  equality  of  KD  and  KM,  passes  through  M  ;  and,  because 
of  the  parallels  PF  and  KM,  the  rectangle  DPK  is  to  the  rect- 
angle DFM,  or,  which  is  equal  [Cor.  3.  36.  3  Eu.),  the  difference 
of  the  squares  of  KF  and  KD,  as  the  square  of  PD  is  to  the 
square  Of  FD  (2  and  20.  6  and  Cor.  3.  £2.  5  Eu). 


PROP.  XX.  THEOR. 

Jjf  two  right  lines,  parallel  to  each  other,  both  cut  in  two  points, 
or  one  of  them  touch,  and  the  other  so  cut,  a  parabola,  and  meet 
.a  diameter  ;  the  rectangles  under  the  segment*  of  the  secants,  or 
square  of  the  segment  of  the  tangent,  between  the  diameter,  and 
the  point  or  points,  wlierein  they  meet  the  parabola,  are  to  each, 
other,  as  the  segments  of  the  diameter,  between  its  vertex  and. 
the  parallels. 
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Let  SKT  and  skt  be  two 
secants,  or  SKT  a  secant, 
and  KL  a  tangent  to  a  para- 
bola, parallel  to  earli  other  ; 
the  secants  cutting  ttie  para- 
bola in  S  and  T,  s  and  t,  atid 
meeting  a  diameter  DK  in 
K  and  k,  and  the  directrix 
DG  in  G  andg;  and  the  tan* 
pent  touching  the  parabola 
in  R,  and  meeting  the  diam- 
eter in  L,  and  the  directrix 
inH.  The  rectangles  SKT 
and  skt,  or  the  rectangle 
SKT  and  square  or  RL,  are 
to  each  other,  as  the  seg- 
ments KP,  kp  and  LP. 

<  •  Join  DF,  KF,  kF  and  LF  ;  and  first,  let  the  parallel  right  lines 
-which  meet  the  diameter,  he  a  secant,  as  ST,  and  a  tangent,  as 
RL  j  and  since  the  determining  ratio  in  the  parabola  is  the  ratio 
of  equality  [Schol.  6.  1  8up.],  the  right  lines  KD,  kD  and  LD 
have  to  the  distances  of  the  points  K,  k  and  L  from  the  direc- 
trix, the  determining  ratio  ;  whence  the  rectangle  S  CT  is  to  tiia 
difference  of  the  squares  of  KF  and  KD,  as  the  square  of  '  G  is 
to  the  difference  of  the  squares  of  KG  and  KD  (13  1  Sup.);  and 
the  difference  of  the  squalls  of  K.F  and  KD  is  to  the  rectangle 
DPK,  as  the  square  of  DF  is  to  the  square  of  DP  (19.  1  Sup. 
and  Theor.  3.  15.  5Eu.),  therefore,  by  compounding  these  ratios, 
the  rectangle  SKT  is  to  the  rectangle  DPK  in  a  ratio  com- 
pounded of  the  ratios  of  the  rectangle  SKT  to  the  difference  of 
the  squares  of  KF  and  KD,  and  of  the  same  difference  to  the 
rectangle  DPK  (Btf.  13.  5  En. J,  or,  which  has  been  just 
shewn  to  be  equal,  ot  the  ratios  of  the  square  of  KG  to  the  dif- 
ference of  tbe  squares  of  KG  and  KD,  and  of  the  square  of  DF 
to  the  square  of  D  P. 

In  like  manner  it  may  be  proved,  that  the  square  of  RL  is  to 
the  rectangle  DPL,  in  a  ratio,  compounded  of  tbe  ratios  of  the 
square  of  LH  to  the  difference  of  the  squares  of  LH  and  LD, 
and  of  the  square  of  DF  to  the  square  of  DP. 

But  In  these  two  compound  ratios,  that  of  the  square  of  DF  to 
the  square  of  DP  is  common  to  both,  and  because  of  the  equian- 
gular triangles  KGD  and  LHD,  the  ratios  of  KGtuKD  and  of 
LH  to  LD  arc  equal  (4.  6£u.),  ami  therefore  those,  of  the  square 
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of  KG  to  the  square  of  KD,  and  of  the  square  of  LH  to  the 
square  of  LD  {20.  6  and  cor.  3.  22.  5  En.),  and  therefore  those, 
of  the  square  of  KG  to  the  difference  of  the  squares  of  KG  and 
KD,  and  of  the  square  of  LH  to  the  difference  of  the  squares  of 
LH  and  LD  {Scfwl,  18.  5  Eu.),  therefore  the  ratios  compounded 
of  these  equal  ratios  are  equal  (22.  5  Eu.),  namely,  the  ratios 
of'  the  rectangle  SKT  to  the  rectangle  DPK,  and  of  the  square 
of  RL  to  the  rectangle  DPL,  and  by  alternating,  the  rectangle 
SKT  is  to  the  square  RL,  as  the  rectangle  DPK  is  to  the  rect- 
angle DPL  (16.  5  Eu.),  or,,  the  side  DP  being  common  to  both 
rectangles,  as  PK.  is  to  PL. 

In  like  manner,  if  both  the  parallels  be  secants,  as  ST  and  at, 
it  may  be  proved,  that  the  rectangles  SKT  and  skt  have  the 
same  ratio  to  each  other,  as  the  segments  of  the  diameter  PK 
andPk. 

PROP.  XXI.  THEOR. 

If  a  right  line,  touching  a  parabola,  or  cutting  it  in  two  points, 
meet  two  diameters ;  the  squares  of  the  segments  of  the  tangent, 
or  rectangles  under  the  segments  of  the  secant,  between  the  diam- 
eters, and  the  point  or  points,  wherein  the  tangent  or  secant 
meets  the  parabola,  are  to  each  other,  as  the  segments  of  the  di- 
ameters, between  their  vertices,  and  the  points,  in  which  they 
meet  the  tangent  or  secant. 

Let  DK  and  GL 
be  two  diameters  of 
a  parabola,  meeting  q 
the  section  in  Pant! 
Q,  and  the  directrix 
in  D  and  G,  and 
let  a  tangent  XZ, 
touching  the  para- 
bola in  R,  meet 
these  diameters  in 
X  and  Z,  and  the 
directrix  DG  in  I,  G 
or  a  secant  ST, 
meet  the  same  diam- 
eters in  K  and  L, 
the  section  in  S  and 
T,  and  the  direc- 
trix in  H  ;  the 
squares  of  RX  and 
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RZ  are  to  each  other,  as  the  segments  of  XP  and  ZQ ;  and 
the  rectangles  SKT,  and  SLT  are  to  each  other,  as  the  seg- 
ments PR  and  QL. 

And  first,  the  rectangle  SKT  and  SLT  are  to  each  other,  as 
the  segments  PK  and  QL ;  let  F  be  the  focus,  and  join  FD,  FP, 
FK  and  FL,  let  fall  the  perpendicular  FO  on  DK,  meeting  GL 
in  £,  and  on  DK  take  OV  equal  to  OD  and  join  FV,  through 
K,  draw  KM  parallel  to  FP,  meeting  DF  produced  in  M. 

•  The  right  line  FV  is  equal  to  FD  (4. 1  Eu.)9  and  PF  to  PD 
(Def.  8.  1  Sup.),  therefore  the  triangles  J>FV  and  DPF  are 
isosceles,  and,  having  the  ancle  PDF  at  the  base  of  each  com- 
mon, are  equiangular  ;  therefore  DV  is  to  DF,  as  DF  is  to  DP 
(4.  6  Eu.) ;  or,  which  is  equal,  because  of  the  parallels  PF  arid 
KM  (2.  6  Eu.),  as  FM  is  to  PK  ;  therefore  the  rectangle  under 
DV,  or  twice  DO  and  PK,  is  equal  to  the  rectangle  DFM  (16. 
6  Eu.) :  but,  because  of  PF  equal  to  PD,  and  parallel  to  KM, 
the  right  lines  KD  and  KM  are  equal,  and  a  circle  described 
from  the  centre  K,  at  the  distance  KD,  would  pass  through  M, 
and  so  the  rectangle  DFM  is  equal  to  the  difference  of  the 
squares  of  KD  and  KF  (C&r.  3.  36.  3  Eu,) ;  therefore  the  rect- 
angle under  twice  DO  and  PK  is  equal  to  the  difference  of  the 
squares  of  KD  and  KF. 

In  like  manner  it  may  be  proved,  that  the  rectangle  under 
twice  GE  or  twice  DO  and  QL,  is  equal  to  the  difference  of  the 
Squares  of  LG  and  LF. 

But  the  rectangle  SKT  is  to  the  difference  of  the  squares  of 
J^D  and  KF,  as  the  square  of  KH  is  to  the  difference  of  the 
Squares  of  KH  and  KD  (13,  1  Sup.),  and  the  rectangle  SLT  is 
**>  the  difference  of  the  squares  of  LH  and  LF,  as  the  square  of 
XaH  is  to  the  difference  of  the  squares  of  LH  and  LG  (by  the 
Bame)  ;  and,  because  of  the  equiangular  triangles  KHD  and 
I-.HG,  the  ratios  of  KH  to  KD  and  of  LH  to  LG  are  equal  (4.  6 
-fiu.),  and  therefore  the  ratios  of  the  square  of  KH  to  the  square 
of  KD  and  of  the  square  of  LH  to  the  square  of  LG  (20.  6  and 
Cor.  3.  22.  5  Eu.)9  and  therefore  the  ratios  of  the  square  of  KH 
to  the  difference  of  the  squares  of  KH  and  KD  and  of  the  square 
of  LH  to  the  difference  of  the  squares  of  LH  and  LG  (ScJiol.  18. 
5  Eu.)  ;  therefore  the  ratios  equal  to  them  of  the  rectangle  SKT 
to  the  difference  of  the  squares  of  KD  and  KF,  and  of  the  rect- 
angle SLT  to  the  difference  of  the  squares  of  LG  and  LF  are 
equal ;  but  the  difference  of  the  squares  of  KD  and  KF  is  above 
proved  to  be  equal  to  the  rectangle  under  twice  DO  and  PK,  and 
the  difference  of  the  squares  of  LG  and  LF,  to  the  rectangle 
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under  twice  DO  and  QL  ;  therefore  the  rectangle  SKT  is  to  the 
rectangle  under  twicv  DO  and  PK,  as  the  rectangle  SLT  is  to 
the  rectangle  under  twice  DO  and  QL,  and  by  alternating,  the 
rectangle  SKT  is  to  the  rectangle  SLT,  as  the  rectangle  under 
tviceDO  and  PK  is  to  the  rectangle  under  twice  DO  and  QL 
(16.  5  Eu.)*  or,  the  side  twice  DO  being  common  to  the  two  last 
terms,  as  PK  is  to  QL  (1.  6  En). 

In  like  manner,  it  may  be  proved,  in  the  case  of  the  tangent 
XZ,  that  the  rectangles  under  twice  DO  and  the  segments  XP  • 
and  Zi-  are  severally  equal  to  the  difference  of  the  squares  of 
XD  and  XF  and  of  ZG  and  ZF  ;  also  that  the  square  of  RX  is 
to  the  'difference  of  the  squares  of  XD  and  XF,  as  the  square  of 
RZ  is  to  the  difference  of  the  squares  of  ZG  and  ZF,  and,  sub- 
stituting for  the  differences  of  the  squares  of  XD  and  XF  and 
of  ZG  and  ZF,  what  may  be  proved  equal  to  them  in  like 
manner  as  above,  the  rectangles  under  twice  DO  and  XP  and 
under  twice  DO  and  Z^,  the  square  of  RX  is  to  the  rectangle 
under  twice  DO  and  X°,  as  the  square  of  RZ  is  to  the  rectangle 
under  twice  DO  and  ZQ,  and,  alternating,  the  square  of  RX  is 
to  the  square  of  RZ,  as  the  rectangle  under  twice  DO  and  XP 
is  to  the  rectangle  under  twice  DO  and  ZQ  (16.  5  Eu.)9  or  the 
side  twice  DO  being  common  to  the  two  last  terms,  as  XP  is  to 
ZQ(1.6JE?e). 

Scholium.  Tf,  in  this  proposition,  the  secant  ST,  meeting  the 
diameters  I)K  and  GL  in  K  and  L,  instead  of  meeting  the 
directrix,  were  parallel  to  it,  the  truth  of  the  proposition  might 
be  shewn,  by  drawing  through  K  and  L,  right  lines,  parallel  to 
each  other,  each  of  them  cutting  the  section  in  two  points  and 
meeting  the  directrix  ;  the  rectangles  SKT  and  SLT  would  be 
to   each  other,  as   the  rectangles  under  the   segments  of  the 

farallel  secants,  between   the  right   line  ST  and   the  section 
Cor.  4.    14.  1  Sup.)9  and  therefore,  as  easily  follows  from  this 
proposition,  and  the  preceding,  as  the  right  lines  PK  and  QL. 
A  like  observation  is  applicable  to  the  case  of  a  tangent,  and  it* 
the  17th,  18th  and  20th  propositions  of  this  book. 


PROP.  XXII.  THEOR. 


An  axis  of  a  corrick  section ,  bisects  all  right  lines ,  termiiwltd 
the  section,  and  ordinately  applied  theretot 


Part  1.  Let  PQ,  see  fig.  1,  2  and  3,  terminated  by  a  conick 
section,  be  ordinately  applied  to  the  principal  axis  BH  of  the 
section,  meeting  that  axis  in  H,  PQ  is  bisected  in  H. 

Let  F  be  a  focus,  and  ST  a  directrix,  and,  in  fig.  1  and  2, 
those  which  are  adjacent  to  PQ  ;  let  PS  and  QT  be  perpendicu- 
lars, let  fall  from  P  and  Q  on  ST,  and  join  FP  and  FQ  ;  and, 
because  both  PQ  and  ST  are  perpendicular  to  the  axis  BH 
{Cor.  3.  11.  1  and  lief.  8  and  18.  1  Sup.),  they  are  parallel  to 
each  other  (28.  1  En.),  as  are  also  <  PS  and  QT,  being  each 
perpendicular  to  ST  (by  the  same),  therefore  PT  is  a  parallelo- 
gram, and  PS  and  QT  are  equal,  and  therefore  FP  and  PQ,  hav- 
ing the  same  ratio  to  them  (6.  1  Sup.),  are  also  equal ;  whence 
the  triangles  FHP  and  FHQ,  having  FB  common,  and  the  an- 
gles at  H  right,  PH  is  equal  to  HQ  {Car.  7.  6.  En,),  and  so  PQ 
is  bisected  in  H. 

Part  2.  Let  now  PO,  see  fig.  1  and  2,  terminated  by  an 
ellipse  or  opposite  hyperbolas,  be  ordinately  applied  to  the 
second  axis  MM,  meeting  that  axis  in  K.,  OP  is  bisected  in  K. 

The  right  line  OP  is  perpendicular  to  MKN  (Cor.  3.  11.  l 
Sup.),  and  therefore  parallel  to  AB  (Def.  3.  and  5.  1  Sup.  and 
28.  1  En.)  ;  draw  OL  and  PH  at  right  angles  to  AB,  and 
produce  them  to  meet  the  section  again  in  R  and  Q,  they  are 
ordinately  applied  to  the  axis  AB  ( Cor.  2.  1 1.  1  Sup.),  and  the 
rectangle  OLR  is  to  the  rectangle  ALB,  as  the  rectangle  PHQ 
is  to  the  rectangle  AHB  (14.  1  Sup.) ;  but  PQ  and  OR  being 
bisected  in  H  and  L  {by  part  1),  and  OL  and  PH  being,  because 
«f  Vte  parallelogram  OH,  equal,  the  rectangles  OLR  and  PHQ 
are  equal,  therefore  the  rectangles  ALB  and  AHB  arc  equal, 
(u.  5  Eu.),  and  therefore  AL  is  equal  to  HB  {Cor.  l  and  2.  7. 
1£u.);  but  AC  is  equal  to  CB  (l.  I  Sup.),  therefore  LC  ami 
CH  are  equal  (Ac.  2  and  3.  1  Eu.)  j  but,  because  of  the  paral- 
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lelograms  OC  and  CP,  the  right  lines  OK  and  KP  arc  equal  to 
LC  and  CH  (34. 1  Eu.),  therefore  OK  and  KP  are  equal,  and  so 
OP  is  bfsected  in  K. 

Scholium.  A  perpendicular,  let  fall  from  any  point  of  a  conick 
section,  on  an  axis,  which  is  not  the  second  axis  of  a  hyperbola, 
meets  the  axis  within  the  section,  for  it  is  parallel  to  a  tangent, 
drawn  through  the  nearer  vertex  of  the  axis  (Cor.  1.  11.  1  Sup. 
and  28.  1  Eu),  which  tangent  falling  wholly  without  the  section 
(Def.  10.  1  Sup.),  if  the  perpendicular  did  not  meet  the  axis 
within  the  section,  it  would  meet  the  tangent,  contrary  to  the 
definition  of  parallel  right  lines. 

And  this  perpendicular  is  an  ordinate  to  the  axis  {Cor.  2.  11. 
1  and  Def.  12.  1  Sup.)9  and  if  it  be  produced  beyond  the  axis,  so 
that  the  part  produced  may  be  equal  to  the  ordinate,  its  other 
extreme  is  in»  the  section,  for  otherwise,  a  right  line  ordinately 
applied  to  the  axis,  and  terminated  by  the  section,  would  not  be 
bisected  by  the  axis,  contrary  to  this  proposition. 

Cor.  A  tangent  to  a  conick  section,  which  is  perpendicular . 
to  an  axis,  which  is  not  the  second  axis  of  a  hyperbola,  touches 
the  section  in  a  vertex  of  that  axis  ;  for  a  perpendicular  to  the 
axis,  drawn  from  any  other  point  of  the  section,  meets  the  axis 
within  the  section,  by  the  prec.  schol.  and  would  not  therefore 
be  a  tangent  (Def.  10.  1  Sup). 

PROP.  XXIII.  THEOR. 

If  from  any  point  of  a  conick  section,  an  ordinate  be  drawn  to  an 
axis  ;  the  square  of  an  ordinate  u,  in  tlte  case  of  an  ellipse,  or 
principal  axis  of  a  hyperbola,  to  the  rectangle  under  the  abscissas, 
and,  in  the  case  of  tlte  second  axis  of  a  hyperbola,  to  t/ie  sum  of  the 
squares  of  the  second  semiaxis,  and  the  segment  tliereof  between 
the  centre  and  ordinate,  as  the  square  of  the  semiaxis  to  whidi 
the  ordinate,  is  parallel,  is  to  the  square  of  the  other  ;  and,  in 
the  case  of  a  parabola,  the  square  of  tlte  ordinate  is  equal  to 
the  rectangle,  under  the  abscissa,  ana  the  principal  parameter. 

Tart  1.  When  the  figure  is  an  ellipse,  (see  fig.  1  preceding 
prop.),  PH  being  an  ordinate  to  the  axis  AB,  and  PK  to  the 
axis  MN ;  these  ordinates  arc  perpendicular  to  their  respective 
axes  (Cor.  S.  11.  1  Sup.),  and  it  is  manifest  from  the  1st,  14tli 
and  22.  1  Sup.  that  the  square  of  PH  is  to  the  rectangle  AHB, 
as  the  square  of  CM  is  to  the  square  of  CB,  and  the  square  of 
PK  to  the  rectangle  NKM,  as  the  square  of  CB  to  the  square 
afCMi 
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Pari  2.  Wheti  the  ordinate,  as  PH,  (see  Jig.  2.  preceding  prop.), 
meets  the  principal  axis  AB  of  a  hyperbola.  The  square  of  PH 
is  to  the  rectangle  AHB,  as  the  square  of  CM  is  to  the  square 
ofCB. 

From  the  focus  F,  draw  FD  at  right  angles  to  AH,  meeting 
the  hyperbola  in  D,  draw  DG  at  right  angles  to  the  adjacent 
directrix  TS,  which  let  AB  meet  in  Z. 

FD  is  to  DG  or  FZ,  as  FB  is  to  BZ  (6. 1  Sup.),  and  by 
alternating,  FD   is  to  FB,  as  FZ  istoBZ  (16.  5  Eu.) ;  but 
since  CF  is  to  CB,  as  FB  is  to  BZ  (Schol.  6.  1  Sup.),  by  com- 
pounding, CF  and  CB  together,  or  AF  is  to  CB,  asFB  and 
BZ  together,  or  t*'Z  is  to  BZ  (18.  5  Eu.) ;  but  it  is  above  shewn, 
that  FD  is  to  FB,  as  FZ  to  BZ  ;  therefore  FD  is  to  FB,  as 
AF  is  to  CB  (11.5  Eu.),  and  therefore  the  rectangle  under  FD 
and  CB  is  equal  to  the  rectangle  AFB  ( 16.  6  Eu.),  or,  which  is 
equal  (2.  1  Sup.),  to  the  square  of  CM ;  therefore  CM  is  a  mean 
proportional  between  CB  and  FD,  and  so  the  square  of  FD  is 
to  the  square  of  CM,  or  (2.  1  Sup.),  the  rectangle  AFB,  as  the 
square  of  CM  is  to  the  square  of  CB  (20.  6  and  Cor.  8.  22.  5' 
£*•),  but  the  square  of  PH  is  to  the  rectangle  AHB,  as  the 
square  of  FD  is  to  the  rectangle  AFB  (14  and  22.  1  8up.)9 
therefore  the  ratios  of  the  square  of  PH  to  the  rectangle  AHB, 
and  of  the  square  of  CM  to  the  square  of  CB,  being  each  equal 
to  that  of  the  square  of  FD  to  the  rectangle  AFB,  are  equal  to 
each  other  (11.5  Eu ). 

Tart  S.  When  the  ordinate,  as  PK,  meets  the  second  axis 
■MN  of  a  hyperbola.  The  square  of  PK,  is  to  the  sum  of  the 
Squares  of  CM  and  CK,  as  the  square  of  CB  is  to  the  square 
of  CM. 

For,  fby  the  prec  part  and  inverting J9  the  rectangle  AHB  is 
"to  the  square  of  PH  or  CK,  as  the  square  of  CB  is  to  the  square 
*rf  CM  ;  therefore  the  rectangle  AHB  with  the  square  of  CB,  or, 
^rhich  is  equal  (6.  2  Eu.),  the  square  of  CH  or  PK,  is  to  the 
square  of  CM  and  CK  together,  as  the  square  of  CB  is  to  the 
square  of  CM  (12,  5  Eu). 

Part  4.  When  the  figure  is  a  parabola,  see  fig.  3  of  prec. 
prop.  The  square  of  PH,  is  equal  to  the  rectangle  under  BH, 
and  the  principal  parameter. 

From  the  focus  F  draw  FD  at  right  angles  to  BH,  meeting 
the  parabola  in  D,  let  fall  the  perpendicular  DG  on  the  directrix 
ST,  which  let  the  axis  BH  meet  in  Z. 

The  right  line  DF  is  equal  to  DG  (Def.  8.  1  Sup.),  therefore 
the  square  of  DF  is  equal  to  the  square  of  GD  or  of  ZF,  or,  ZB 
and  BF  being  equal  (Def.  8. 1  Sup.),  to  four  tim&  the  square  eff 
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BF- (Cbr.  4.  2  JEu.),  or  to  the  rectangle  under  BF  aid  four 
times  BF,  or,  the  principal  parameter  being  equal  to  four  times 
BF  (Def.  16.  and  17.  I  Sup.),  to  the  rectangle  under  BF  and 
the  principal  parameter  ;  but  the  square  of  DF  is  to  the  square 
of  PH,  as  6F  is  to  BH  (22  and  20.  1  Sup.),  or,  as  the  rectangle 
under  BF  and  the  principal  parameter,  is  to  the  rectangta 
under  BH  and  the  same  parameter  (1.  6  and  11.  5  Eu>) ;  whence, 
the  square  of  DF  having  been  just  proved  equal  to  the  rect- 
angle under  BF  and  the  principal  parameter,  the  square  of  PH 
is  equal  to  the  rectangle  under  BH  and  the  same  parameter 
(14.  5  Eu). 

Cor.  1.  Hence,  in  ellipses,  the  rectangle  under  the  abscissas 
of  the  greater  axis  is  greater,  of  the  second  axis,  less,  than  the 
square  of  the  ordinate. 

Cor  2.  And,  in  ellipses  and  hyperbolas,  a  right  line,  drawn 
from  the  centre,  at  right  angles  to  the  principal  axis,  whose 
square,  is  to  the  square  of  the  principal  semiaxis,  as  the  square 
of  an  ordinate  to  the  principal  axis,  is  to  the  rectangle  under  the 
abscissas,  is  the  second  semiaxis. 


PROP.  XXIV.  THEOK. 


A  right  line,  terminated  by  a  conick  section,  passing  through  & 
focus,  and  ordinately  applied  to  the  principal  axis,  is  equal 
the  principal  parameter. 
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Let  BD  be  a  conick  section,  see  fig.  1,  2  and  3,  whose  prin- 
cipal axis  is  BF,  and  DG  a  right  line  passing  through  a  focus 
F,  ordinately  applied  to  the  same  axis,  and  terminated  both  ways 
by  the  section ;  DG  is  equal  to  the  principal  parameter  of  the 
section. 
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First,  let  the  section  be  an  ellipse  or  hyperbola,  see  fig.  1  and 
£»  let  A  and  B  be  the  principal  vertices,  C  the  centre,  and  MN 
the  second  axis.  The  square  of  CB  is  to  the  square  of  CM,  a» 
the  rectangle  AFB,  or,  which  is  equal  (2.  1  Sup.),  the  square  of 
CM,  is  to  the  square  of  Fii  (23.  1  Sup);  therefore  the 
right  lines  CB,  CM  and  FD  are  continually  proportional  (22. 
&Bu*)9anA  therefore  also  their  doubles  (1  #22. 1  Sup.),  AB,  MN 
and  DO  (15.  5  En.  ;  whence,  AB  and  MN  being  conjugate 
diameters  (Def.  14  3  and  5,  and  Cor.  1.  11.  1  Sup.),  1)G  is  equal 
to  the  parameter  of  the  principal  axis  AB,  or  the  principal  par- 
ameter of  the  section  (Def.  15.  and  17.  1  l  up). 

Let  now  IXG,  see  fig.  3,  be  a  right  line,  terminated  by  a  par- 
abola, passing  through  its  focus  F,  and  ordinately  applied  to  its 
axis  BF  ;  let  KL  be  the  directrix,  which  let  FB  produced,  meet- 
in  O,  and  draw  DK  and  GL  at  right  angles  to  i^L  ;  BF  is  equal 
to  OB  {Def.  8.  I.  Sup  ),  and  therefore  OF,  or  either  of  its  equals 
(34.  I  Eu.i  DK  or  GL,  double  to  OB  ;  whence,  FD  being 
equal  to  DK,  and  FG  to  GL  (Def  8.  1  Sup  ),  DG  is  fourfold  of 

OB  or  BF,  and  therefore  equal  to  the  principal  parameter  (Def* 

16.  and  17.  1  Suj)). 


PROP.  XXV.  THE  OR. 


If  a  right  line,  touching  a  hyperbola,  or  cutting  a  hyperbola  or  op- 
posite  hyperbolas,  and  parallel  to  either  axis,  meet  both  asymp- 
totes ;  the  square  of  the  segment  of  the  tangent,  between  the 
hyperbola,  and  eitlter  asymptote,  or  rectangle  under  the  segments 
of  the  secant,  between  an  intersection  with  the  hyperbola,  or 
either  of  tlie  opposite  hyperbolas,  and  the  asymptotes,  or  between 
other  asymptote*  and  the  hyperbola  or  opposite  hyperbolas,  is  equal 
to  the  square  of  the  semiaxis9  which  is  parallel  to  the  tangent  or 
secant. 
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Fart*  1.  Let  a  tangent  BD,  to  a 
hyperbola  BP,  touching  the  section 
in  B,  parallel  to  the  second  axis  CM, 
meet  the  asymptote  CR  in  D ;  the 
square  of  BD  is  equal  to  the  square 
of  the  semiaxis  CM. 

Because  the  tangent  BD  is  paral- 
lel to  CM  (Hyp*),  it  is  perpendicular 
to  the  transverse  axis  AB  {Def.  & 1 
Sup.  and  29.  1  Eu.)9  and  therefore 
its  contact  n  in  its  vertex  B  ( Cor.  22. 
1  Sup.),  and  BD  is  equal  to  CM 
{Def.  19.  1  &iip.}*y  therefore  the  square  of  BD  is  equal  to  the 
square  of  CM* 

Part  2.  Let  GL  parallel  to  the  second  axis  CM,  meet  the 
transverse  axis  in  H,  the  hyperbola  in  P  and  K,  and  the  asymp- 
totes in  G  and  L  ;  the  rectangle  GPL  or  PGK,  is  equal  to  the 
square  of  CM. 

For  the  triangles  GCH  and  LCH,  having  the  angles  at  €J 
equal  (Cor.  Def.  19.  1  Sup.),  the  angles  at  H  equal,  being  right, 
and  CH  common,  GH  is  equal  to  HL  ;26.  1  Eu.)  ;  and  PK  is 
bisected  in  H  (Cor.  2. 11.  1  and  22.  1  Sup.)rnnA  therefore, taking 
equals  from  equals,  GP  is  equal  to  KL  ;  and,  because  of  the 
equiangular  triangles  CBD  and  CHG,  the  square  of  CH  is  to 
the  square  of  HG,  as  the  square  of  CB  to  the  square  BD  (4  and 
32.  6  jBii.),  or  (by  part  1  of  this  prop.),  of  CM,  and  therefore  (23. 
1  Sup.),  as  the  rectangle  AHB  is  to  the  square  of  HP;  therefore, 
the  excess  of  the  square  of  CH  above  the  rectangle  AHB,  or, 
which  is  equal  (6.  2  Eu.),  the  square  of  CB,  is  to  the  excess  of 
the  square  of  HG  above  the  square  of  HP,  or,  which  is  equal 
(5.  and  6.  2  Eu.),  the  rectangle  GPL  or  PGK,  as  the  square  of 
CH  to  the  square  of  HG  (19.  5  Eu.),  or,  which  is  equal  (4  and 
22.  6  Eu.),  as  the  square  of  CB  to  that  of  BD  or  CM  ;  since 
then  the  square  of  CB  has  the  same  ratio  to  the  rectangle  GFL 
ar  PGK  and  tlie  square  of  CM,  the  rectangle  GPL  or  PGK 
fe  equal  to  the  square  of  CM  (95.  Eu). 

Part  3.  Let  the  secant  OS,  parallel  to  the  transverse  axis 
AB,  meet  the  opposite  hyperbolas  in  O  and  S,  and  the  asymp- 
totes in  Q  and  It,  the  rectangle  RSQ  or  ORS  is  equal  to  the 
square  of  CB. 

Let  the  second  semiaxis  CM  meet  OS  in  T,  draw  MD  from 
M  at  right  angles  to  CM,  meeting  CG  in  D  j  MD  is  equal  to 
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CB  (Ite£  19.  1  Sup.),  and  since,  because  of  the  equiangular 
triangles  CTR  and  CMD,  the  square  of  CT  is  to  the  square  of 
TR,  as  the  square  of  CM  to  the  square  of  MD  (4.  and  22.  <6 
Eu.\9  or  of  CB,  or,  which  is  equal  (23.  1  &up.\  as  the  squares 
of  CM  and  CT  together  to  the  square  of  TS  ;  therefore  the 
excess  of  tlie  sum  of  the  squares  of  CM  and  CT  above  the  square 
«f  CT,  or,  the  square  of  CM,  is  to  the  excess  of  the  square  of 
TS  above  that  of  TR,  «r,  to  that  which  is  equal  by  5  and  6.  2 
Eu.  both  QR  and  OS  being  bisected  in  T  (26.  1  Eu.  and  22.  1 
Sup.),  the  rectangle  RSQ  or  ORS,  as  the  square  of  CT  is  to  the 
square  or  of  TR  (19*  5  Eu.)9  or,  which  is  equal  (4  and  22.  6 
EuS)9  as  the  square  of  CM  is  to  tho  square  of  MD  or  CB  ; 
whence,  the  rectangle  RSQ  or  ORS  and  the  square  of  CB,  to 
each  of  wjiich  the  square  of  CM  has  the  same  ratio,  are  equal 
{9.  5  Eu). 

PROP.  XXVI.  TflEOR. 

A  hyperbola  (BT9  see  preceding  fig. ) ,  and  its  asymptote  (CQ)9 
may  be  so  produced  towards  the  part  (OT)  remote  from  the 
entire,  that  tlue  hyperbola  would  approach  nearer  to  the  asym- 
toU,  than  by  any  given  distance,  hit  cannot,  at  anyjinite  dis- 
tance from  the  centre,  ooincide  with,  or  meet  it. 

Through  any  point  P  of  the  hyperbola,  let  GL  be  drawn 
parallel  to  the  second  semi  axis  CM,  meeting  the  asymptotes  in 
G  and  L,  and  the  transverse  axis  AB  in  H  ;  and  since  GPL  is 
always  of  the  same  magnitude,  wherever  in  the  hyperbola  the 
point  P  be  taken,  being  always  equal  to  the  squares  of  CM  (25. 
r  8up.)9  and  since  the  square  of  PH  has  a  constant  ratio  to  the 
rectangle  BfIA  (23.  1  Sup.),  and  the  point  H  may  be  so  taken, 
that  the  rectangle  BIIA  may  be  greater  than  any  given  square, 
by  taking  BH  greater  than  the  side  of  that  square  ;  it  follows, 
that  the  point  H  may  be  so  taken,  that  the  square  of  PH  may  be 
greater  than  any  given  square,  and  PH,  and  of  course  PL  greater 
than  any  given  right  line,  and  therefore  GP,  and  of  course  a 
perpendicular  let  fall  from  P  on  CG,  being  the  distance  of  P 
from  CG,  less  than  any  given  distance,  or  given  finite  right 
line. 

And  because  of  the  given  magnitude  of  the  rectangle  GPL, 
the  point  P  cannot,  at  any  finite  distance  from  the  centre  C  coin- 
ode  with  the  asymptote  CG. 
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Scholium.  Hence  the  language  of  Mathematicians,  when 
they  speak  of  asymntotes  of  a  hyperbola,  as  tangents  tending  to 
a  point  infinitely  distant. 

Cor.  Hence  any  right  line  drawn  from  the  centre  of  a  hyper- 
bola within  two  asymptotes  CGf  CL  of  a  hyperbola,  meets 
the  hyperbola  SBK  which  is  within  the  asymptotes. 

PROP.  XXVII.  THEOR. 

Two  parabolas  CD  W  and  KBL),  having  a  common  axis  C^H), 
and  eqnal  principal  parameters9  and  being  towards  the  same 
part  (BB)  with  respect  to  their  principal  vertices  fA  <wd  BJ9 
may  be  so  produced,  as  to  approach  nearer  than  by  any  given 
distance,  but  cannot,  at  any  finite  distance  from  tlieir  principal 
vertices,  coincide  or  meet. 

From  any  point  K,  of  the  interior  par- 
abola BK,  let  DG  be  drawn  perpendicu- 
lar to  the  axis  AH,  and  of  course  ordin- 
ary applied  to  it  (Cor.  2.  11.  1  Sup.), 
nre^ting  the  axis  in  H,  the  exterior  para- 
bola in  D  and  G,  and  the  interior  again 
in  L. 

Because  the  square  of  DH  is  equal  to 
the  rectangle  under  AH  and  the  common 
principal  parameter  (23.  1  f*up.),  and  the 
square  of  KH  equal  to  the  rectangle 
under  BH  and  the  same  parameter  (by 
the  same),  the  difference  of  the^e  squares 
of  DH  and  KH,  or,  which  is  equal  (22.  1  Sup.  and  5.  2  En.),  the 
rectangle  DKG,  is  equal  to  the  rectangle  under  AB  and  the  same, 
parameter  (l.  2  Eu.),  and  therefore  of  the  same  magnitude, 
through Vhatever  point  of  the  interior  parabola,  the  right  line 
DGbe  drawn  ;•  since  then  the  point  K  maybe  so  taken,  that 
BH,  and  therefore  KH  whose  square  increases  in  the  same  ratio 
as  the  right  line  BH  does  23.  1  Sup.  and  1.6  Eu  ),  and  there- 
fore KG,  would  be  greater  than  any  given  right  line,  it  may 
also  be  so  taken,  that  DK  would  be  less  than  any  given  right 
line.  But  the  points  D  and  K  cannot,  at  any  given  finite 
distance,  coincide,  because  of  the  given  magnitude  of  the  rectan- 
gle DKG. 
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PROP.  XXVIII.  THEOR. 

The  transverse  axiz  of  an  ellipse  is  the  greatest,  and  the  second 
axis  the  least,  of  all  its  diameters  ;  and,  of  others,  the  nearer  to 
tke  transverse  axis,  is  greater  than  tlte  more  remote. 

Let  AB  be  tbe  transverse,  and 
MN  the  second  axis  of  an  ellipse, 
and  QP  and  TS  other  diameters,  of 
-which  QP  ib  the  nearer  to  AB. — 
The  transverse  axis  AB  is  the  great-  \\ 
est,  and  the  second  axis  MN  the 
least,  of  all  the  diameters,  and  QP, 
the  nearer  to  AB,  is  greater  than 
the  more  remote  TS. 

Draw  PH  and  S  K  at  right  angles 
to  AB,  and  let  SK  produced,  meet  the  ellipse  again  in  G,  draw 
PL  at  right  angles  to  MN,  meeting  SG  in  Z,  and  take  AD  equal 
to  HB  ;  and  since  the  rectangle  AHB  is  greater  than  the  square 
of  VII  (Cor,  1.  23.  1  Sup.),  adding  to  each  the  square  of  CH, 
the  rectangle  AUB  with  the  square  of  CH,  or,  which  is  equal 
(5.  %  Eh.),  the  square  of  CB,  is  greater  than  the  squares  of  CH 
and  HP  together,  or,  which  is  equal  (47-  1  Eu.),  the  square  of 
CP,  and  so  CB  is  greater  than  CVj  and  AB  and  QP  being  their 
doubles  (1  and  5.  1  Sup.),  AB  ia  greater  ttian  QP.  Therefore 
AB  is  the  greatest  of  all  the  diameters. 

And  since  the  rectangle  MLN  is  less  than  the  square  of  LP 
(Cor.  1.  23.  1  Sup.),  adding  to  each  the  square  of  CL,  the,  rect- 
angle MLN  with  the  square  of  CL,  or,  which  is  equal  (5. 2  Eu), 
the  square  of  CM,  is  leas  than  tbe  square  of  CL  and  LP,  or 
(47.  1  Bit.),  the  square  of  C*,  and  so  CM  is  less  than  CP, 
and  MN  than  QP.  Therefore  MN  is  the  least  of  all  Hjf  diame- 
ters. '?*■  * 

And  since  the  rectangle  AKB,  or  the  difference  of  the  squares 
of  CB  and  CK,  is  to  the  square  of  SK,'as  the  rectangle  ATIB, 
or  the  difference  of  the  squares  of  CB  and  CH,  is  to  the  square 
of  PH  (23.  1  Sup.  and  1 1 .  5  En-),  the  rectangle  AKB  is  to  the 
square  of  S">,  as  the  difference  of  the  rectangles  AKB  and 
AHB  is  to  the  difference  of  the  squares  of  SK  and  PH  (19.  5 
Eu-) ;  but  the  difference  of  the  squares  of  AKB  and  AHB  is 
equal  to  the  rectangle  DKH  (Cur.  2.  5.  2  Eu.),  and  the  differ- 
ence of  the  squares  of  SK  and  I'll  or  of  SK  and  ZK  to  the  rect- 
angle SZG  (5.  2  Eii.) ;  therefore  the  rectangle  AKB  is  to  the 
square  of  SK,  as  the  rectangle  DKH  is  to  the  rectangle  8ZG  i 
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but  the  rectangle  AKB  is  greater  than  the  square  of  SK  {Cor. 
1.  23.  1  8*P-)f  therefore  the  rectangle  DKH  is  greater  than  the 
rectangle  SZG  {Cor.  13.  5  Eu.)  ;  adding  to  each  the  squares  cf 
CK  and  HP,  the  rectangle  DKH  with  the  squares  of  CK  and 
HP,  is  greater  than  the  rectangle  SZ6  with  the  squares  of  CK 
and  HP  ;  but  the  rectangle  DKH  with  the  squares  of  CK  and 
HP  is  equal  to  the  squares  of  CH  and  HP  (d.  2  Eu.),  or,  which 
is  equal  (47. 1  En.),  the  square  of  CP,  and  the  rectangle  SZG 
with  the  squares  of  CK  and  HP  or  of  CK  and  KZ,  is  eqtfal  to 
the  squares  of  CK  and  KS  (5.  2  EuJ),  or,  which  is  equal  (47. 1 
Eu.)*  the  square  of  C$  ;  therefore  the  square  of  CP  is  greater 
than  the  square  of  CS,  and  therefore  CP  than  CS,  and  QP  than 
TS, 

PROP.  XXIX-  THEOR, 

Of  all  the  diameters,  terminated  by  opposite  hyperbolas,  the  axis  is 
the  least ;  and,  of  others,  the  nearer  to  the  axis  is  less  than  the 
more  remote. 

Let  AB  be  the  axis,  and  QP  and 
TS  other  diameters,  terminated  by 
opposite  hyperbolas  AT  and  BS,  the 
diameter  QP  being  nearer  to  AB, 
than  TS.— -AB  is  the  least  of  all  the 
diameters  so  terminated,  and  QP  is 
less  than  TS. 

Let  fall  the  perpendiculars  PH  and 
SK  on  AB  produced  ;  the  square  of 
CP  is  equal  to  the  squares  of  CH  and  HP  (47.  t  Eu.),  and 
therefore  greater  than  the  square  of  CH,  or  its  part  CB,  and  sc 
the  right  line  CP  is  greater  than  CB,  and  AB  and  QP  being 
double  of  CB  and  CP  (l  and  5.  1  Sup.),  QP  greater  than  AB, 
and  so  AB  is  the  least  of  all  diameters  terminated  by  the  oppo- 
site hyperbolas  AT  and  BS. 

And  since  the  rectangle  AKB  is  to  the  square  of  SK,  as  the 
rectangle  AHB  is  to  the  square  of  PH  (23.  1  Sup.  and  11.  5 
Eu.),  and  the  rectangle  AKB  is  greater  than  the  rectangle 
AHB,  the  square  of  SK  is  greater  than  the  square  of  PH  (14. 
5  Eu*) ;  whence,  the  square  of  CK  being  greater  than  the  square 
of  CH,  the  squares  of  CK  and  KS  together,  or,  which  is  equal 
(47*  1  2£u.),thc  square  of  CS,  is  greater  than  the  squares  of  CB 
and  HP  together,  or  (47.  I  Eu.),  the  square  of  CP  ;  therefor* 
CS  is  greater  than  CP,  and,  QP  and  TS  being  double  to  CI 
*nd  CS  (5.  l  Sup.),  TS  is  greater  than  QP. 
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PROP.  XXX-  THEOR. 


EST 


ltagfnfs  (FD  and  QG,  see  fig.  1  and  2),  at  the  vertices  (P  ant 
Q)>  of  any  diameter  (PQJ,  of  an  ellipse  or  hyperbola,  are  par- 
allel to  each  otter. 


Fi$.  1, 


Fig*2* 


Let  AB  be  the  principal  axis  of  the  ellipse  or  hype rtrolav  G 
the  centre,  and  E  and  Fthe  focuses  ;  join  EP,  PF,  £Q  and 
tyf,  and  produce  in  fig*  1,  DP  and  GQ,  as  to  H  and  K. 

Because,  in  the  triangles  ECP  and  FCQ,  EC  is  equal  to  CP 
(Jkf.  3.  and  5.  1  Sup ),  CP  to  CQ  (5.  l  Sup.),  and  the  angles 
£CP  and  FCQ  also  equal  (15.  1  Eu.)9  the  angles  CPE  and 
CQF  are  equal  (4.  1  Eu.)  ;  in  like  manner,  the  angles  CPF  and* 
CQE  may  be  proved  equal ;  therefore,  the  aggregates  of  these 
^tjiial  angles,  nameley,  thetangles  EPF  and  EQF  are  equal  (Jhc* 
^.lJBte). 

Whence,  because,  in  fig.  1  the  angles  EPD  and  FPH  aara 
^qual  (11.  1  Sup.  and  15.  1  Eu.),  the  angle  EPD  is  half  the 
Complement  of  the  angle  EPF  to  two  right  angles  ;  in  like 
banner,  it  may  be  proved,  that  FQG  is  half  the  complement  of 
The  angle  EQF  to  two  right  angles  ;  therefore  the  angles  EPD 
^md  i?QG  are  equal  (Ax.  3.  and  7.  1  Eu*) ;  to  which  adding  the 
**qual  angles  EPC  and  FQC,  the  angles  DPQ  and  PQG  are 
^4ual  'Ax.  2.  1  Eu.),  and  these,  the  right  line  PQ  meeting  the 
^ight  lines  DP  and  QG,  arc  alternate  angles,  therefore  DP  and 
tJG  are  parallel  (27.  1  Eu). 

In  like  manner,  in  fig.  2,  the  angles  EPD  and  FQG,  being 
halves  of  the  equal  angles  EPF  and  EQF  (1 1.  1  Sup.),  are  equal 
(Jtee.  7.  1  Eu.)  ;  taking  from  them  the  equal  angles  EPC  and 
ami  FQC,  the  angles  DPQ  and  PQG  arc  equal  (Ax.  3.  1  En.), 
and  therefore  DP  and  QG  arc  parallel  (27.  1  Eu\ 
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Cor.  1.  A  tangent,  passing  through  the  vertex  of  a  diameter, 
which  is  not  an  axis,  is  not  perpendicular  to  the  diameter. 

In  fig.  1  above,  if  P  be  not  the  vertex  of  the  second  axis,  the 
.angles  ECP  and  FCP  are  unequal  [hef.  3.  1  &up.\  let  ECP  be 
the  greater,  and  the  triangles  ECP  and  FCP,  having  the  sides 
about  these  unequal  angles  equal,  El*  is  greater  than  PF  [24. 1 
Eu.\  and  by  a  similar  reasoning  to  that  used  in  the  case  of  the 
hyperbola  in  prop.  5.  1  Sup.  the  angle  EPC  may  be  proved  to  be  - 
less  than  FPC,  adding  to  them  the  equal  angles  EPD  and 
FPH,  the  angle  CPD  is  less  than  CPH,  and  so  the  tangent  DH 
is  not  perpendicular  to  the  diameter  QP. 

In  fig.  2,  let  the  tangent  PD  meet  the  principal  axis  AB  inD, 
and  at  the  point  B  draw  BL  perpendicular  to  AB,  and  of  course 
touching  the  section  in  B  [Schd*  10.  1  Sup.]9  it  must  therefore 
meet  the  tangent  PD  between  the  points  P  and  D,  as  in  L,  and 
the  external  angle  CDP  of  the  triangle  DBL  is  greater  than  the 
internal  remote  angle  DBL  [16.  1  Eu.~]  and  therefore  obtuse,  and 
so  the  angle  CPD  acute  [Cor.  IT.  1  Eu.~]9  therefore  PD  is  not 
perpendicular  to  the  diameter  QP. 

In  the  case  of  a  parabola,  see  fig.  3.  10.  1  Sup,  the  angle 
HPK,  which  the  diameter  HP  makes  with  the  tangent  FK,  is 
half  of  the  angle  HPF  [11.  1  Stop.],  whence,  the  angle  BPF 
being  less  than  two  right  angles,  HPK  is  less  than  a  right  angle. 
Therefore  in  every  case,  a  tangent,  passing  through  the  vertex 
*  of  a  diameter,  which  is  not  an  axis,  is  not  perpendicular  to  the 
diameter. 

Cor.  2.  A  diameter  of  a  conick  section,  which  is  perpendicu- 
lar to  a  tangent  passing  through  its  vertex,  is  an  axis. 

For  if  it  were  not  an  axis,  it  would  not  be  perpendicular 
to  a  tangent  passing  through  its  vertex,  by  the  preceding  corol- 
lory. 


PROP.  XXXI. 


A  diameter  of  a  conick  section  bisects  all  right  lines  terminated  by 
the  section  or  opposite  sections,  and  ordinately  applied  thereto. 
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^Let  PQ,  see  fig.  1,  2  and  3,  be  a  diameter  of  »  conick  section, 
^6  a  rierht  line  terminated  by  the  section,  and  ordinateh  ap- 


by 


JMicd  to  the  diameter  PQ,  and  let  PQ  meet  *>  G  i"  the  point  H.— 
^G  is  bisected  in  H. 

Let  KL  be  a  tangent  to  the  section  at  the  vertex  P  of  the  diam- 
eter PQ,  winch  is  parallel  to  DG  [Drf.  12.  1  Sup). 

In  fig.  1,  2  and  3,  let  ST  be  a  diameter  of  the  section  parallel 
"fc*>  DG,  and  S  and  T  its  vertices,  and  SK  and  TL  tangents 
^rawn  through  these  vertices,  in  the  case  of  fig.  1,  to  the  section, 
**f  fig.  2,  to  the  conjugate,  and  of  i\g.  3,  to  the  opposite  sections, 
***eeting  the  tangent  KL  in  K  and  L,  and  DG  in  M 
^*id  N  ;  tlie  tangents  SK  and  TL  are  parallel  to  each  other  [30. 
*  Sup.) ;  and  in  the  parallelograms  SN,  SH  and  CN,  the  right 
Hire  SM  is  equal  to  TN,  MH  to  SC  and  HLN  to  CT[34.  1  Eu.^ 
hence  ST  being  bisected  in  C  [5.  1  8wp."]9  MN  is  bisected  in 
;  but  the  square  of  SM  is  to  the  square  of  TN,  as  the  rcctan- 
e  i)MG  is  to  the  rectangle  DNG  [Cor.  5. 14.  1  Sup  ]  ;  whence, 
^*ie  squares  of  SM  and  TN  being,  because  of  tbe  equality  of  the 
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right  lines  themselves,  equal,  the  rectangles  DMG  and  DN6  art 
equal  [9. 5  Eu.],  therefore  MD  and  GN  are  equal  [Car.  1  and  2.  f. 
2  Ufa.) ;  whence,  MH  and  HN  being  equal,  as  has  been  just  shewn, 
by  taking  from  them  in  fig.  1,  and  adding  to  them  in  fig.  2  and 
3,  the  equals  DM,  GN,  the  sums  or  differences,  DH  and  HO 
are  equal,  and  so  DG  is  bisected  in  H. 

In  fig  4,  let  KL  be  a  tangent  to  a  parabola,  touching  it  in  thi 
vertex  P  of  the  diameter  PQ  ;  KL  is  parallel  to  DG  [Def.  1& 
1  Sup.]  ;  through  D  and  G  draw  DR  and  GL  parallel  to  the 
diameter  PQ,  and  of  course  themselves  diameters  [Def.  9.  1 
Sup.]9  meeting  RL  in  K  and  L  ;  and,  because  of  the  paralleled 

gram  KG,  KD  is  equal  to  LG  [34.  1  Eu.]  ;  but  the  square  of 
K  is  to  the  square  of  PL,  as  RD  is  to  LG,  [21.  1  SupJ\9  or  ii 
a  ratio  of  equality,  therefore  the  right  lines  LP  and  PK  them* 
selves  are  equal,  arid  therefore  also  the  right  GH  and  HD, 
which  are,  because  of  the  parallelograms  LH  and  PD>  equal  to 
LP  and  PR. 

PROP.  XXXII.  THEOR, 

A  right  line  fDG,  see  fig.  1,  2.  3  and  4  of  the  prec  prop.),  tat 
being  a  diameter,  which  is  imninated  by  a  conick  section,  or 
opposite  sections,  and  bisected  by  a  diameter  (QP,  as  in  H)* 
is  ordinately  applied  to  the  diameter. 

Let  KL  be  a  tangent,  drawn  through  a  vertex  P  of  the  diame- 
ter QP,  and,  in  fig.  1,  2  and  3,  let  ST  be  a  diameter  parallel  to 
K.L,  let  SR  and  TL  \*c  tangents  to  the  section  or  opposite  or 
conjugate  sections,  as  the  case  may  be,  drawn  through  the  verti- 
ces S  and  T,  meeting  the  tangent  RL  in  R  and  L,  and  DG,  pro- 
duced if  necessary,  in  M  and  K. 

Because  ST  is  parallel  to  KL  i<*onstr.]9  and  SR  to  TL  [30. 1 
Sup.],  STLR  is   a  parallelogram,  and  so  SR  is  equal  to  TL, 
and    Hh  to   ST  [34.  1  Eu,]  ;  but  the  square  of  SR  is  to  the 
square  of  TL,  as  the  square  of  RiJ  to  the  square  of  PL  [Cor.  2. 
14.  1  Sup.],  therefore  SR  is  to  TL,  as  RP  to  PL  [22.  6  En.], 
whence,  SR  being  equal  to  TL,  RP  is  equal  to  PL  [Cor.  13.  5 
J2u.~\,  and  therefore  ST,  which  is  bisected  in  C  [5.  1  Sup.'], 
being  equal  to  RL,  the  right  lines  KP  and  PL  are  each  of  them 
equal  to  SC  or  CT,  and  being  parallel  to  them,  CP  is  parallel 
to  SR  or  TL  ;  whence,  because  of  the  equals   SC  and  CT, 
and  the  parallels  SM,  CH  and  TN,  the  right  line  MH  is  equal 
to  HM  [Cor.  1.  9.  1  Sup.],  but  DU  is  equal  to  HG  [##>.], 
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therefore  MB  is  equal  to  GN  and  MG  to  DN  (jftv.  «  and  3.  1 
Mu.)9  therefore  the  rectangle  DM6  is  equal  to  the  rectangle 
GND  {Cor.  3.  34.  1  25w.\  but  the  square  of  SM  is  to  the  square 
of  TN,  as  the  rectangle  DMG  is  to  the  rectangle  GND  (Cor.  5. 
14.  1  Sup.) ;  therefore  the  square  of  SM  is  equal  to  the  square 
of  TN,  and  so  SM  is  equal  to  TN,  which  right  lines  being  par- 
allel, MN  is  parallel  to  ST  (33.  1  En.)9  and  therefore  to  KL 
(JTyp.  and  30*  1  Eu ),  whence  DO,  being  parallel  to  the  tangent 
KL  drawn  through  the  vertex  I*  of  the  diameter  (£P,  is  ordinate- 
ly applied  to  that  diameter  (Def.  12.  1  Sup). 

And,  in  the  case  of  a  parabola,  see  fig.  4,  having  drawn  DK 
&nd  GL  parallel  to  the  diameter  fQ,  meeting  the  tangent  KL 
in  K  and  L;  because  £D,  PH  and  LG  are  parallel  (Constr.)f 
and  the  right  line  GH  equal  to  HD  (Hyp.),  LP  is  equal  to  PK 
C  Cor.  1.  9.  1  Sup.),  and  therefore  the  square  of  LP  to  the  square 
of  PR  ;  but  the  square  of  LP  is  to  the  square  of  PK,  as  LG  is 
*toKD(21.  1  Sup.)*,  whence,  the  squares  of  LP  and  PK  being 
equal,  the  right  lines  LG  and  ¥D  are  equal,  and  being  parallel, 
13G  is  parallel  to  KL  (33.  1  Eu.J9  and  of  course  onlinately 
applied  to  the  diameter  PQ  (Def.  12.  1  Sup). 

Cor.  1.  Hence,  if  two  or  more  parallel  right  lines  be  termi- 
nated by  a  conick  section  or  opposite  sections,  the  diameter 
^vhicb  bisects  one  of  them,  not  being  a  diameter,  bisects  them  all. 

For  that  which  is  supposed  to  be  bisected,  is  ordinately  applied 

the  diameter  bisecting  it  (by  this  prop.)9  therefore  the  others 
a.re  ordinately  applied  to  the  same  diameter  (Hyp.  30.  1  Eu.  and 
&ef.  12.  1  Sup.)f  and  of  course  bisected  by  that  diameter  (31.  1 
&up)* 

dr.  2,  A  right  line,  which  bisects  two  parallel  right  lines 
terminated  by  a  conick  section  or  opposite  sections,  is  a  diam- 
eter. 

For,  if  any  other  right  line  bisecting  one  of  them  were  a  diam* 
^ter,  it  would  bisect  the  other  also  (by  the  preceding  cor»)9  which 
Mrould  therefore  be  bisected  in  two  points,  which  is  absurd. 

Car*  3,  Two  right  lines  terminated  by  a  conick  section  or 
opposite  sections,  except  right  lines,  which,  in  the  case  of  an 
ellipse  or  hyperbola,  are  diameters,  do  not  mutually  bisect  each 
other. 

If,  in  the  case  of  an  ellipse  or  hyperbola,  one  of  the  right 

lines  so  terminated  be  a  diameter,  it  is  manifestly  not  bisected 

fcy  the  other,  not  being  a  diameter ;  if  neither  be  a  diameter, 

they  do  not  mutually  bisect  each  other,  for  if  they  did,  they 

Would  both  be  ordinately  applied  to  the  diameter  drawn  tlupu^k 
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their  concourse  {by  this  prop.),  and  therefore  parallel  to  each 
other  (Def*  12.  1  Sup.  and  30.  1  Eu.)9  which  is  absurd. 

Cor.  4.  A  diameter  (AB  or  MN,  see  fig.  1  and  2.  32.  1  Sup.), 
of  an  ellipse  or  hyperbola,  which  bisects  a  right  line  ( T  Q  or 
OP)  joining  the  vertices  of  two  equal  diameters,  (OQand  RP)  is 
an  axis. 

For  the  diameters  OQ  and  RP  being  equal  {Hyp.)9  the  semi- 
diameters  CP  and  CQ,  whirl*  are  half  the  diameters  (5.  1  Snp.)9 
are  equal ;  whence  the  triangles  CHPandCHQ,  having  also  PH 
equal  to  HQ  {Hyp.\  and  CII  common,  have  the  angles  at  H 
equal  8.  1  Eu.)9  and  therefore  right ;  and  PQ,  being  bisected 
in  H  (Hyp.)*  is  ordinate]}'  applied  to  the  diameter  AB  (32.  1 
fiiii^.) ;  whence  the  diameter  AB,  being  perpendicular  to  its 
ordinate  PH,  is  perpendicular  to  a  tangent  drawn  through  its 
vertex  {Def.  12.  1  Sup.  and  20.  1  Eu.)9  and  is  therefore  an  axis 
(Cor.  2.  30.  1  Sup).  In  like  manner  MN  may  be  proved  to  be 
an  axis. 

PROP.  XXXIII,  PROS, 

To  draw  the  diameter,  to  which  a  right  line9  ierminated  by  a 
given  conick  section  or  opposite  sections,  is  ordinatdy  applied; 
and  to  jind  the  centre  of  a  given  ellipse  or  opposite  hyperbolas* 
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Fart  1.  Let  DG,  see  fig.  1, 2,  3  and  4,  be  a  right  line,  termi- 
nated by  a  given  conick  section  or  opposite  sections.  It  is  re- 
quired to  draw  the  diameter,  to  which  DGis  ordinately  applied. 

Draw  aright  line  MN,  parallel  to  DG,  and  terminated  by  the 
section  or  opposite  sections,  as  the  case  may  be,  bisect  DG  and 
MN  in  H  and  K,  join  Hfc  ,  which  is  a  diameter  of  the  section 
(Cor.  2.  32.  1  Sup.),  and,  since  it  bisects  DG,  is  the  diameter  to 
which  i/G  is  ordinately  applied (32.  i  Sup.),  as  was  first  requir- 
ecd  to  be  found. 

Part  2.  An  ellipse  or  opposite  hyperbolas  being  given,  see 
fig.  1  and  2  ;  it  is  required  to  find  the  centre. 

Draw  any  two  right  lines  DG  and  MN,  terminated  by  the 
ellipse  or  one  of  the  opposite  hyperbolas,  bisect  these  right  lines 
in  H  and  K,  join  HK,  and  produce  it  to  meet  the  section  or  oppo- 
site sections  in  V  and  Q,  bisect  PQ  in  C  j  the  point  C  is  the 
centre  of  the  section. 

For  because  QPK  bisects  the  right  lines  DG  and  MN, 
terminated  by  the  section,  it  is  a  diameter  (Cor.  2.  32.  1),  and 
since  every  diameter  of  an  ellipse  or  hyperbola  is  bisected  in 
the  centre  (5.  1  Sup.),  C  is  the  centre  of  the  section  ;  for 
otherwise  <£P  would  be  bisected  in  two  points,  which  is  absurd. 


PROP.  XXXIV.  PROB. 


To  draw  a  right  line9  touching  a  given  conick  section,  paraUd  to 
a  given  rig/it  line  terminated  by  the  section  ;  and  a  riglft  Una 
terminated  by  opposite  hyperbolas  being  given,  to  draw  a  tangent 
to  a  given  conjugate  hyperbola,  parallel  thereto. 

Draw  the  diameter  to  which  the  given  terminated  right  line 
is  ordinately  applied  (33.  1  Sup.),  whirh,  if  the  figure  be  a  para- 
bola, meets  the  section  in  its  vertex,  if  not,  let  it  meet  the 
ellipse  or  given  hyperbola  in  one  of  its  vertices,  a  right  line 
drawn  through  the  vertex  of  the  diameter,  parallel  to  the  given 
terminated  right  line,  is  a  tangent  to  the  section  (UeJ.  12.  I 
Sup). 

In  the  case  of  the  given  right  line  being  terminated  by  oppo- 
site hyperbolas,  the  diameter  found,  meets  the  given  conjugate 
hyperbola  in  one  of  its  vertices,  a  right  line  dra'.vii  1hi  '»jgh 
which,  parallel  to  the  given  right  line,  is  a  tangent  to  the  section 
{Def.  12.  1  Sup). 
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PROP.  XXXV.  PROB. 

To  find  the  axes  and  focuses,  or,  if  there  be  but  one  of  each,  that 
one,  of  a  given  conick  section  or  opposite  sections. 

First,  let  the  given  figure  be  an  ellipse, 
•f  which  find  the  centre  C  (33.  1  Sup.), 
from  which  as  a  centre,  through  some 
point  of  the  ellipse,  describe  a  circle  ;  if 
this  circle  fall  entirely  without  the  ellipse, 
as  AD,  AC  is  the  greatest  of  the  semidi- 
ameters,  and  therefore  the  greater  semi- 
axis  (28.  1  Sup.) ;  if  it  fall  entirely  with* 
in  the  ellipse,  as  MG,  CM  is  the  least  of  the  semidiameters,  and 
therefore  the  second  semiaxis  (28. 1  Sup.) ;  but  if  it  be  described 
through  some  point  which  is  not  a  vertex  of  an  axis,  as  K  be- 
tween A  and  M,  it  will  necessarily  meet  again  the  ellipse,  as  in 
L,  join  KL.  which  bisect  in  H,  and  join  CH,  which  is  at  right 
angles  to  KL  (3.  3  Eu.)  ;  whence  KL  being  ordinatcly  applied 
to  the  diameter  CH  (32.  1  Sup.),  and  at  right  angles  to  it,  the 
diameter  CH  is  an  axis  {Def.  12.  1  and  Cor.  2.  30.  1  Sup.)9  and 
being  produced  both  ways  meets  the  ellipse  in  its  vertices  A  and 
B ;  through  C,  draw  MN  at  right  angles  to  AB,  meeting  the 
ellipse  in  M  and  N  ;  MN  is  the  other  axis  :  divide  the  greater 
axis  AB  in  E  and  F,  so  that  the  rectangle  AEB  or  AFB  may 
be  equal  to  the  square  of  CM  or  CN  (Cor.  2.  6.  2  Eu.) :  E  and 
F  are  the  focuses  of  the  ellipse  (Cor.  1.  2.  1  Sup). 

In4ike  manner,  in  the  case  of  a  hyper- 
bola, find  the  centre  C  (33.  1  Sup.), 
from  which  as  a  centre,  through  some 

Soint  of  one  of  the  opposite  hyperbolas, 
escribe  a  circle  ;  if  this  circle  fall 
entirely  without  the  hyperbola,  as  the 
circle  AD  does  without  the  hyperbola 
AK,  meeting  it  only  in  the  point  A,  /j, 
CA  is  the  least  of  all  the  transverse  / 
semidiameters,  and  is  therefore  the  transverse  semiaxis  (29.  I 
Sup.) ;  but  if  it  be  described  through  any  other  point  of  the 
hyperbola,  as  fc,  it  meets  the  hyperbola  again,  as  inL;  join 
KL,  which  bisect  in  H,  and  join  CH,  which  is  at  right  angles  to 
KL  (3.  3.  Eu.)  ;  whence,  KL  being  ordinately  applied  to  the 
diameter  CH  (32.  1  Sup.),  and  at  right  angles  to  it,  the  diame- 
ter CH  is  the  transverse  axis  {Def.  12.  1.  and  Cor.  2.  30.  1 
Sup-)  $  let  it  meet  the  opposite  hyperbolas  in  A  and  B,  which 
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are  its  vertices  ;  draw  CM  at  right  angles  to  AB,  whose  squar* 
may  be  to  the  square  of  CA,  as  the  square  of  KH  is  to  the  rect- 
angle AHB  (Cor.  3.  23.  6  Eu.),  CM  is  the  second  semiaxis  {Car. 
S..  23.  1   Sup.) ;  in  AB  produced  both  ways  take  the  points 
IE  and  F,  so  that  the  rectangles  AEB  and  AFB  may  be  each 
«f  them  equal  to  the  square  of  CM  {Cor.  3.  6.  2  Eu.),  the  point* 
JE  and  F  are  the  focuses  of  the  opposite  hyperbolas  {Car.  2.  2.  1* 
JSup). 

In  the  case  of  a  parabola,  haying 

found  a  diameter  PD  (33.  1  Sup.), 

through  any  point  therein  D,  draw 

-KL,  at  right  angles  to  PD,  meeting 

+±e  parabola  in  K  and  L;  bisect 

CL  in  H,  and  through  H  draw  HB 

t  right  angles  to  KL,  meeting  the 

rabola  in  B  ;  BH  being  parallel 

the  diameter  PD,  is  itself  a  diam- 

ter  (Def.  9.  1  Sup.  and  29.  1  Eu.), 

KL    an  ordinate    to  it  (32.  1 

fop.) ;  whence  the  diameter  BH,  being  perpendicular  to  Hb 

ruinate,  is  the  axis  {Def.  12.  1  and  Cor.  2.  30.  1  Sup.)  ;  and 

ince  the  square  of  KH  is  equal  to  the  rectangle  under  BH  and 

principal  parameter  (23.  1  Sup.),  a  right  line  X,  hieing  taken 

third  proportional  to  BH  and  HK  (l  1.  6  Eu.),  is  the  principal 

parameter  (23.  1  Sup.  and  17.  6  Eu.) ;  on  BH  take  BF  equal 

"*«  a  fourth  part  of  X,  F  is  the  focus  {Def.  16  aaid  17.  1  Sup). 

Cor.  Hence  it  appears,  how  a  diameter  of  a  given  conick 
««ction  may  be  drawn  through  a  given  point,  which  is  not  in  an 
Ajsymptote  of  a  hyperbola  ;  namely,  in  the  case  of  an  ellipse  or 
hyperbola,  bv  finding  the  centre  (by  this  prop.)9  and  drawing  a 
~  ght  line  through  that  and  the  given  point,  which  is  a  diameter 
Def.  3  and  5.  1  Sup.)  ;  and,  in  the  case  of  a  parabola,  by 
siding  the  axis  (35.  1  Sup.),  and  drawing  through  the  given  point 
right  line  parallel  thereto,  which  is  a  diameter  (Def.  9; 
Sup.  and  29.  1  Jte). 
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PROP.  XXXVI.  PROB. 

2b  draw  a  right  line,  ordinately  applied  to  a  given  diameter  of  a 
cohfck  section  or  opposite  sections*  from  a  given  point  in  Hue  sec- 
tion or  sections,  not  being  a  vertex  of  the  given  diameter. 


^9  3. 


First,  let  the  conick  section  be  an  ellipse  or  opposite  hyper- 
bolas ;  QP,  see  fig.  1,  2  and  3,  being  the  given  diameter,  and  D 
the  point,  from  which  the  ordinate  is  required  to  be  drawn. 

Find  the  centre  C  [33.  1  Sup.],  join  DC,  on  which  produced 
take  CG  equal  to  CD;  G  is  the  other  vertex  of  the  diameter 
DG  [  5.  1  Sup.]  ;  through  G,  draw  GK  parallel  to  QP,  meeting 
the  section  or  its  opposite  again  in  K,  join  DK,  which  is  ordi- 
nately applied  to  the  same  diameter. 

Let  H  be  the  point  in  which  QP,  produced  if  necessary,  meets 
D  .,  and  since  GV.  is  parallel  to  CI  I  [constr.]9  and  CG  equal 
to  CD  [by  the  same],  II  iv  is  equal  to  HD  [2.  6  and  Cor.  13.  5 
Kit. \  and  therefore  Dk  is  ordinately  applied  to  the  diameter 
QP  [32.  1  Sup]. 

Let  now  the  conick  section  be  a  parabola ; 
PQ  being  the  given  diameter,  and  D  the 
point,  from  which  the  ordinate  is  required  to 
be  drawn. 

Draw  from  D  to  the  given  diameter,  any 
right  line  whatever  DQ,  on  which  produced, 
take  Q.R  equal  to  DQ,  through  R,  draw  RK 
parallel  to  t  Q,  meeting  the  parabola  in  K, 
join  D  ,  which  is  ordinately  applied  to  the 
diameter  PC. 

Le:  11  be  the  point,  in  which  D7'    moets  PQ,  and  since  HQ 
parallel  to  KR,  and  DQ  equal  to  QR  Li:onslr.A,  Dii  is  equal 
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UK  [2.  6  and  Cor.  13.  5  En.),  and  therefore  DK  is  ordinately 

applied  to  the  diameter  PQ  [32.  1  Sup]* 

Cor.    Hence  it  apjwars,  how  a  right  line*,  ordinately  applied 

tea  diameter  of  a  conick  section,  may  be  drawn  from  any  point 
xvitbin  the  section,  namely,  by  drawing  through  any  point  in 
tlie  section,  a  right  line  ordinately  applied  to  the  diameter,  by 
1:1ms  prop,  and  drawing  through  the  given  point,  a  right  lino 
parallel  to  the  right  line  so  applied. 

PROP.  XXXVII.  THEOR. 


a  rigJtt  line,  touching  a  hyperbola,  or  cutting  a  hyperbola  or  op- 
posite hyi)erbola$i  meet  both  asymptotes*  the  square  of  the  seg- 
ment of  the  tangent,  between  the  hyperbola  and  either  asymptote9 
or  rectangle  under  the  segments  of  the  secant,  between  either  of 
the  points  in  which  it  meets  the  hyperbola  or  opposite  hyperbolas, 
and  the  asymptotes,  or  between  either  asymptote,  and  tlie  hyper- 
bola or  opposite  hyperbolas,  is  equal  to  the  square  of  the  semidi- 
ameter  which  is  parallel  to  the  tangent  or  secant, 
iid  the  segment  of  the  tangent,  between  the  asymptotes*  is  bisected 
in  the  contact ;  and  the  segments  of  the  secant,  between  tlie  hy- 
perbola or  opposite  hyperbolas,  and  the  adjacent  asymptotes,  an. 
equal. 

Case  1.  If  the  semidiameter,  to 
itich  the  tangent  or  secant  is  par- 
Del,  be  an  axis,  the  proposition  is 
*J  cmonstrated  in  prop;  25  of  this, 
*p^cept  the  last  paragraph,  which, 
***>wcver,  in  this  case,  is  manifest 
*  *om  the  proof  uf  that  proposition. 
Case  2.  But  let  a  right  line  DG 
i>»rallcl  to  a  second  semidiameter 
,  which  is  not  a  semiaxis,  meet 
je  hyperbola  BP  in  i*  and  Q,  and 
•e  asymptotes  in  D  and  G  ;  the 
"^ctangle  DQG  or  PDQis  equal  to 
"  le  square  of  CO,  and  OP  is  equal 
QG? 

Through  Q  and  0  draw  HQ  and  . 

T  parallel  to  the  transverse  semiaxis  CB,  meeting  the  asymp- 
ttes  in  U  and  K,  L  and  T. 

Bcrause  the  triangles  QDH  and  OCT  are  equiangular  [29. 
*id  32.  I  En.],  DQ  is  to  QH,  as  CO  is  to  OT  [4.'  6.  En.)  ; 
*id,  because  the  triangles  GQK.  and  COL  are  equiangular 
O.  S.  9.  1  Sup.~),  G(£  is  to  QK,  as  CO  is  to  OL  [4.  6.  Eu,^ 
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therefore,  compounding  these  two  ratios,  the  rectangle  DQG  it 
to  the  rectangle  HQK,  as  the  square  of  CO  is  to  the  rectangle 
LOT  [23.  6.  and  29.  5  Eu]  ;  but  the  point  0  being  in  one  of  the 
hyperbolas  conjugate  to  the  hyperbolas  AU  and  BP  [Def.  7. 1 
Sup.],  the  rectangles  HQK  and  LOT  are  each  of  them  equal  to 
the  square  of  CB  [9.5.  1  8up.]9  and  therefore  to  each  other; 
therefore  the  rectangle  DQG  and  the  square  of  CO,  having  the 
same  ratio  to  the  equal  rectangles  HQK  and  LOT,  are  equal 
[9.  5  Eu]. 
y.  In  like  manner,  the  rectangle  DPG  may  be  proved  equal  to 

\  the  square  of  CO,  therefore  the  rectangles  DPG  and  DQG  are 
v  equal  to  each  other,  and  so  DP  equal  to  QG  [Cor.  1.  7.  2  Eu,\ 
and,  adding  to  each  PQ,  the  right  line  DQ  is  equal  to  PG$ 
therefore  the  rectangles  QGP,  PDQ,  DPG  and  DQG  are  each 
of  them  equal  to  the  square  of  CO,  the  segments  DP  and  QG  of 
the  secant  DG,  between  the  hyperbola  BP,  and  the  asymptotes 
CD  and  CG  being  equal. 

Case  3.  If  a  right  line  dg,  parallel  to  a  transverse  semidiam- 
eter  Co,  which  is  not  a  semiaxis,  meet  the  opposite  hyperbolas 
AUand  BP  in  q  and  p,  and  the  asymptotes  in  d  and  g,  drawing 
through  q  and  o,  hk  and  It  parallel  to  the  second  semiaxis  cb  ; 
it  may  in  like  manner  be  demonstrated,  that  cither  of  the  rect- 
angles dqg,  dpg,  qdp  or  qgp  is  equal  to  the  square  of  Co,  and 
the  segments  qd  and  gp  equal,  using  the  same  proof,  as  in  th* 
preceding  case,  only  substituting  for  the  large  letters  O,  B,  D 
*N  Q>  Cr,  H,  K,  L  and  T,  the  corresponding  small  ones,  and  usin  j 
the  expression,  in  one  of  the  opposite  hyperbolas  AU  or  BP 
instead  of,  in  one  of  those  conjugate  thereto. 

Case  4.  Let  now  KL,  parallel  to 
the  semidiameter  CO,  touch  the  hyper- 
bola ftP  in  R,  and  meet  the  asymptotes 
in  K  and  L  ;  and,  in  like  manner  as  in 
case  2,  by  drawing  through  R  and  0, 
right  lines  parallel  to  the  principal 
semiaxis  CB,  the  rectangle  KRL  may 
be  proved  equal  to  the  square  <if  CO  : 
join  CR,  in  which  produced  take  any 
point  H,  through  which  draw  DG  par- 
allel to  KL,  meeting  the  asymptotes  in 
D  and  G,  and  the  hyperbola  in  P  and 
Q  :  PQ  is  ordinately  applied  to  the  diameter  CH  [I)ef.  12.  1 
Sup.]9  and  therefore  bisected  in  H  [31.  1  Sup.] ;  whence  DI 
being  equal  to  QG  [case  2  of  this  prop.],  DH  is  equal  to  HG 
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I  j  [Ax.  2.  1  Eu.]  }  and  since,  because  of  the  equiangular  triangles 
gt  CRK  and  CI1D,  CHL  and  CHG,  KR  is  to  RC,  as  DH  to  HC 
&  [4.  6  Eu.'],  and  RC  to  RL,  as  HC  to  HG  [by  the  same],  by 
equality 9  KR  is  to  RL,  as  DH  is  to  HG  [22.  5  Eiu]  ;  whence, 
DH  being  equal  to  HG,  KR  is  equal  to  RL  [Cor.  15.  5  Eu.]  ; 
>r J  therefore  the  right  line  KL  is  bisected  in  R,  and  so,  the  rectan- 
gle KRL  being  equal  to  the  square  of  CO,  the  square  of  RK  is 
equal  to  the  same  square  of  CO,  the  segment  KL  of  the  tangent, 
between  the  asymptotes  being  bisected  in  the  contact. 

Cor.  1.  If  a  right  line[KL],  terminated  by  the  asymptotes 
[GK  and  CL]  of  a  hyperbola,  be  bisected  in  a  point  [R]  in 
which  it  meets  the  hyperbola,  it  touches  the  section  in  that 
point. 

For  if  not,  let  it,  if  possible,  meet  it  in  any  other  point  as  S, 
SK  would  be  equal  to  RL  [by  this  prop.\  or  its  equal  [Hijp.]9 
RK,  the  part  to  the  whole,  which  is  absurd,  therefore  KL  does 
not  meet  the  hyperbola  in  any  other  point  but  R,  and  therefore 
touches  it  in  that  point  [Def.  10.  1  Sup], 

Cor.  2  The  segment  [RK],  of  a  tangent  to  a  hyperbola,  be- 
tween the  hyperbola  and  an  asymptote,  is  equal  to  the  semidi- 
araeter  [CO]  parallel  to  it,  and  the  segment  [KL],  between  the 
asymptotes,  to  the  diameter. 

Cor.  3  If  in  a  right  line  [qp,  see  the  first  fig.  of  this  propl* 
terminated  by  opposite  hyperbolas,  or  in  a  right  line  [QP] 
terminated  by  the  same  hyperbola  produced,  two  points  [d  and  g» 
or  D  and  G]  be  so  taken,  that  the  rectangle  [qdp  and  qgp,  or 
QDP  and  QGP]  under  the  distances  of  either  assumed  point 
from  its  extremes,  be  equal  to  the  square  of  the  semidiameter 
[Co  or  CO]  parallel  thereto,  for  which  see  Cor.  2  and  3.  6.  2 
Eii,  the  assumed  points  are  in  the  asymptotes. 

Cor.  4.  Hence,  also,  a  transverse  diameter  [UR,  see  the 
prec.  fig.],  is  less  than  any  right  line  parallel  to  it,  and  termi- 
nated by  the  opposite  hyperbolas. 

Cor.  5.  If  a  tangent  [KL,  see  the  second  fig  of  this  prop.], 
to  a  hyperbola,  meet  both  asymptotes,  and  from  the  contact  [RJ 
a  right  line  [RT]  be  drawn  to  one  asymptote  parallel  to  the 
other  ;  the  rectangle  KCL]  under  the  segments  of  the  asymp- 
totes between  the  tangent  and  the  centre,  is  fourfold  the  rectan- 
gle [CTR],  under  the  right  line  [RT]  so  drawn,  and  the  seg- 
ment [CT]  of  the  asymptote,  between  that  right  line  and  the 
centre. 

For,  because  of  the  similar  triangles  KTR  and  KCL,  and  the 
equality  of  KR  and  RL  [by  this  prop.],  CK  is  double  to  CT  and 
CL  to  TR,  therefore  the  rectangle  KCL  is  similar  to   the 
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rectangle  CTR,  anil  is  therefore  to  it  in  a  dupli'vito  ratio  of  CK 
to  CT  (20.  5  Eu.) ;  whence  CK  being  double  to  CT,  tlie  rectan- 
gle RCL  is  fourfold  the  rectangle  CTIt. 

Cor.  6.  From  a  given  point  (K),  in  an  asymptote  (CK),  to 
draw  a  tangent  to  an  adjacent  hyperbola  (RF). 

Find  the  centre  C  of  the  hyperbola  (33.  1  Step.),  and  having 
drawn  the  asymptote  CL  (35.  1  and  Def.  19.  1  8up.),  bisect  CK 
in  T,  draw  TR  parallel  to  CL,  meeting  the  hyperbola  in  R. 
ami  i?raw  KRL  meeting  the  other  asymptote  CO  in  L ;  and, 
because  CT  is  equal  to  TK  and  TR  parallel  to  CL  (constr.), 
LRis  ei[ual  to  RK(3.  G  and  Car.  IS.  5  En.),  and  therefore  KRL 
touches  the  hyperbola  in  R  (Cor.  I  to  this  prop). 

PROP.  XXXVIII.  THEOR. 

If  from  any  point  in  a  hyperbola,  two  right  lines  be  drawn  to  the 
asymptotes,  and  from  any  otlier  point  in  the  same,  or  an  opposite 
or  conjugate  hyperbola,  there  be  drawn  to  the  asymptotes  two 
other  right  lines  parallel  to  the  former  ;  tlie  rectangle  under  tlie 
two  first  drawn  right  tines,  is  equal  to  the  rectangle  under  the 
Other  two. 

Case.  1.  Let  PD  and  PGbc  two  right  lines,  drawn  from  a 
point  P  in  a  hyperbola  to  the  asymptotes  CD  and  CK  ;  and 
RI1  and  RK  parallel  to  PD  and  PG  be  drawn  to  the  same  asymp- 
totes from  a  point  R  in  the  same  hyperbola ;  the  rectangles  D  PG 
and  HRK  are  equal. 

Through  P  and  R  draw  PL  and 
UN  parallel  to  each  other  meeting 
the  asymptotes  in  M  and  L.  O  and 
N  f  the  rectangles  MPL  and  ORN 
are  equal  (ST.  )  Sup,  and  Ax.,  l.  l 
En,),  and,  because  the  triangles 
POM  and  RHN  are  equiangular 
(Cor.  3.  9.  1  Aw.),  PD  is  to  HR,  as 
MP  is  to  NR  (4.  6  and  16.  5  Eu.), 
or,  (because  of  the  equal  rectangles 
MPL  and  ORN),  as  OR  is  to  LP 
(16.  6  Eu.) ;  or  (because  of  the  equi- 
angular triangles  OKR  and  LGP),  as  RK  is  to  PG  (4.  6  and 
16.  5  En.)  ;  therefore  the  rectangles  DPG  and  HRK  are  equal 
(16. 6  Eh).  '  ■    ■ 
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Case  2.  In  like  manner,  if  the  right  lines  SQ  and  SU  parallel 
to  PD  and  PG  be  drawn  to  the  asymptotes,  from  a  point  S,  in 
the  hyperbola  opposite  to  PR  ;  through  P  and  S  draw  PL  and 
SO  parallel  to  each  other,  meeting  the  asymptotes  in  L  and 
M,  N  and  O  ;  and,  because  of  the  equiangular  triangles  PDM 
and  SQN,  PD  is  to  SQ,  as  PM  to  SN  (4.  6  and  16.  5  Eu.)9  or, 
because  of  the  equal  rectangles  MPL  and  NSO  (37. 1  Sup.  and 
*&r.  1.  1  Eu.)9  as  SO  to  LP  (16.  6  Eu.)9  or,  because  of  the  equi- 
angular triangles  SUO  and  PGL,  as  SU  to  PG  (4.  6  and  16.  5 
JEw.),  therefore  the  rectangles  DPG  and  QSU  are  equal  (16. 
6  En). 

Case  3.  Let  now  the  right  lines  TI  and  TY,  parallel  to  PD 
and  PG,  be  drawn  to  the  asymptotes,  from  a  point  T,  in  a  hy- 
yerbola  conjugate  to  PR ;  through  P  and  T  draw  PL  and  XZ 
parallel  to  each  other,  meeting  the  asymptotes  in  L  and  M,  X 
and  Z  :  and,  because  of  the  equiangular  triangles  PDM  and 
tXYT,  PD  is  to  XY,  as  PM  to  XT'(4.  6  and  16.  5  Eu.)9  or, 
"because  the  rectangles  MPL  and  XTZ  are  equal  (37.  1  Sup. 
iand  Jbc.  1.  1.  Eu.)9  as  TZ  to  LP  (16.  6  Eu.)9  or,  because  of  the 
«quiarigtilar  triangles  T1Z  and  LGP,  as  ZI  to  PG  (4.  6  and 
16.  5  Eiu)9  therefore  the  rectangle  DPG  is  equal  to  the  rectan- 
gle under  XY  and  IZ  (16.  6  En.) ;  but,  because  of  the  equian- 
gular triangles  XYT  and  T1Z,  XY  is  to  YT,  as  TI  to  IZ,  and 
"therefore  the  rectangle  YTI  is  equal  to  the  rectangle  under  XT 
snd  IZ  (16.  6  Eu.);  whence  the  rectangles  DPG  and  YTI, 
l>eing  each  equal  to  that  under  XY  and  IZ,  are  equal  to  each 
other. 

Cor.  1.  Since  right  lines  drawn  from  a  given  point  to  a  given 
Yright  line  in  cquaLangles  arc  equal,  as  is  manifest  from  5. 1  En, 
it  follows  from  this  proposition,  that  the  rectangle  under  right 
lines,  drawn  from  any  point,  in  four  conjugate  hyperbolas,  to 
*fche  asymptotes,  in  given  angles,  is  of  the  same  magnitude,  from 
Xvhat  point  so  ever  of  the  hyperbolas  it  be  drawn. 

Cor.  2.  If  from  any  two  points  (P  and  T),  in  four  conjugate 
liyperbolas,  right  lines  (PD  and  TY)  be  drawn  to  one  asymp- 
tote, parallel  to  the  other;  the  rectangles  (PDC  and  TYC) 
under  the  right  lines  so  drawn,  and  the  segments  of  the  asymp- 
totes between  them  and  the  centre,  are  equal. 

Praw  PG  parallel  to  CD  and  TI  to  CY  ;  and  because  of  the 
parallelograms  CT  and   CP,  the  right  lines  CG,  CD,  CI  and 
CY  are  severally  equal  to  PD,  PG,  TY  and  TI ;  whence,  the 
rectangles  DPG*  and  YTI  being  equal  (by  thisprop^,  the  rect- 
angle* PDC  and  TYC  ar?  also  equal. 
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Cor.  3.  A  right  line  (EP),  terminated  by  adjacent  hyperbo- 
las, and  parallel  to  one  asymptote  (CK),  is  bisected  by  the  other 
(CD). 

For  the  rectangles  PDC  and  EDC  are  equal  (prec  cor.); 
whence,  the  side  CD  being  common  to  both  rectangles,  ED  is 
equal  to  DP. 

Cor.  4.  The  rectangle,  under  the  segments  of  the  asymptotes, 
cut  oft'  by  a  tangent  to  any  of  four  conjugate  hyperbolas,  to- 
wards the  centre,  is  equal  to  the  rectangle,  under  the  segmeuts 
of  the  asymptotes  so  cut  off  by  any  other  tangent. 

For  these  rectangles,  arc  fourfold  the  rectangles,  under  right 
lines,  drawn  from  each  of  the  contacts  to  one  asymptote,  parallel 
to  the  other,  and  the  segments  of  the  asymptotes  between  the 
right  lines  so  drawn  and  the  centre  (Cor.  5.  37.  I  Sup.),  which 
latter  rectangles  arc  (by  cor.  2  of  this  prop.)  equal. 

PROP.  XXXIX.  THEOR. 

J  right  line  (DQ),  terminated  by  a  parabola,  and  passing  through 
its  focus  (F),  is  equal  to  the  parameter,  of  the  diameter  CPU  J, 
to  which  it  is  ordinately  applied. 

Let  P  be  the  vertex  of  the  diameter  PH,  and 
KL  the  directrix,  which  let  HP  produced  meet 
in  0,  draw  DK  and  GL  at  right  angles  to  RL,  -: 
join  FP,  through  the  point  H  in  which  DG  meets 
PH,  draw  the  right  line  QHRat  right  angles  , 
to  OH,  meeting  KD  and  LG  in  Q  and  R,  and  °  7 
bisect  the  angle  OPF  by  the  right  line  S¥, 
which  is  a  tangent  to  the  parabola  (10- 1  Sup.), 
and  parallel  to  DG  (Def.  12. 1  Sup.'),  therefore  ! 
the  alternate  angles  PFH  and  FPT  are  equal, 
and  the  external  OPT  to  the  internal  remote 
Pf  IF  (29.  l  Eu.) ;  whence  the  angles  PFH  and 
PHF  being  severally  equal  to  the  equals  FPT  and  OPT,  are 
equal  to  each  other,  and  so  PH  is  equal  to  PF  (<>.  l  Eu.),  or  its 
equal  (Def.  8.  1  Sup.),  PO  ;  and  Q.R  is  at  right  angles  to  OH 
(eonstr.),  it  is  therefore  at  right  angles  to  DR  and  LR  (28  and 
29.  1  Eu.)  ;  whence,  the  triangles  HDQ  and  HGR,  being  right 
angled  at  Q  and  R,  and  having  the  angles  at  H  equal  (15.  1  Eu.), 
are  equiangular,  and  so,  having  also  DH  equal  to  HG  (31.  1 
Sup.),  QD  is  equal  to  GR  (26.  I  Eu.) ;  therefore  DK  and  GL 
together  are  equal  K.Q  and   LR  together,  or  to  twice  OH; 


300K  I. 


CONICK  SUCTION*. 


283 


whence  FD  being  equal  to  DK,  and  F6  to  GL  (Def.  8.  1  Sup.), 
J)G  is  double  of  OH,  and  fourfold  of  OPorPF,  and  therefore 
equal  to  the  parameter  of  the  diameter  PH  {Def.  16.  1  Sup). 

Cor.  The  segment  (OH),  of  a  diameter  of  a  parabola,  inter- 
cepted between  the  directrix,  and  the  ordinate  (GD)  whiclt  passes 
-through  the  focus,  is  bisected  in  its  vertex. 

/  PROP,  XL.  THEOR. 

Jf  from  any  paint  of  a  conick  section,  an  ordinate  be  draivn  to  a 
diameter  ;  the  square  of  the  ordinate  is,  in  the  case  of  an  ellipse 
or  transverse  diameter  of  a  hyperbola,  to  the  rectangle  under  the 
abscissas,  And  in  the  case  of  the  second  diameter  of  a  hyperbola, 
to  the  sum  of  the  squares  of  the  second  semidiameter,  and  the 
segment  thereof  between  the  centre  and  ordinate,  as  the  square 
of  the  semidiameter  which  is  parallel  to  the  ordinate,  to  the  square 
of  tliat  which  it  meets  ;  and,  in  the  case  of  a  parabola,  the  square 
of  the  ordinate,  is  equal  to  the  rectangle,  under  the  abscissa,  and 
the  parameter  of  the  diameter,  to  which  the  ordinate  is  drawn. 

Part  1.  Let  DH  be  an  ordinate,  drawn 
fVom  any  point  D  of  an  ellipse,  to  a  diam- 
eter QP,  and  let  ST  be  the  diameter  par- 
allel to  DH,  C  being  the  centre.  The 
Square  of  DH  is  to  the  rectangle  QHP,  as 
"the  square  of  SC  is  to  the  square  of  CP. 

Let  DH  produced  meet  the  ellipse  again 
in  G  ;  the  rectangle  DHG  is  to  the  rectangle  QHP,  as  the  rect- 
angle 8CT  is  to  the  rectangle  QCP  (14.  1  Sup.)  ;  but  DG  is 
*> faceted  in  II  (31.  1  Sup.),  and  QP  and  ST  are  bisected  in  C 
Cs.  1  Sup.)  ;  therefore  the  square  of  DH  is  the  rectangle  QHP, 
^s  the  square  of  SC  is  to  the  square  of  CP. 

Part  2.  Lot  now  DH  be  an 
Ordinate,  drawn  from  any  point 
D  of  a  hyperbola,  to  a  trans- 
Verse  diameter  QPH,  C  being 
the  centre,  and  SC  the  second 
semidiameter  to  which  DH  is 
parallel.  The  square  of  DH  is 
to  the  rectangle  QHP,  as  the 
square  of  SC  is  to  the  square  of 

CP. 

Produce    GD    to    meet   the  _ 

asymptote   CL    in   L,   and  through    L,   draw  XLZ  parallel 
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to  CP,  meeting  the  Apposite  hyperbolas  in  X  and  Z ;  the 
rectangle  DHG  is  to  the  rectangle  QHP,  as  the  rectangle  DLG 
is  to  the  rectangle  XLZ  (14. 1  Sup.);  but  the  rectangle  DLG  is 
equal  to  the  square  of  CS  (37.  1  Sup.),  and  the  rectangle  XLZ 
is  equal  to  the  square  of  CP  (by  the  same) ;  therefore  the  rectan- 
gle DHG,  or,  DG  being  bisected  in  H  (SI.  1  Sup.)9  the  square 
of  DH,  is  to  the  rectangle  QHP,  as  the  square  of  CSis  to  the 
square  of  CP. 

Part  3.  Let  an  ordinate  DK  meet  a  second  diameter  TS.  The 
square  of  DK  is  to  the  squares  of  CS  and  CK  together,  as  the 
square  of  CP  is  to  the  square  of  CS. 

For  (by  the  preceding  part  and  inverting),  the  rectangle  QHP 
is  to  the  square  of  DH  or  CK.  as  the  square  of  CP  is  to  the 
square  of  CS  ;  therefore,  the  rectangle  QHP  with  the  square  of 
CP,  or,  which  is  equal  (6.  2  Eu.).  the  square  of  CHorDK,  iste 
the  squires  of  CS  and  CK  together,  as  the  square  of  CP  is  to  the 
square  of  CS  (12.  5  Eu). 

Fart  4.  Lastly,  let  DH  be  an  ordinate  to  a 
diameter  PH  of  a  parabola.  The  square  of  DH, 
is  equal  to  a  rectangle,  under  the  abscissa  PH, 
and  the  parameter  of  the  diameter  PH. 

Find  the  focus  F  (35.  1  Sup.)9  through  which, 
draw  KL  parallel  to  DG,  meeting  the  parabola 
in  K  and  L,  and  PH  in  O ;  KL  is  ordinate! y  applied 
to  the  diametei  PH  (Constr.  and  Def.  12.  1  Sup.)9 
and  therefore  equal  to  the  parameter  of  that  di- 
ameter (39.  1  Snp.)9  and  therefore  fourfold  of  PO 
{Def.  16.  1  Sup.  and  Cor.  39.  1  &up>)9  whence, 
OK,  being  the  half  of  i*L  (31.  1  Sup.),  is  double  to  PO,  and 
so  PO,  OK  and  KL  are  continually  proportional  (Theor.  1.  15. 
5  Eu.)9  therefore  the  square  of  KO  is  equal  to  the  rectangle 
under  PO  and  KL  (17.  6  Eu.)  ;  but  the  square  of  KO  is  to  the 
square  of  DH,  as  PO  is  to  PH  (20  and  31.  I  Snp.)9  or,  (1.6 
JBtt.),  as  the  rectangle  under  PO  and  KL  is  to  the  rectangle 
under  PH  and  KL ;  whence,  the  square  of  KO  having  been  just 
proved  equal  to  the  rectangle  under  PO  and  KL,  the  square  of 
DH  is  equal  to  the  rectangle  under  PH  and  KL  (14.  5  Eu.)9  or, 
K.L  being  equal  to  the  parameter  of  the  diameter  PH  (39.  1 
Sup.)9  to  the  rectangle  under  PH  and  that  parameter. 
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Cor*  1.  If  from  two  points  of  an  ellipse,  hyperbola  or  oppo- 
site hyperbolas,  ordinates  be  drawn  to  the  same  diameter  :  the 
ratios  of  the  squares  of  the  ordinates*  in  the  case  of  an  el 'ipse 
or  transverse  diameter  of  a  hyperbola,  to  the  rectangles  under 
their  respective  abscissas,  and,  in  the  case  of  a  second  diameter 
of  a  hyperbolaj  to  the  sums  of  the  squares  of  the  sec  mi  sen»di- 
ameter  and  the  segments  thereof  between  the  centre  an  J  ordi- 
nates, are  equal,  being  each,  by  this  proposition,  equal  to  the 
ratio  of  the  square  of  the  semidiametcr  which  is  parallel  to  the 
ordinates,  to  the  square  of  that  which  they  meet. 

Cor*  2.  And  if  from  two  points  of  a  conick  section  or  oppo- 
site sections,  ordinates  be  drawn  to  the  same  semidiameter ; 
the  ratio  of  the  squares  of  the  ordinates  to  each  other  is,  in  the 
case  of  an  ellipse  or  transverse  diameter  of  a  hyperbola,  equal 
to  that  of  the  rectangles  under  their  respective  abscissas,  in  the 
case  of  a  second  diameter  of  a  hyperbola,  to  that  of  the  sums  of 
the  squares  of  the  semidiameter  and  the  segments  thereof 
between  the  centre  and  ordinates,  and,  in  the  case  of  a  parabola, 
to  that  of  the  abscissas  ;  the  two  former  cases  being  manifest 
from  the  prec.  cor.  and  16.  5  Eu,  and  the  last  from  this  prop,  and 
h  6  Eu. 

Cor.  3.  If  from  any  point  of  a  conick  section,  an  ordinate  be 
drawn  to  a  diameter  which  is  not  the  second  diameter  of  a  hyper- 
bola, and  from  any  point  of  the  diameter  within  the  section  or 
opposite  sections,  a  right  line  be  drawn  parallel  to  the  ordinate, 
of  which  the  square  is  to  the  square  of  the  ordinate,  in  the  case 
of  an  ellipse  or  hyperbola,  as  the  rectangles  under  the  segments 
of  the  diameter  between  the  parallels  and  its  vertices,  and,  in  the 
case  of  a  parabola,  as  the  segments  of  the  diameter,  between  the 
parallels  and  its  vertex,  the  extreme  of  the  right  line  drawn 
parallel  to  the  ordinate,  which  is  remote  from  the  diameter,  is 
in  the  section,  within  which  the  point  in  the  diameter  is  taken. 

For  if  the  right  line  drawn  parallel  to  the  ordinate  met  the 
section  in  any  other  point,  its  square  would  not  be  to  the 
square  of  the  ordinate,  in  the  ratio  demonstrated  in  the  preceding 
corollary. 

Cor.  4.  If  to  any  diameter  of  an  ellipse  or  hyperbola,  an 
ordinate  be  drawn ;  the  rectangle  under  the  abscissas,  in  the 
case  of  an  ellipse  or  transverse  diameter  of  hyperbola,  and  the 
sum  of  the  squares  of  the  semidiameter  and  the  segment  thereof 
between  the  centre  and  ordinate,  in  the  case  of  a  second  diame- 
ter of  a  hyperbola,  is  to  the  square  of  the  ordinate,  as  the  diame- 
ter is  to  its  parameter,  as  is  manifest  from  this  proposition,  Def. 
15.  1.  Sup.  and  Cor.  2.  20.  6  Eu. 
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Scholium.  Let  GH,  gee  fig.  1  and  2,  be  an  ordinate  to  any 
diameter  of  an  ellipse  or  a  transverse  one  of  a  hyperbola,  let 
that  diameter  be  QP,  and  from  its  vertex  P  draw  PD  at  right 
angles  to  QP  equal  to  its  parameter ;  complete  the  parallelogram 
PR,  join  Q D,  and  draw  HKO  parallel  to  PD,  meeting  QU  and 
KD  in  K  and  O,  and  through  K,  SKL  parallel  to  QP,  meeting 
QR  and  PD,  produced  if  necessary,  in  S  and  L. 

In  the  case  of  the  ellipse,  fig.  1,  the  rectangle  QHP  is  to  the 
square  of  HG,  as  the  diameter  QP  to  its  parameter  PD  Cor.  4. 
to  this  prop.),  or,  because  of  the  parallels,  as  QH  is  to  HK,  or 
(l.  6  En.),  as  the  same  rectangle  QHP  to  the  rectangle  RHP; 
therefore  the  square  of  HG  is  equal  to  the  rectangle  KHP  (9.  5 
Eu.),  and,  of  course,  being  applied  to  the  parameter  PD  with 
the  attitude  of  the  abscissa  PH  adjacent  to  PD,  is  deficient  by 
a  figure  OL  similar  to  the  rectangle  RP  under  the  diameter  QP 
and  its  parameter  PD  {Def.  5.  6  Eu).  A  similar  consequence 
would  follow,  if  the  square  of  GH  were  applied  to  the  parameter 
QR,  from  the  point  Q,  with  the  attitude  QH.  On  account  of 
this  deficiency,  Appolonius  named  this  line,  an  Ellipse  or  Ellip- 
sis, which,  in  the  Greek  language,  signifies  a  deficiency. 

In  like  manner,  in  the  case  of  the  hyperbola,  fig.  2,  the  rect- 
angle QHP  is  to  the  square  of  GH,  as  the  diameter  QP  to  its 
parameter  PD  (Cor.  4  to  this  prop.)9  or,  because  of  the  parallels, 
as  QH  to  HK,  or  ( 1.  6  Eu.),  as  the  same  rectangle  QHP  to  the 
rectangle  KHP  $  therefore  the  square  of  GH  is  equal  to  the  rect- 
angle KHP  (9.  5  Eu.),  and  of  course  being  applied  to  the  parame- 
ter PD  with  the  attitude  of  the  less  abscissa  HP,  exceeds  by  a 
figure  LO  similar  to  the  rectangle  RP  under  the  diameter  QP 
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and  its  parameter  PD  (Def.  6.  6  Ku).  On  account  of  this  ex- 
cess* Apolloiiius  named  this  line,  a  Hyperbola  or  Hyperbole9  which, 
in  the  Greek  language,  signifies  a  redundancy. 

And  the  square  of  an  ordinate  to  any  diameter  of  a  parabola 
is,  by  this  prop,  equal  to  the  rectangle  under  the  absciss?,  and 
the  parameter  of  the  diameter.  For  this  reason,  Apollonius 
named  this  line,  a  Parabola  or  Parabole,  which,  in  the  Greek 
language,  signifies  similitude  or  equality. 


PROP.  XLI.  THEOR. 


Jjf  a  right  line,  touching  a  conick  section,  er  cutting  in  two  point* 
a  conick  section  or  opposite  sections,  meet  any  diameter  ;  the 
square  of  tlie  segment  of  the  tangenU  or  rectangle  under  the  se.g* 
meats  of  the  secant,  between  the  diameter,  and  the  paint  or  points 
in  which  it  meets  the  section  or  sections,  is,  in  the  case  of  an 
ellipse  or  transrowse  diameter  of  a  hyperbola,  to  Hie  rectangle 
unaer  the  segments  of  the  diameter,  between  the  tangent  or  secant 
and  its  vertices,  and,  in  the  case  of  a  second  diameter  of  a  hyper- 
bola, to  the  sum  of  the  squares  of  the  semidiameter,  and  the  seg- 
ment thereof  between  the  centre,  and  the  tangent  or  secant,  as  the 
square  of  the  semidiameter  to  which  the  tangent  or  secant  is  par- 
allel, to  the  square  of  the  semidiameter  which  it  meets  ;  and,  in 
the  case  of  a  parabola,  is  equal  to  tlie  rectangle  under  the  segment 
of  the  aiametev,  between  its  vertex,  and  the  tangent  or  secant, 
and  the  parameter  of  the  diameter,  wlwse  ordinates  are  parallel  to 
the  tangent  or  secant. 

First,  let  the  figure  be  an  ellipse  ;  let 
L  be  a  tangent,  touching  it  in  R,  and 

Meeting  a  diameter  QP  in  L,  let  OCR  be 

9i    diameter  parallel    to    KL,    C     being 

"the  centre,  and  let  DG  be  a  secant,  paral- 
lel to  the  diameter  OR,  meeting  the  ellipse 

in  D   and  G  and  the  diameter  QP  in  H ; 

the  square  of  KL  is  to  the  rectangle  PLQ, 

Quid  the  rectangle  DHG  to  the  rectangle 
QHP,  as  the  rectangle  OCR  is  to  the  rectangle  OCP  (14.  1 
Bup.),  or,  OR  and  QP  being  bisected  in  C  (5.*1  Sup.),  as  the 
tquare  of  CO  is  to  the  square  of  CP. 
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Secondly,  let  the  tangent  KL,  or 
secant  DHG,  meet  a  transverse  di- 
ameter <;,i ,  of  a  hyperbola  PD,  in 
L  or  H,  CO  being  the  semidiameter  X 
parallel  to  the  tangent  or  secant ;  the 
square  of  UL  is  to  the  rectangle 
QLP,  and  the  rectangle  DHG  to  the 
rectangle  QH!-,  as  the  square  of  CO 
is  to  the  square  of  CP. 

Draw  the  asymptote  CR(35. 1  and 
Def.  19.  1  Sup.),  which  let  GD  pro- 
duced meet  in  R,  and  through  R  draw 
XKZ  parallel  to  CP,  meeting  the  op- 
posite hyperbolas  in  X  and  Z  ;  the  rectangle  DHG  is  to  the 
rectangle  QHP,  as  the  rectangle  ORG  is  to  the  rectangle  XRZ 
(14.  l  Sup.)  ;  but  the  rectangle  ORG  is  equal  to  the  square  of 
CO  (37.  1   Sup.),  and  the  rectangle  XRZ  to  the  square  of  CP 
(by  the  same),  therefore  the  rectangle  DHG  is  to  the  rectangle 
QKP,  as  the  square  of  CO  is  to  the  square  of  CP. 

And  since  the  square  of  KL  is  to  the  rectangle  QLP,  as  the 
rectangle  DHG  is  to  the  rectangle  QHP  (14.  1  Sup.),  and  it  has 
been  just  proved,  that  the  rectangle  DHG  is  ,to  the  rectangle 
QHP,  as  the  square  of  CO  is  to  the  square  of  CP,  therefore  the 
square  of  CL  is  to  the  rectangle  QLP  as  the  square  of  CO  is 
to  the  square  of  CP. 

Thirdly,  let  a  right  line  GHD 
meet  opposite  hyperbolas  in  G 
and  D,  and  a  second  diameter  CP 

in  H,  CO  being  the  semidiameter  v  \  y^  S7H& 

parallel  to   GD  ;    the  rectangle 
GHD  is  to  the  squares  of  CP  and 
CH  together,  as  the  square  of  CO     gA^  \  ly/X^ 
is  to  the  square  of  CP.  |  2r^ — 10 

From  H  draw  the  ordinate  HM 
to  the  diameter  CP  (Cor.  36.  1 

Sup.),  and  let  CT  be  the  semidiameter  parallel  to  HM,  let  G 
meet  the  .asymptote  CR  in  R,  and  through  R,  draw  XRZ  par 
allel  to  HM  or  CT,  meeting  the  opposite  hyperbolas  in  X  am 
Z  ;  the  rectangle  GHP  is  to  the  square  of  HM,  as  the  rectangl^^ 
GRD  is  to  the  rectangle  XRZ  (14  and  31.1  Sup.),  or,  the  rect^ 
angle  GRD  being  equal  to  the  square  of  CO  (37.  1  Sup.),  andE- 
the  rectangle  XRZ  to  the  square  of  CT  (by  the  same),  as  the^ 
square  of  CO  is  to  the  square  of  CT  ;  and  the  square  of  HM  ia^ 
to  the  squares  of  CP  and  CH  together,  as  the  square  of  CT  te~ 


BOOK  U 


GONICK  SECTION*. 


M 


to  the  square  of  CP  (40.  1  Sup.) ;  therefore,  by  equality,  the 
rectangle  GHD  is  to  the  squares  of  CP  and  CH  together,  as 
the  square  of  CO  is  to  the  square  of  CP  (22.  5  Eu). 

Fourthly,  let  a  right  line  KL,  touching 
a  parabola  in  K,  meet  a  diameter  LPH  in 
L,  or  D6  parallel  to  KL,  meet  the  para- 
bola in  D  and  G,  and  the  diameter  in  H, 
and  let  KX  be  the  diameter  passing 
through  the  point  K,  and  to  which  of 
course  DG  is  ordinately  applied  (Def.  12. 
1  Sup.) ;  the  square  of  KL  is  equal  to  the 
rectangle  under  LP  and  the  parameter  of 
flie  diameter  KX,  and  the  rectangle  DHG 
to  the  rectangle  under  PH  and  the  same 
parameter. 

For  since  DG  is  ordinately  applied  to  the  diameter  KX,  it  is 
bisected  in  X  (31.  1  Sup),  therefore  the  square  of  DX  is  equal  to 
the  rectangle  DXG,  and  is  therefore  to  the  rectangle  DHG,  as 
KX  is  to  PH  (21.  1  Sup.)9  or  (1.  6  Eu.)9  as  the  rectangle  under 
KX  and  the  parameter  of  the  diameter  KX  is  to  the  rectangle 
under  PH  and  the  same  parameter  ;  but  the  square  of  DX  is 
equal  to  the  rectangle  under  KX  and  the  parameter  of  the  dia- 
meter KX  (40.  1  Sup.),  therefore  the  rectangle  DHG  is  equal  to 
the  rectangle  under  PH  and  the  same  parameter  (14.  5  Eu). 

And  the  rectangle  DHG  is  to  the  square  of  KL,  as  PH  is  to 
LP  (£0.  1  Sup.)9  or  (1.  6  Eu.),  as  the  rectangle  under  PH  and 
the  parameter  of  the  diameter  KX  is  the  rectangle  under  LP 
and  the  same  parameter ;  whence  the  rectangle  DHG  having 
been  just  proved  equal  to  the  rectangle  under  PH  and  that  par- 
ameter, the  square  of  KL  is  equal  to  the  rectangle  under  LP 
Mid  the  same  parameter  (14.  5  Eu),, 
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PROP.  XLII.  THEOB. 

If  two  right  lines  meeting  each  other,  both  touch  or  both  cut  in  two 
paints*  or  one  of  them  touch,  and  the  other  so  cut,  a  conick  section 
or  opposite  sections  ;  the  squares  of  the  segments  of  the  tangents, 
or  rectangles  under  the  segments  of  the  secants,  between  the  con- 
course of  the  right  lines,  and  the  points  wherein  they  meet  the 
section  or  sections,  are  to  each  other,  in  the  case  of  an  ellipse  or 
hyperbola,  as  the  squares  of  the  semidiameters  to  which  they  are 
parallel ;  and,  in  that  of  a  varabola,  as  the  parameters  of  the 
diameters,  whose  ordinates  are  parallel  to  the  tangents  or  se- 
cants. 

Case  1.  If  the  figure  be  an  ellipse,  or  the  right  lines  meeting 
each  other,  be  parallel  to  transverse  diameters  of  a  hyperbola, 
the  proposition  is  manifest  from  the  14th  and  5th  propositions  of 
this  book. 

Case  2.  If  not,  let  the  concourse 
D  of  the  right  lines  meeting 
each  other  and  a  hyperbola  or  op- 
posite hyperbolas,  be  in  a  trans- 
verse diameter  QP,  DS  and  DT 
being  tangents,  and  DGH  and  DKL 
secants  meeting  in  the  point  D. 

Since  the  squares  of  DS  and  DT, 
or  the  rectangles  GDH  and  KDL, 
have  to  the  rectangle  QDP  the  same 
ratio,  as  the  squares*  of  the  semidi- 
ameters to  which  they  are  respect- 
ively parallel,  to  the  square  of  the 
semidiameter  CP  (41.1  Sup.),  by  inverting  and  ordinate  equality, 
these  squares  or  rectangles  are  to  each  other,  as  the  squares  of 
the  semidiameters  to  which  they  are  respectively  parallel  (Thear. 
S.  15.  5  and  22.  5  Eu). 

Case  3.  When  the  concourse  of  two  right  lines,  meeting  a 
hyperbola,  as  PS,  or  opposite  hyperbolas  PS  and  QZ,  is  in  a 
second  diameter,  as- at  R,  CO  being  the  second  diameter. 

Since  the  squares  of  the  segments  of  the  tangents  or  rectangles 
under  the  segments  of  the  secants  between  the  point  R  and  the 
hyperbola,  or  hyperbolas,  have  the  same  ratio  to  the  sum  of  the 
squares  of  CO  and  CR,  as  the  squares  of  the  semidiameters  to 
which  they  are  respectively  parallel,  have  to  the  square  of  CO 
(41.  1  Sup.) ;  by  inverting  and  ordinate  equality,  these  squares 
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or  rectangles  are  to  each  other,  as  the  squares  of  the  semidiam- 
eters  to  which  they  arc  respectively  parallel  (TAeor.  3.  15;  5  and 
S3.  5.  Eu). 

Case  4.  When  the  concourse  is  an  asymptote  CX  of  a  hyper- 
bola, as  at  X. 

Since  the  square  or  rectangles  are  equal  to  the  squares  of 
the  semidiamcters  to  which  they  are  parallel  (37.  1  /Stop.),  they 
are  to  each  other  as  the  same  squares  (SchoL  7.  5  Eu).  • 

Com  5.  When  the  figure  is  a 
pararola,  D  being  the  concohrse  of 
the  tangents  or  secants. 

Through  D,  draw  the  diameter 
DP,  of  which  let  P  be  the  vertex  $ 
and  since  the  squares  of  the  seg- 
ments of  the  tangents,  or  rectan- 
gles under  the  segments  of  the  se- 
cants between  D  and  the  section, 
are  equal  to  the  rectangles  under 
DP  and  the  parameters  of  the  diam- 
eters, to  which  right  lines  parallel 
to  the  tangents  or  secants  are  or- 
dinately  applied  (41.  1  Sup.),  these  squares  or  rectangles  are  to 
each  other  as  the  same  parameters  (1.  6  and  11.5  Eu)* 

Scholium.  Since  the  rectangle  under  any  diameter  of  an  ellipse 
or  hyperbola  and  its  parameter,  is  equal  to  the  square  of  its 
conjugate  (Def*  15.  1  Sup.  and  \7.6Eu.)9  it  follows,  that  the 
squares  of  the  segments  of  the  tangents,  or  rectangles  under  the 
segments  of  the  secants,  mentioned  in  this  proposition,  are  to 
each  other,  in  ellipses  and  hyperbolas,  in  a  ratio,  compounded 
of  the  ratios  of  the  diameters,  whose  ordinates  are  parallel  to  the 
tangents  or  secants,  and  their  parameters  (23.  6  Eu.) ;  being,  in 
parabolas,  when  the  diameters  are  infinite,  and  therefore  to  each 
other  in  a  ratio  of  equality,  in  the  simple  ratio  of  these  param- 
eters. Whence  appears  a  farther  analogy  between  the  different 
sections* 
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PROP.  XLIII.  THEOR. 

2jf  om,  of  two  right  lines  meeting  each  other,  touch  or  cut  in  twe 
points,  a  hyperbola  or  opposite  hyperbolas,  and  the  other  so  touch 
or  cut  a  hyperbola  or  opposite  hyperbolas  conjugate  to  the  former  j 
the  square  qf  the  segment  of  tlie  former  tangent ,  or  rectangle  under 
the  segments  of  the  former  secant,  between  the  concourse  and  the 
section  or  sections,  is  to  the  square  of  or  rectangle  under,  the  like 
segment  or  segments  of  the  other  tangent  or  secant,  when  the 
concourse  is  in  an  asymptote,  as  the  squares  of  the  sendtoapc- 
ters,  which  are  parallel  to  the  right  lines  so  meeting  each  other  ; 
and  when  the  concourse  is  not  in  an  asymptote,  the  square  or 
rectangle  pertaining  to  the  hypetbola  or  hyperbolas,  to  which  the 
diameter  passing  the  concourse  of  the  meeting  right  lines  is  a 
transverse  one,  is  to  the  square  or  rectangle  pertaining  to  the 
conjugate  hyperbola  or  hyperbolas,  in  a  ratio  compounded  qf  the 
ratios  of  the  semidiameters  to  which  the  meeting  right  lines  are 
parallel,  and  qf  the  ratio  of  the  rectangle  under  the  distances  of 
the  concourse  from  the  vertices  of  the  diameter  passing  through 
it,  to  the  sum  of  the  squares  of  the  semidiameter  which  passes 
through  the  concourse,  and  the  distance  of  the  concourse  from  the 
centre. 

Case  1.  If  the  concourse  of  the  right  lines  so  meeting  each 
other  be  in  an  asymptote,  these  squares  or  rectangles  are  equal 
to  the  squares  of  the  semidiameters  to  which  the  same  right  lines 
are  parallel  (37.  1  Sup.),  and  are  therefore  to  each  other,  as  the 
squares  of  the  same  semidiameters  (Schol  7.  5  Eu). 

Case  2.    Let  GH  and  TD 
be  two  right  lines  meeting  each  £ 

other  in  D,  and  let  one  ofthem 
cut  the  hyperbola  PG  in  G 
and  H,  and  the  other  TD  the 
hyperbola  OT  conjugate  to 
PG  in  S  and  T  ;  let  CO  and 
CR  be  semidiameters  parallel 
to  GH  and  TD,  and  QPD  the 
diameter  passing  through  the 
concourse  D  ;  the  rectangle 
GDH  is  to  the  rectangle 
TDS,  in  a  ratio,  compounded 
of  the  ratios,  of  the  square  of 
CO  to  the  square  of  CR,  and 

and  of  the  rectangle  QDP  to  the  sum  of  the  squares  of  CP  arid 
CD* 
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For  the  rectangle  GDH  is  to  the  rectangle  QDP,  as  the 
square  of  CO  is  to  the  square  of  CP  (41.  1  Sup.),  ami  tiie  rcct- 
angle.SDT  is  to  the  sum  of  the  squares  of  CP  and  C-J,  as  the 
square  of  CR  is  to  the  square  of  CP  (by  the  same)  ;  therefore 
the  rectangle  GDH  is  to  the  rectangle  SI)T,1ia  ratio,  com- 
pounded of  the  ratios,  of  the  square  of  CO  to  the  square  of  CR, 
and  of  the  rectangle  QDP  to  the  sum  of  the  squares  of  CP  and 
CD  (Cor.  6.  23.  6  Eu). 

The  demonstration  is  similar,  if  one  or  both  of  the  right 
lines  meeting  each  other,  were  tangents,  or  cut  opposite  hyper- 
bolas. 

PROP.  XLIV.  THEOR. 

tf  from  any  point  of  a  coiiick  section,  an  ordinate  be  drawn  to  a 
diameter,  and  a  tangent  meeting  the  same  diameter  ;  the  semi" 
diameter  is,  in  the  case  of  an  ellipse  or  hyperbola,  a  mean  propor- 
tional between  the  segments  of  the  diameter,  between  the  centre 
and  ordinate,  and  between  toe  centre  and  tangent  ;  and,  in  the 
ease  of  a  parabola,  the  segment  of  the  diameter,  between  tlie  ^*- 
dinate  and  tangent,  is  bisected  in  its  vertex. 

Let  PH,  see  fig.  1,2  and  3,  of  this  prop,  be  an  ordinate, 
drawn  from  any  point  P  of  a  conick  section,  to  a  diameter  HR, 
which  is  not  a  second  diameter  of  a  hyperbola,  or  in  the  case  of 
a  hyperbola,  fig.  2,  let  PT  be  an  ordinate  drawn  to  a  second 
diameter  CT,  and  let  PK  be  a  tangent  drawn  from  P,  meeting 
the  diameter  HK  in  K,  and  in  fig.  2,  the  diameter  CT  in  X, 
CG  being  in  fig.  1  and  2,  the  semidiameter  passing  through 
H  and  K,  and  CO  in  fig.  1,  that  which  passes  through  T  and 
X ;  CG  is,  in  fig.  1  and  2,  a  mean  proportional  between  CH 
and  CR  ;  CO,  in  fig.  2,  between  CT  and  CX  ;  and  in  fig.  3, 
KH  is  bisected  in  G. 

Case  1.  When  the  ordinate  PH  (see  fig.  1  and  2),  and  tan- 
gent PR,  meet  any  diameter  of  an  ellipse,  or  a  transverse  one 
of  a  hyperbola. 

Let  D  and  G  be  the  vertices  of  that  diameter,  through  which, 
draw  DR  and  GL  parallel  to  PH,  meeting  PR  in  R  and  Lf 
these  touch  the  section  in  D  and  Q  !Def.  12.  1  Sup.) ;  on  CD, 
produced  in  fig.  2,  take  CS  equal  to  CH,  DS  is  equal  to  GH  («ftxr, 
2  and  3.  1  Eu). 

And  because  the  tangent  RPR  meets  the  tangents  DR  and  GL, 
foe  square  of  RP  is  to  the  square  of  PL,  as  the  square  of  DR  m 
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to  the  square  of  GL  {Cor.  2.  14. 1  8up.)9  therefore  RP  is  to  PL, 
as  1)11  is  to  GL  (22.  6  Eu.\  or,  because  of  the  equiangular 
triangles  RDK  and  LGK,  as  DK  is  toGK  (4.  6  and  16.  5  Eu.) ; 
but,  because  of  the  parallels  RD,  PH  and  LG,  DH  is  to  HG,  as 
B !  is  to  PL  {Cor.  2.  1 0.  6  Eu.)9  therefore  DH  is  to  HG,  as  DK 
is .;-»  GK  (11.  5  Ev,.)  ;  therefore,  by  dividing  in  fig.  1,  and  com- 
p<  aiding  in  fig.  2,  SH  is  to  HG,  as  DG  is  to  GK  (17  and  18 
5  En.) ;  and  taking  the  halves  of  the  antecedents,  CH  is  to  HGt 
as  CG  is  to  GK  (Theor.  1.  15.  5  and  22.  5  Eu.),  and,  by  con- 
verting, CH  is  to  CG,  as  CG  is  to  CK. 

Case  2.  When  the  ordinate  PT  (see  fig.  2),  and  tangent  PX, 
meet  a  second  diameter  CT  of  a  hyperbola* 

Let  O  be  a  vertex  of  the  diameter  CT,  and  DG  the  transverse 
diameter  conjugate  to  the  diameter  CT,  meeting  the  tangent  PX 
in  K  ;  draw  PH  an  ordinate  to  the  diameter  DGH  (36.  1  Sup). 

By  the  preceding  case,  CH,  CG  and  CK  are  continually 
proportional,  therefore  the  square  of  CH  is  to  the  square  of 
CG,  as  CH  is  to  CK  {Cor.  2.  20.  6  Eu.),  and,  by  dividing,  the 
excess  of  the  square  of  CH  above  that  or  CG,  or,  which  is  equal 
(6.  2  En.),  thfc  rectangle  DHG,  is  to  the  square  of  CG,  as  KH  is 
to  CK  {17.  5  En.) ;  whence,  the  square  of  PH  being  to  the  square 
of  CO,  as  the  rectangle  DHG  is  to  the  square  of  CG  (40.  1  Sup. 
and  16.  5  Eu.),  the  ratios  of  the  square  of  PH  to  the  square  of 
CO,  and  of  KH  to  CK,  being  each  equal  to  the  ratio  of  the 
rectangle  DHG  to  the  square  of  CG,  are  equal  to  each  other 
(11.  5  En.) ;  but,  because  of  the  equiangular  triangles  HKP  and 
CKX,  PH  is  to  CX,  as  KH  is  to  CK  (4.  6  and  16.  5  Eu.\ 
therefore  the  square  of  PH  or  CT  is  to  the  square  of  CO,  as  PH 
or  CT  is  to  CX  (ll.  5  Eu.)  ;  therefore  CT,  CO  and  CX  are 
continually  proportional  (20.  6  En), 
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Case  3.    When  the  ordinate  TH 
»nd  tangent  PK  meet  a  diameter 
GH  of  a  parabola- 
Let  the  ordinate  PH  be  produ- 
ced to  meet  the  parabola  again  in 
Q,  and  let   GR,    HS   and    QT, 
drawn  parallel  to  PK9  meet  the    _ 
diameter  PT  drawn  through   P ;  ^ 
GR  and  QT  are  ordinates  to  the 
diameter  PT  (Def.  12.  1  Sup).  ^^j 

And  since  PQ  is  double  to  PH,  ** 

(31.  1  Sup.),  PT  is  double  to  PS  (2.  6  Eu.),  and  QT  to  HS  (4.  « 
and  16. 5  Eu,),  or  GR,  therefore  the  square  of  QT  is  fourfold  th© 
square  of  GR  {Cor.  4.  2  Eu.),  and  therefore  the  abscissa  PT> 
fourfold  the  abscissa  PR  (C&r.  2.  40.  1  Sup  ),  and  PS  or  KH 
double  to  PR  or  KG,  and  so  Kli  is  bisected  in  G. 

Cor.  If  from  the  vertices  (P  and  G,  see  fig.  3),  of  two  diam- 
eters (PT  and  GH)  of  a  parabola,  ordinates  (PH  and  GR)  be 
drawn  to  the  same  diameters  ;  the  abscissas  (GH  and  PR)  are 
equal. 

For,  the  tangent  PK  being  drawn  from  P,  meeting  GH  in  K» 
because  of  the  parallelogram  PKGR,  PR  is  equal  to  KG  (34.  1 
Eu.)>  or,  which  is  equal  (by  this  prop.),  to  GH. 

PROP.  XLV.  THEOR. 

If  from  any  point  of  an  ellipse  or  hyperbola,  an  ordinate  be  drawn 
to  any  diameter,  and  a  tangent  from  the  same  point,  meet  the 
same  diameter  ;  tlie  rectangle  under  the  segments  of  the  diam- 
eter, between  the  ordinate  and  centre,  and  between  the  ordinate 
and  tangent,  is,  in  tlie  case  of  an  ellipse,  or  transverse  diameter 
of  a  hyperbola,  equal  to  the  rectangle  under  the  segments  of  tlie  same 
diameter,  between  the  ordinate  and  its  vertices;  and,  in  tlie  case  of 
a  second  diameter  of  a  hyperbola,  to  the  sum  of  the  squares  of  tile 
second  semidiameter,  and  segment  of  the  same  diameter,  between 
the  centre  and  ordinate. 

Let  PH,  sec  fig.  1  and  2  of  the  prec.  prop,  be  an  ordinate 
drawn  from  any  point  P  of  a  conick  section,  to  any  diameter  of 
an  ellipse,  or  a  transverse  one  of  a  hyperbola,  let  this  diameter 
be  DG,  let  PT,  see  fig.  2,  be- an  ordinate  drawn  from  P  to  a 
second  diameter  CTof  a  hyperbola,  and  let  a  tangent  PR  drawn 
from  P,  in  fig.  1,  meet  DG  produced  in  K,  and,  in  fig.  2,  mcc{ 
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DG  in  K,  and  CT  in  X  ;  the  rectangle  CHK  is,  in  both  figures, 
equal  to  the  rectangle  DUG,  and,  in  fig.  2,  the  rectangle  CTX 
is  equal  to  the  sum  of  the  squares  of  CO  and  CT. 

Fart  1.     The  rectangle  CHK  in  fig.  1  and  2,  is  equal  to  th< 
rectangle  DHG. 

For  the  rectangle  HCK  is  equal  to  the  square  of  CG(44.  X 
Sup.  and  17.  6  Eu.),  therefore,  in  the  ellipse,  fig.  1,  taking  from 
each  the  square  of  CH,  the  excess  of  the  rectangle  HCK  above 
the  square  of  CH,  or,  (3.  2  Eu.),  the  rectangle  CHK,  is  equal 
to  the  ex  ess  of  the  square  of  CG  above  that  of  CH,  or  (&  •  & 
Eu.\  the  rectangle  DUG  ;  and,  in  the  hyperbola,  fig.  2,  taki^S 
these  equals  from  the  square  of  CH,  the  excess  of  the  squar*^0' 
CH  above  the  rectangle  II CK,  or  (2.  2  Eu.),  the  rectangle  CEB^K, 
is  equal  to  the  excess  of  the  square  of  CH  above  that  of  CG,      or' 
(6.  2  Eu.),  the  rectangle  DHG. 

Far4,  2.    In  fig.  2,  the  rectai  ^le  CTX  is  equal  to  the  suirm  of 
the  squares  of  CO  and  CT. 

For  the  rectangle  TCX  is  equal  to  the  square  of  CO  (4*r  -  * 
Sup.   .ind  17.  f\   Kn.)%  adding  to  each  the  square  of  CT,  *h^ 
recvw.»  gie  T<.  X  \»  ith  the  square  of  CT,  or  (3.  2  En.j9  the  re 
Bngle  CTX  is  equal  to  the  sum  of  the  squares  of  CO  and  CT— 
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The  same  things  being  supposed  ;  the  rectangle  under  the  8egme&*f* 
of  tlte  diameter*  between  the  tangent  and  centre,  and  between  ^"* 
tangent  and  ordinate,  is,  in  the  case  of  an  ellipse,  or  transroe^^** 
diameter  of  a  hyperbola,  equal  to  the  rectangle  under  tlie  segme^*^* 
of  the  same,  between  the  tangent  and  its  vertices ;  and,  in  the  cczzz** 
of  a  second  diameter  of  a  hyperbola,  to  the  sum  of  the  squares        °J 
the  second  seniidiameter,  and  tlie  segment  of  the  same  diamct^*'1*' 
between  the  centre  and  tangent. 

Fart.  1.    In  fig.  1  and  2  of  the  44th  prop,  the  rectangle  CK 
is  equal  to  the  rectangle  DKG. 

For  the  rectangle  HCK  is  equal  to  the  square  of  CG  (44 
Bnp.  and  17.  6  Eu.),  therefore,  in  the  ellipse,  fig.  1,  taking  e 
from  the  square  of  CK,  the  excess  of  the  square  of  CK  above 
rectangle  HCK,  or  (2.  2.  Eu.),  the  rectangle  CKH,  is  equal 
the  excess  of  the  square  of  CK  above  that  of  CG,  or  (6.  2  Eu 
tUc  rectangle  DKG;  and,  in  the  hyperbola,  fig.   2,    taki 


B 


i 


*«NC  I*  OOHICK  SECTIONS.  &9T 

Arm  these  equals,  the  square  of  CK,  the  excess  of  the  rect- 
*Mgle  HCK  above  the  square  of  CK,  or  (3.  2  Eu.\  the  rect- 
nngle  CKH,  is  equal  to  the  excess  of  the  square  of  CG  above 
-fctat  of  CK,  or  (5.  2  Eu.)9  the  rectangle  D KG. 

Part  2.  In  fig,  2,  the  rectangle  CXT  is  equal  to  thi  sura  of 
'die  squares  of  CO  and  CX. 

For  the  rectangle  TCX  is  equal  to  the  square  of  CO  (44.  1 
Ap.  and  17.  6  Eu.)9  adding  to  each  the  square  of  CX,  the 
z-ectangle  TCX  with  Hie  square  of  CX,  or  (3.  2  Eu.)9  the  rect- 
angle CXT,  is  equal  to  the  sum  of  the  squares  of  CO  and  CX. 


PROP.  XLVII.  THEOR. 


JjT  two  parallel  right  lines  (BR  and  GL,  see  Jig.  1  and  2  to  prop. 
44  J9  touching  an  ellipse  or  opposite  hyperbolas*  meet  another 
tangent  (ELK)  ;  the  rectangle  under  the  segments  (BR  and 
GLJ  of  the  parallels,  between  their  contacts  and  the  tangent 
which  they  meet9  is  equal  to  the  square  of  the  semidiameter 
fCOJ,  to  which  they  are  parallel.  And  the  rectangle  (RPL)9 
under  the  segments  of  the  tangent  (ELJ9  which  the  parallels 
meet9  between  its  contact  (P)9  and  the  parallel  tangents,  is 
equal  to  the  square  of  the  semidiameter  ( CZJ,  which  is  parallel 
to  it ;  as  is  the  rectangle  (XPK)9  under  tlie  segments  of  any 
tangent  (EP)9  meeting  two  conjugate  diameters  (CO  and 
DOJ,  between  the  contact  (P)  and  the  diameters. 

Part  1.  The  rectangle  under  DR  and  GL  is  equal  to  the 
square  of  CO.  f 

The  right  line  DG  joining  the  contacts  D  and  G  is  a  diame- 
ter, for  if  G  were  not  the  other  vertex  of  the  diameter  passing 
through  D,  a  right  line  drawn  from  G  parallel  to  DR,  to  the 
diameter  passing  through  D,  would  meet  that  diameter  within 
the  section,  for  it  is  parallel  to  the  tangent  drawn  through  the 
vertex  of  the  diameter  remote  from  D  (30.  I  Sup.  and  30.  1 
Eu.),  which  tangent  falling  whqUy  without  the  section  {Bef.  10. 
1  &up.)9  if  the  right  line  so  drawn  from  G,  did  not  meet  that 
diameter  within  the  section,  it  would  meet  the  tangent  drawn 
through  the  vertex  remote  from  D,  contrary  to  the  definition  of 
parallel  right  lines ;  therefore  if  DG  were  not  a  diameter,  a 
right  line  drawn  through  G  parallel  to  DR  would  enter  the 
section  and  not  be  a  tangent,  contrary  to  the  supposition. 
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And  the  diameter  CO  is  conjugate  to  D6  (Def.  14.  1  Sup.)9 
and,  if,  in  the  ellipse,  RL  be  parallel  to  DG,  the  proposition,  as 
far  as  relates  to  the  rectangle  under  DR  and  GL  and  the  rectan- 
gle RPL  is  manifest. 

But  if  RL  be  not  parallel  to  DG  in  fig.  1,  let  RL,  in  fig.  1  and 
2,  meet  DG  in  K,  and  CO  produced  in  X,  and  let  ordinate*  FH 
and  PT  be  drawn  to  the  diameters  DG  and  CO  (36.  1  Sup). 

And  because  the  rectangle  DKG  is  equal  to  the  rectangle 
CKH  (46.  1  Sup.),  DK  is  to  CK,  as  HK  is  to  GK  (16.  6  En.), 
therefore,  because  of  the  parallels,  DR  is  to  CX,  as  HP  to  GL 
(4.  6  and  16.  5  Eu*)9  and  therefore  the  rectangle  under  DRand 
GL  is  equal  to  the  rectangle  under  CX  and  HP  or  CT  (16.  6 
Bu.)9  or,  which  is  equal  (44. 1  Sup-  and  17.  6  Eu.)9  the  square 
of  CO. 

Part  2.    The  rectangle  RPL  is  equal  to  the  square  of  CZ. 

Because  DR  is  to  GL,  as  RP  is  to  PL  {Cor.  2.  14. 1  Sup.  and 
22.  6  Eu.\  the  rectangle  under  DR  and  GL  is  similar  to  the 
rectangle  RPL,  and  is  therefore  to  that  rectangle,  as  the  square 
of  DR  is  to  the  square  of  RP  (22. 6  Eu.)9  or  which  is  equal  (42* 
1  Sup.),  as  the  square  of  CO  to  the  square  of  CZ  ;  whence,  the 
rectangle  under  DR  and  GL  being  equal  to  the  square  of  CO, 
by  the  preceding  part,  the  rectangle  RPL  is  equal  to  the  square 
of  CZ(14.  5  Eu). 

Fart  3.    The  rectangle  XPK  is  equal  to  the  square  of  CZ. 

Because  the  rectangle  CHK  is  equal  to  the  rectangle  DHG 
(45.  1.  Sup.),  CH  is  to  HG,  as  DH  is  to  HK  (16.  6  Eu.)9  and 
therefore,  because  of  the  parallels,  XP  is  to  PL,  as  RP  is  to 
PK  {Cor.  2.  10.  6  and  11.  5  Eu.),  and  so  the  rectangle  XPK  is 
equal  to  the  rectangle  RPL  (16.  6  Eu.)9  or,  by  the  preceding 
part,  to  the  square  of  CZ. 

Cor.  1.  In  ellipses  and  hyperboles,  a  right  line  joining  the 
contacts  of  two  parallel  tangents  is  a  diameter,  the  right  line 
DG,  joining  the  contacts  of  the  parallel  tangents  DR  and  GL, 
being  in  the  demonstration  of  the  1st  part  of  this  prop,  proved 
to  be  a  diameter. 

Cor.  2.  If  the  right  line  "XPK  touching  an  ellipse,  or  hy- 
perbola, meet  two  diameters  ,CO  and  DG,  and  the  rectangle 
XPK  be  equal  to  the  square  olt  the  semidiaraeter  CZ,  conjugate 
to  that  which  passes  through  the  contact  P  ;  the  diameters  CO 
and  DG  are  conjugate  ones. 

For  if  any  other  semidiameter,  except.  CG,  were  conjugate  to 
CO,  the  rectangle  under  XP,  and  a  right  line  greater  or  less 
than  PK,  would  be  equal  to  the  square  of  CZ  (part  3  of  thi* 
prop.),  contrary  to  the  supposition. 


*O0K  I. 


CONICK  SECTIONS. 


PROP.  XLVIII.  PROB. 
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lb  droit  a  tangent  to  a  given  conick  section,  from  any  point  not 

within  the  same. 

* 

Part  1.  If  the  given  point  be  in  the  section,  having  found,  in 
the  case  of  an  ellipse  or  hyperbola,  the  focuses,  and,  in  the  case 
of  a  parabola,  the  focus  and  principal  vertex,  by  35.  1  Sup,  th* 
tangent  may  be  drawn  by  Cor.  1.  10.  1  Sup. 


Fart  £•  But  if  the  given  point  be  without  the  section,  not 
feeing  in  the  asymptote  of  a  hyperbola,  for  if  it  be,  the  tangent 
may  be  drawn  by  Cor.  6.  37.  1  Sup.  Let  that  point  be  K,  see 
fig.  1,  2,  S  and  4,  and  the  given  conick  section  PT  ;  through  K 
draw  the  diameter  KG  (Cor.  35.  1  Sup.),  meeting  the  section  in 
Gf  or,  if  it  be  a  second  diameter,  as  in  fig.  3,  let  its  vertex  b% 
G  ;  in  the  case  of  an  ellipse  or  hyperbola,  find  the  centre  C  (33. 
1  8up.)9  and  to  CK  and  CG  take  on  the  diameter  KG,  a  third 
proportional  CH,  to  the  part  contrary  to  CK,  when  it  is  a  second 
diameter  of  a  hyperbola,  as  in  fig.  3,  otherwise,  as  in  fig.  I  and 
2,  to  the  same  part }  in  the  case  of  a  parabola  fig.  4,  take  GH 
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eqnal  to  KG ;  in  all  the  cases  draw  through  H  the  right  line 
PHQ  ordinately  applied  to  the  diameter  HK,  meeting  the  sec- 
tion or  sections  in  P  and  Q  ;  KP  and  KQ  being  joined  touch 
the  section  or  sections  in  P  and  Q ;  for  it'  either  of  them,  as  KP, 
were  not  a  tangent  to  the  section,  let  a  tangent  PZ,  drawn  from 
P  by  part  1,  meet  the  diameter  HK  in  Z  ;  and  in  the  case  of  an 
ellipse  or  hyperbola,  CH,  CG  and  CZ  would  be  continually 
proportional  (44.  1  Sup.),  and  therefore  CG  would  have  the 
same  ratio  to  CK  and  CZ  (Constr.  and  11.  5  Eu.)9  which  is 
absurd  (8.  5  En.);  and  in  the  case  of  a  parabola,  fig.  4,  GZ 
would  he  equal  to  GH  (44fl  Sup.),  or  its  equal  by  construction 
GK,  which  is  also  absurd  (Jkc.  9.  1  Eu). 

Scholium.    It  appears  from  the  construction  of  this  problem, 
that  two  tangents  may  be  drawn  to  a  conick  section  or  opposite 
♦  sections,  from  any  point  without  it  or  them,  as  the  case  may  be, 
ithich  is  not  in  the  asymptote  of  a  hyperbola. 

PROP.  XLIX.  THEOR. 


A  right  line  (KH)*  passing  through  the  concourse  (K)  of  two  fight 
lines  f  PIC  and  QK)  Unuhing  a  conick  section  or  opposite  sections, 
and  bisecting  the  right  line  (P^J9  joining  their  contacts,  is  a 
diameter  of  the  section* 


Gr 


For  if  KH  be  not  a  diameter,  let  a  diameter  HZ  be  drawn 
through  H  (Cor.  35.  1  Sup.),  meeting  the  tangent  PK  in  Z,  and 
let  QZ  be  drawn,  meeting  the  section  in  D,  through  D  let  the 
right  line  DG  be  drawn  parallel  to  PQ,  meeting,  in  the  case  of 
fig.  1;  because  D  is  not  the  vertex  of  the  diameter  HZ,  and  DG 
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is  parallel  to  the  secant  PQ,  the  section  again,  as  in  L,  and  in 
the  case  of  fig*  2,  seeing  that  DG  is  parallel  to  PQ  cutting  the 
opposite  sections,  meeting  the  opposite  section,  as  in  L,  and 
meeting  in  both  cases,  ZH  in  X,  and  1*K  in  G. 

And  since  PQ,  see  fig.  1  and  2,  is  bisected  by  the  diameter 
HZ,  it  is  ordinately  applied  to  that  diameter  (32.  1  Sup.), 
therefore  DL*  parallel  to  PQ,  is  ordinately  applied  to  the  same 
diameter,  and  is  therefore  bisected  by  it  (31.  1  Sup.),  and  so 
DX  is  equal  to  LX ;  and  because  of  the  equiangular  triangles 
QHZ  and  DXZ,  QH  is  to  HZ,  as  DX  is  to  XZ  (4.  6  Eu.),  and 
because  of  the  equiangular  triangles  ZHP  and  ZXG,  HZ  is  to 
HP,  as  XZ  is  to  XG  (by  the  same),  therefore,  by  equality,  QH 
is  to  HP,  as  DX  is  to  XG  (22.  5  Eu.)  ;  whence,  QH  being  equal 
to  HP,  DX  is  equal  to  XG  (Car.  13.  5  Eu.)  ;  but  DX  is  above 
proved  to  be  equal  to  LX,  therefore  XG  and  XL  are  equal 
(*  x.  1.  1.  Eu.),  part  and  whole,  which  is  absurd  ;  therefore  no 
right  line  drawn  through  H,  except  KH  is  a  diameter  of  the 
section,  and  of  course  KH  is  a  diameter. 

Cor.  1.  Hence  a  diameter  of  a  conick  section,  passing  through 
the  concourse  of  two  tangents,  bisects  the  right  line  joining 
their  contacts. 

For  if  the  diameter  divided  it  unequally,  a  right  line  drawn 
from  the  concourse  to  bisect  it,  being  (by  this  proposition),  a 
diameter,  there  would  be  two  diameters  passing  through  the 
concourse  of  the  tangents,  and  therefore  two  centres,  which  is 
absurd. 

Cor.  2.  If  two  right  lines,  touching  a  conick  section  or 
opposite  sections,  meet  each  other ;  their  concourse  is  in  the 
diameter  of  the  section,  which  bisects  the  right  line  joining  their 
contacts. 

For  the  right  line  joining  the  contacts  is  not  a  diameter,  for 
if  it  were,  the  tangents  would  be  parallel  (30.  1  Sup.),  if  there- 
fore the  diameter,  bisecting  the  right  line  joining  the  contacts, 
did  not  pass  through  the  concourse  of  the  tangents,  the  diam- 
eter passing  through  the  concourse  of  the  tangents,  would  not 
bisect  the  right  line  joining  the  contacts,  contrary  to  the  pre- 
ceding corollary. 
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PROP.  L.  THEOR. 

If  from  a  vertex  of  eacli  of  two  conjugate  diameters  ("CPandCO, 
see  Jig.  1  and  2_) ,  ordinate*  (PH  and  OTJ,be  drawn  to  a  third 
diameter  (T)G)  ;  the  square  of  the  segment  (CT),  of  the  thirds 
diameter  (DO  J,  between  the  centre  and  either  ordinatein  ellipses, 
or  between  the  centre  and  that  drawn  from  the  vertex  of  the  se- 
cond diameter  in  hyperbolas,  is  equal  to  the  rectangle  (DHOJ, 
under  the  segments  of  that  third  diameter,  between  the  other  or- 
dinate and  its  vertices.  Jlnd.  in  hyperbolas,  the  square  of  the 
segment  (Ch,  see  jig.  %),  of  the  same  third  diameter  between  the 
centre  and  ordinate  drawn  from  the  vertex  of  the  transverse  di- 
ameter (CPJ,  is  equal  to  the  sum  of  the  squares  of  the  semidia- 
meter  (CO J,  to  which  the  ordinatcs  are  drawn,  and  the  segment 
(CT),  of  the  same  diameter,  between  the  centre  and  the  other 
ordinate. 


Though  the  vertex  Pof  cither  of  the  conjugate  diameters  draw 
a  tangent  XPK  (48.  1  Sup.),  meeting  the  diameter  DG  in  K, 
and  its  conjugate  in  X;  and  (in  Jig.  l.),  because  of  the,  parallels 
PK  and  CO,  PH  and  OT,  the  triangles  I'll  K  and  OTC  are  equi- 
angular (Cor.  3.  9.  1  Sup.),  and,  because  of  the  parallels  CX 
and  PH,  the  rectangles  XPK  and  CJIK  are  similar  (2.  6  and 
Def.  1.  6  Eu.) ;  therefore  the  rectangle  XI  K  is  to  CHtv,  as  the 
square  of  PK  isto  the  square  of  UK  (22.  6  Mil),  or,  because  of 
the  equiangular  triangles,  as  the  square  of  CO  is  to  the  square 
of  CT ;  but  the  rectangle  XPK  is  equal  to  the  square  of  CO 
(47.  1  Sup.),  therefore  the  square  of  CT  is  equal  to  the  rectan- 
gle CHK  (14.  5Eu.),  or,  which  is  equal  (45.  1  Sup.),  the  rect- 
angle DUG  under  the  segments  of  the  diameter  OG  between 
the  ordinate  PH  and  its  vertices.  Taking  away  those  equals 
from  the  square  of  CG,  the  excess  of  the  square  of  CG  above 
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"fclie  rectangle  DHG,  or,  which  is  equal  (5.  2  Eu.),  the  square 
off  CH,  is  equal  to  the  excess  of  the  square  of  CG  above  that  of 
CT,  op  (5.  2  Eu.),  the  rectangle  DTG. 

And,  in  the  case  of  fig.  2,  the  demonstration  of  the  equality  of 
the  square  of  CT  to  the  rectangle  DHG,  in  the  preceding  para- 
graph,is  applicable  to  this  case  and  its  figure,  without  variation. 
-Adding  to  these  equals  the  square  of  CG,  the  rectangle  DHG 
"with  the  square  of  CG,  or  whiclTis  equal  (6.  2  Eu.),  the  square 
off  CH,  is  equal  to  the  squares  of  CG  and  CT  together. 

Car.  Hence  in  the  ellipse,  the  squares  of  the  segments  (CH 
and  CT),  of  the  diameter  (DG).  to  which  ordinates  are  drawn 
ffirom  the  vertices  of  two  conjugate  diameters,  between  the  centre 
and  ordinates,  are  together  equal  to  the  square  of  the  seniidiam- 
ctw  (CG)  to  which  they  are  so  drawn.  For  since  the  square  of 
CZ2H  is,  by  this  proposition,  equal  to  the  rectangle  DTG,  the 
square  of  CH  within  the  square  of  CT,  is  equal  to  the  rectangle 
X>TG  and  the  square  of  CT,  or  which  is  equal  (5.  2  Eu*),  the 
square  of  CG. 


PROP.  LI.  THEOR. 


from  a  vertex  of  each  of  two  conjugate  diameters  CCPand  CO, 
see  Jig-  2  to  the  preceding  proposition  )9  of  a  hyperbola,  ordinates 
(PHand  OS)  be  d*awn  to  two  otlier  conjugate  diameters  fCG 
and  CRJ  ;  the  segments  (CH  and  CSJ  of  (lie  diameters,  to 
which  the  ordinates  are  drawn,  between  the  centre  and  the 
ordinates,  are  directly,  and  the  ordinates  themselves  (PH  and 
08 J  inversely,  as  the  semidiameters  (CG  and  CRJ  to  which  they 
are  drawn. 


For  the  sum  of  the  squares  of  CG  and  CT,  or  which  is  equal 
(5o.  1  Sup.),  the  square  of  CH,  is  to  the  square  of  OT  or  CS,  as 
the  square  of  CG  is  to  the  square  of  CR  (40.  1  Sup.),  therefore 
CH  is  to  CS,  as  CG  is  to  CR  (22.  6  Eu). 

And  the  rectangle  DHG,  or  which  is  equal  (50.  1  Sup),  the 
square  of  CT  or  OS,  is  to  the  square  of  PH,  as  the  square  of 
CG  to  the  square  of  CR,  (40.  1  Sup.),  therefore  OS  is  to  PH,  as 
CG  to  CR  (22.  6  En). 
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PROP.  UL  THEOR. 


jff  one  extreme  CD),  of a  right  line  (DP),  equal  to  theprincij 
semiaxis  fCB)  of  an  ellipse,  be  in  the  second  axis  CMN), 
the  segment  thereof  CDG)  between  the  axes,  be  equal  to 
difference  of  the  semiaxes  (CB  and  CM) ;  its  other  extreme  (T) 
is  in  the  perimeter  of  the  ellipse* 

Let  fall  the  perpendiculars  PH  and 
PLonCBandCM. 

because  of  the  equiangular  triangles 
PHG  and  DLF,  the  square  of  PH  is  to  A 
the  square  of  GP  or  CM,  as  the  square 
of  DL,  or,  (47.  1  Eu.),  the  difference 
of  the  squares  of  DP  and  LP,  or  of  CB 
and  CH,  or,  (5.  2  EuJ),  the  rectangle 
AHB  is  to  the  square  of  DP  or  CB ;  therefore  the  point  P  is  in 
the  perimeter  of  the  ellipse  \Cor.  3.  40.  1  Sup.). 

Cor.  Hence,  if  two  unequal  right  lines  AB  and  MN,  of  which 
AB  is  the  greater,  bisect  each  other  at  right  angles  in  C,  and  a 
right  line  DG  be  placed  between  AB  and  MN  equal  to  the  differ- 
ence of  their  halves  CB  and  CM,  and  on  DG  produced,  GP  be 
taken  equal  to  CM,  and  the  right  line  DGP  be  so  moved  through 
the  four  right  angles,  that  the  point  D  may  be  always  in  the 
right  line  MN,  and  G  in  AB ;  the  point  P  would  describe  an 
ellipse,  whose  transverse  axis  is  AB,  and  second  axis  MN. 
And  hence  an  ellipse  is  described,  by  means  of  an  instrument, 
called  an  ElUptick  Compass,  as  to  any  one  viewing  its  structure, 
may  hence  easily  appear. 


PROP.  LIII.  THEOR. 


A  parallelogram  (LSIZ),  described  about  two  conjugate  diam^7 
ters  (QP  and  BO),  of  an  ellipse  or  hyperbola,  by  drawing 
through  their  vertices,  four  right  lines,  touching  the  ellipse  or 
conjugate  hyperbolas,  is  equal  to  the  rectangle  under  theaXts 
(JLBandMW). 


CONIGK    SECTIOHB. 


Let  C  be  the  centre,  and  SPL  produced  if  necessary,  meet 
-AB  in  K,  and  MN  in  X,  let  iril  and  FT  be  drawn,  at  right 
angles  to  the  axes,  and  PD  and  CG  at  right  angles  to  SPL. 

Then  the  right  angled  triangles  (see  fig.  1),  PHD  and  CGX, 

being,  because  of  the  parallelism  of  the  sides  forming  the  angles 

X)PH  and  GCX,  equiangular  (Car.  3.  9.  1  Sup.),  PH  is  to  PI), 

**s  CG  is  to  CX  (4.  6  Eu.),  therefore  the  rectangle  under  PD 

**-nd  GC  is  equal  to  the  rectangle  under  PH  and  CX  (16.  6  En.), 

*>!■  to  the  rectangle  TCX,  or,  which  is  equal  (44.  1  Sup.  and  1 7. 

^  fit.),  the  square  of  CM  ;  and  therefore  CG,  CM  and  PD  are 

Continually  proportional  (17.  6  Eu.) ;  therefore  the  square  CG 

*S  to  the  square  of  CM  as  CG  is  to  PD  (Cor.  %.  20.  6£m.),  or, 

**«cause  of  the  equiangular  triangles  CGK  and  DPK,  as  GK  is 

^*3  l'K,  or,  which  is  equal  ( 1.  6  Eu.),  as  the  rectangle  GKP,  or, 

i  of  the  equiangular  triangles  CGK  and  1'HK,  the  rect- 

gle  CKH  (4  and  16.  6  Eu.),  or  (46.    1   Sup.),    AKB  to  the 

^*juare  of  PK,  or,  which  is  equal  (41.  1  Sup.),  as  the  square 

*»*?  CB  to  the  square  of  CO  ;  therefore  CG  is  to  CM  as  CB  is 

*<»  CO  (22.  6  Eu.),  and  so  the  rectangle  under  CO  and  CG,  or, 

^^"hich  is  equal  (35.  I   Eu.),  the  parallelogram  COLP,  is  equal 

***  lie  rectangle  under  CB  and  CM  (l  6.  6  flu.);  whence  tile 

t*»rallelograni  LS1Z  being  fourfold  the  parallelogram  COLP 

Cas.  6  Eu.),  and  the  rectangle  under  AB  and  MN  fourfold  that 

I     Wilder  CB  and   CM  (by  the  same),  the  parallelogram  LSI/  is 

V  '  ^^ual  to  the  rectangle  under  AB  and  MN. 

1  The  reasoning  of  the  preceding  paragraph,  applies  to  the  case 

"l     **f  fig.  2  without  variation. 

A  *"or*  ''     ^"  Para"e'0Erams»  described  about  conjugate  diam- 

\     **«*(  of  a    given  ellipse  or  hyperbola,  by  drawing  tangents 
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through  their  vertices,  are  equal  to  each  other,  being  each  of 
them  (by  this  prop.),  equal  to  the  same  rectangle. 

Cor.  2.    All  parallelograms,   formed  by  joining  the  vertices 
of  conjugate  diameters  of  a  given  ellipse  or  hyperbola,  ar« 
equal ;  being  halves  of  the  parallelograms  treated  of  in  the  pre-  ■ 
Ceding  corollary. 


PROP.  LIV.  THEOR. 


TAc  sum  of  the  squares  of  any  two  conjugate  diameters  of 
ellipse,  is  equal  to  the  sum  of  the  squares  of  the  axes. 

And  if  tlte  anglea  contained  by  the  asymptotes  of  a  hyperbola 
right,  any  two  conjugate  diameters  are  equal.    But  if  the  ( 
glrs  contained  by  the  asymtotes  be  not  right ,  any  two  conjug 
diameters  are  unequal  ;  and  the  difference  of  the  squares  of  a- 
two  conjugate  diameters,  is  equal  to  the  difference  of  the  squa-^v* 
of  the  axes. 
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Part   1.    Let   CB  and   CM   be  M 

semiaxcs  of  an  ellipse,  AB  and  MX 
being  the  axes,   and  CP  and  (0 
two  other  conjugate  semidiameters, 
let  PH  and  OT  be  perpendicular  to   ^1 
CB,  and  PD  and  OG  to  MN. 

Because  the  square  of  CB  is 
equal  to  the  squares  of  CI1  and  CT 
together  {Cor.  50.  1  Sup.)9  and  the 
square  o-  CM  to  the  squares  of  CI) 

and  CG  together  <by  the  same)9  or  to  those  of  PH  and  O' 
the  squares  of  CB  and  CM  together  are  equal  to  the  four  squi 

of  CH,  CT,  PH  and  OT,  to  which  the  squares  of  CP  and     

are  also  equal  (47.  1  Eu.),  therefore  the  squares  of  CP  and  C^° 
together  are  equal  to  those  of  CB  and  CM  together  ;  but  ^^ 
squares  of  the  diameters  QP  and  RO  together  are  fourfold  ^z3® 
squares  of  CP  and  CO  together  (Cor.  4.  2  Eu.)9  and  the  squa^*"?* 
of  AB  and  MN  together  are  fourfold  the  squares  of  CB  and  C  -J* 
together  (by  the  same)  ;  therefore  the  squares  of  QP  and  IJ^S" 
together  are  equal  to  the  squares  of  AB  and  MN  together  ' 
1.  5  Eu). 
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Part  2.  Let  CD  and  CK  be  the  asymp- 
totes of  a  hyperbola,  whose  centre  is  C  ; 
let  CP  be  any  semidiameter  drawn  to  the 
iyperbola  BP,  and  through  its  vertex  P, 
let  a  tangent  DPG  be  drawn  (48.  1  8up.)9  ^ 
meeting  the  asymptotes  in  D  and  G,  FD  <^ 
or  PG  is  equal  to  the  semidiameter  conju-  *\ 
gate  to  CP  {Cor.  2.  37.  1  Sup).  But  if 
the  angle  DCG  be  right,  a  circle  described 
ffom  the  centre  P  about  the  diameter  DG 
would  pass  through  C  (Cor.  31.  3  Eu.", 
&nd  of  course  the  semidiameter  CP  would  be  equal  to  P  Dor 
?G,  or,  by  Cor.  2.  37.  \  Sup,  to  the  semidiameter  conjugate  to 
*£»  and  so  the  diameter  drawn  from  P  would  be  equal  to  its  con- 
jugate (Ax.  6.  1  Eu). 

in  this  case,  the  hyperbola  is  said  to  be,  Equilateral  or  Right- 
angled  (see  Def.  20.  1  Sup). 

Part  3.  Det  now  the  asymptotes  CD  and  CK  contain  an 
acute  angle,  and  let  CP  be  any  semidiameter  ;  draw  the  trans- 
Terse  semiaxis  CB  (35.  1  Sup.),  through  P  and  B  draw  the 
tangents  DG  and  HK,  meeting  the  asym totes  in  D  and  G,  H 
and  K  ;  from  P,  D,  B  and  H,  let  fall  on  the  asymptote  CK,  the 
perpendiculars  PQ,  DO,  BR  and  HL. 

Because  the  angle  DCG  is  acute  (Hyp.),  it  falls  without  a 
semicircle  described  about  DG  as  a  diameter,  for  otherwise  the 
angle  GCD  would  be  right  or  obtuse  (31.  3  and  16.  1  i  u.), 
contrary  to  the  supposition,  therefore  the  semidiameter  CP  of 
the  hyperbola  is  greater  than  PD  or  PG,  and  therefore  than  its 
conjugate  semidiameter  (Cor.  2.  37  and  Def.  14.  1  Sup). 

And  because  DG  and  HK  are  bisected  in  P  and  B  (37.  1 
Sup.),  OG  and  LK  are,  because  of  the  parallels,  bisected  in  Q 
and  R  (2.  6  Eu.)  ;  and  since  the  rectangle  GCD  is  equal  to  the 
rectangle  KCH  (Cor.  4.  38.  1  Sup),  CK  is  to  CG,  as  CD  is  to 
CH  (16.  6  Eu.),  or,  because  of  the  parallels,  as  CO  is  to  CI* 
(2.  6  Eu.) ;  therefore  the  rectangle  GCO  is  equal  to  the  rectan- 
gle KCL  (16.  6  Eu.) ;  but  the  rectangle  GCO  is  equal  to  the 
difference  of  the  squares  of  CQ  arid  QG  (6.  2  Eu.)  or  (Cor.  1 
and  Schol.  6.  2  Eu.],  to  the  difference  of  the  squares  of  CP  and 
PG  ;  and  for  the  same  reason  the  rectangle  KCL  is  equal  to  the 
difference  of  the  squares  of  Cli  and  RK,  or  of  CB  and  BK ; 
therefore  the  difference  of  the  squares  of  CP  and  PG,  is  equal 
to  the  difference  of  the  squares  of  CB  and  BK  ;  but  PG  and  BK 
are  equal  to  the  semidiameters  which  arc  conjugate  to  the  semi- 
diameters  CP  andCB  (Cor.  2.  37.  and  Dtf.14.  1  Sup.),  there- 


309  ELEMENTS  OF  GEOMETRY.        SUPPLEMENT. 

fore  the  differences  of  the  squares  of  the  semidiameters  CP  and 
CB,  and  their  conjugates,  are  equal,  and  therefore  the  differ- 
ence of  the  squares  of  the  diameter  drawn  from  P,  and  its  con- 
jugate, is  equal  to  the  difference  of  the  squares  of  the  axes. 

If  the  angle  GCD  were  obtuse,  the  angle  formed  by  the 
asymptotes,  towards  a  hyperbola  conjugate  to  the  hyperbola 
BP,  would  be  acute  (13.  1  Eu.),  and  so  the  proof  of  the  case 
here  demonstrated,  applies  also*  to  that  case. 

Scholium.  From  the  demonstration  of  the  3d  part  of  this 
prop,  it  follows,  that,  in  the  case  of  the  asymptotes  of  hyper- 
bolas, cutting  each  other  at  oblique  angles,  any  diameter, 
terminated  by  the  opposite  hyperbolas,  which  are  included 
within  the  acute  angles,  is  greater  than  its  conjugate. 

Cor.  In  ellipses,  the  sum,  and  in  hyperbolas,  the  differ- 
ence of  the  squares,  of  any  two  conjugate  diameters,  is  equal 
to  the  sum  or  difference,  as  the  case  may  be,  of  the  squares 
of  any  other  conjugate  diameters,  being  each,  by  this  prop, 
equal  to  the  sum  or  difference  of  the  squares  of  the  axes. 

PROP.  LV.  THEOR. 

A  right  line,  drawn  from  the  centre  of  an  ellipse  or  hyperbola,  to 
a  tangent  to  the  section,  parallel  to  a  right  line,  joining  a  focus 
and  the  contact,  is  equal  to  the  transverse  semiaxis. 


Let  CG,  see  both  fig.  be  a  right  line,  drawn  from  the  centre 
C  of  an  ellipse  or  hyperbola,  to  a  tangent  DG,  parallel  to  a 
right  line  EP,  joining  a  focus  E  to  the  contact  P,  AB  being  the 
transverse  axis ;  CG  is  equal  to  AC  or  CB. 

Having  found  the  other  focus  F  (35.  I  Sup  ),  draw  to  it  PF, 
join  FG,  which  produce  to  meet  EP  in  H.  Because  then  EH 
and  CG  are  parallel  (Hyp.),  and  EC  and  CF  equal  [Def.  3  and 
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5.  I  Sup.],  HG  and  6F  are  also  equal  [2.  6  Eu.]  ;  and,  because 
fte  tangent  PG  bisects  the  angle  FPH  [11.  1  Sup.],  FGisto 
GH,    as  FP  is  to    PH  [3.  6    En.],  therefore  FP  and  PH 
are  equal   [Cor.   13.  5  Eu-]9  and  so  EH  is  equal  to  AB  [1. 1 
&ujp.]  ;  but,  because  the  triangles  CFG  and  EFH  are  equian- 
gular, and  CF  is  the  half  of  EF,  CG  is  the  half  of  EH  or  AB 
[4.6  and  16.  5  Eu.\  and  therefore  equal  to  AC  or  CB. 

PROP.  LVI.  THEOR. 

t  segment  of  a  right  line,  drawn  through  the  focus  of  an  ellipse 
or  hyperbola,  intercepted  by  the  section  or  hyperbolas,  is  a  third 
proportional,  to  the  transverse  axis,  and  the  diameter,  parallel 
to  the  right  line  so  drawn* 


Let  DG  be  the  segment  of  a  right  line,  drawn  through  the 
Hbcus  F  of  an  ellipse  or  hyperbola,  intercepted  by  the  section  op 
opposite  hyperbolas,  see  fig.  1,  2  and  3,  and  PQ,  a  diameter 
parallel  thereto,  AB  being  the  transverse  axis ;  DG  is  a  third 
proportional  to  AB  and  PQ. 

Let  C  be  the  centre,  and  let  a  diameter  be  drawn  bisecting 
DG  in  H  [Cor.  35.  1  Sup.],  this  diameter  is  conjugate  to  PQ 

i32.  1  and  Def.  12  and  14.  1  Sup.],  from  D  draw  the  ordinate 
)  :■••  to  the  diameter  i'Q  [36.  1  Sup.],  this  is  parallel  to  CH 
[Def  12  and  14.  1  Sup. ;,  draw  the  tangent  DL  [48.  1  Sup.]9 
meeting  PQ  in  L ;  and  because  CL,  drawn  from  the  centre  to 
the  tangent,  parallel  to  DF,  joining  the  contact  and  a  focus,  is 
equal  to  CB  [55  1  Sup.],  and  DG  is  bisected  in  H  [constr.J, 
and  therefore  DH  or  Cl£  is  equal  to  the  half  of  DG,  and  CL, 
CP  and  CK  are  continually  proportional  [44.  1  Sup.],  therefore 
AB,  PQ  and  DG,  which  are  double  to  CL,  CP  and  CK,  are 
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continually  proportional,  and  so  DG  is  a  third  proportional  to 
AB  and  PQ. 

Cor.  Hence,  the  rectangle  under  the  transverse  axis,  and  a 
right  line  terminated  both  ways  by  an  ellipse,  hyperbola  or 
opposite  hyperbolas,  and,  being  produced  if  necessary,  passing 
through  the  focus,  is  equal  to  the  square  of  the  diameter  parallel 
thereto  [by  this  prop,  and  17.  6  Eu.]  ;  and  therefore,  the  trans- 
verse axis  being  constant,  right  lines  so  terminated  are  to  each 
other,  as  the  squares  of  the  diameters,  to  which  they  are  paral- 
lel j  1. 6  and  11.  5  Eu.],  or  in  a  duplicate  ratio  of  those  diameters 
[20.  6  Eu]. 


PROP.  LVII.  THEOR. 


Right  lines  terminated  both  ways  by  a  conick  section  or  opposite 
sections,  and,  being  produced  if  necessary,  passing  through  the 
focus,  are  to  each  other,  in  the  case  of  an  ellipse  or  hyperbola,  in 
a  ratio  compounded  of  the  ratios  of  the  diameters,  to  which  thetf 
are  ordinately  applied,  and  of  their  parameters  ;  and,  in  the  case 
of  a  parabola,  in  the  ratio  of  the  parameters  of  the  diameters,  to 
which  they  are  so  applied. 

In  the  case  of  an  ellipse  or  hyperbola,  these  right  lines  are 
to  each  other,  as  the  squares  of  the  diameters  to  which  they  are 
parallel  [Cor.  56  of  this],  and  therefore,  the  rectangle  under  any 
diameter  and  its  parameter,  being  equal  the  square  of  its  conju- 
gate \Def.  1*.  1  Sup.  and  17.  6  Eu/],  in  a  ratio  compounded  of 
the  ratios  of  the  diameters,  whose  ordinates  are  parallel  to  these 
right  lines,  and  their  parameters  [23.  6  Eu]. 

In  the  case  of  a  parabola,  these  right  lines  are  equal  to  the 
parameters  of  the  diameters  whose  ordinates  are  parallel  to 
them  [39.  1  Sup.],  and  are  therefore  to  each  other  as  these  par^ 
ameters  [7.  5  Eu], 

Cor.  Hence  these  right  lines  arc  to  each  other,  as  the  rect- 
angles under  their  segments,  between  the  focus  and  the  section 
or  sections,  since  these  rectangles  arc  to  each  other,  in  the  ratio 
specified  in  this  proposition  [Scliol  42.  1.  Sup\. 
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PROP.  LVIII.  THEOR. 


If  tangents,  drawn  through  the  extremes  of  the  transverse  axis 
of  an  ellipse  or  hyperbola,  meet  a  third  tangent;  a  circle,  des- 
cribed about  the  segment  of  the  third  tangent,  intercepted  by  the 
other  tangents,  as  a  diameter,  passes  through  the  focuses  of  the 
section- 


Let  two  right  lines  AD  and  BG,  touching  an  ellipse  or 
hyperbola  in  the  extremes  A  and  B  of  the  transverse  axis,  meet 
a  third  tangent  DG,  a  circle  described  about  the  segment  DG  of 
the  third  tangent,  intercepted  between  AD  and  BG,  as  a  diam- 
eter, passes  through  the  focuses  E  and  F. 

Let  P  be  the  point,  in  which  DG  touches  the  section,  and 
CM,  the  second  semlaxis  ;  the  rectangle  under  AD  and  BG  is 
equal  to  the  square  of  CM  [47.  1  Sup,],  or,  which  is  equal 
[2.  1  Sup.],  the  rectangle  AFB,  therefore  BG  is  to  BF,  as  AF 
is  to  AD  [16.  6  Eu-.],  and  these  right  lines  are  about  equal 
angles  FBG  and  FAD,  both  these  angles  being  right  ones, 
therefore,  the  triangles  FBG  and  FAD  are  equiangular  [6.  6 
J5u.],  therefore  the  angles  FOB  and  DFA  are  equal ;  but, 
because  the  angle  FBG  is  right,  the  angles  FGB  and  BFG  are 
together  equal  to  a  right  angle  [32.  I  Eu.~],  therefore  the  angles 
DFA  and  GFB  are  together  equal  to  a  right  angle,  and  there- 
fore the  angle  DFG  is  right,  and  of  course  the  point  F  is  at  the 
circumference  of  a  circle,  described  about  DG  as  a  diameter 
[Cor  31.  3  Euj.  In  like  manner  it  may  be  proved,  that  E  is  at 
the  circumference  of  the  same'circle.'* 
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PROP.  LIX.  THEOR. 

Bight  lines,  drawn  'from  any  point  of  an  ellipse  or  hyperbola,  to 
the  focuses  contain  a  rectangle,  equal  to  the  square  of  the  semi- 
diameter,'  which  is  parallel  to  a  tangent,  drawn  through  that 
point. 

Let  PE  and  PF,  see  figures  to  preceding  prop,  be  right  lines, 
drawn  from  a  point  P  of  an  ellipse  or  hyperbola,  to  the  focuses, 
and  CO  be  a  semidiametcr,  parallel  to  a  tangent  DG  drawn 
through  P  ;  the  rectangle  EPF  is  equal  to  the  square  of  CO. 

Draw  the  transverse  axis  AB  [35.  I  Sup.'],  and  through  its 
vertices  A  and  B,  draw  tangents  to  the  section  AD  and  BG  [48. 
1  Sap. ].  meeting  DG  in  D  and  G :  from  either  focus  as  F, 
let  fall  on  DG,  the  perpendicular  FH,  which  produce  to  meet 
EP  in  L ;  and,  because  the  triangles  FHP  and  LHP  have  tlie 
angles  FPH  and  LPH  equal  (11.1  Sup.],  the  angles  at  H  right, 
and  PH  common,  FH  is  equal  to  HL,  and  PF  to  DL  [26.  1 
Eu.]  ;  and  the  centre  of  a  circle  described  about  DG  as  a  diam- 
eter is  in  DG  [Def.  13.  1  Eu.'],  and  right  lines  drawn  from  that 
centre  to  F  and  L  are  equal  [4.  I  Eu.]  ;  since  therefore  that 
circle  would  pass  through  the  focus  E  and  F  [58.  1  Sup.],  it 
would  also  pass  through  the  point  L  ;  therefore,  because  of  the 
Circle,  the  rectangle  EPL  or  EPF  is  equal  to  the  rectangle 
DPG  [35  and  36.  3  Eu.],  or,  which  is  equal  [47.  1  Sup.],  to  the 
square  of  CO. 

PROP.  LX.  PROB. 

If  from  tlie  focuses  of  an  ellipse  or  hyperbola,  perpendiculars  be  let 
fall  on  any  tangent ;  a  circle  described  about  tlie  transverse  axis* 
as  a  diameter,  passes  through  the  points,  in  which  the  perpenr 
diculars  meet  the  tangent. 

Let  EK  and  FH,  see  figures  to  prop.  58,  be  perpendiculars 
let  fall  from  the  focuses  E  and  F,  of  an  ellipse  or  hyperbola,  on 
a  tangent  DG,  and  AB  be  the  transverse  axis ;  a  circle  describ- 
ed about  AB,  as  a  diameter,  passes  through  the  points  K  and 
H,  in  which  the  perpendiculars  meet  DG. 

Let  C  the  centre,  and  P  the  point,  in  which  DG  touches  the 
section ;  join  EP  and  PF,  let  the  perpendicular  FH  produced 
meet  EP  in  L,  and  join  CH.  Because  the  angles  FPH  and  LPH 
are  equal  [11.  1  Sup.],  PH  common  to  the  triangles  FPH  and 
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LPH,  and  the  angles  at  H  right,  FH  is  equal  to  HL,  and  PF 
to  PL  [26.  1  En-],  therefore  EL  is  equal  to  the  transverse  axis 
AB  [l.  1  Sup.] ;  and  since  FH  and  HL  are  equal,  and  FC  equal 
CE  [Def.  S  and  5.  1  Sup.]9  EL  and  CH  are  parallel  [2.  6  Eu.] ; 
and  since  the  triangles  CFH  and  EFL  are  equiangular,  and 
CF  is  the  half  of  EF,  CH  is  the  half  of  EL  or  AB  [4.  6  and 
16.  5  Eu.]  ;  therefore  the  point  H  is  in  the  circumference  of  a 
circle,  described  about  AB  as  a  diameter.  In  like  manner  it 
may  be  proved,  that  the  point  K  is  in  the  s^ime  circumference. 

# 
PROP.  LXlt  THEOR. 

The  rectangle  under  perpendiculars,  let  fall  from  the  focuses  of  an 
ellipse  or  hyperbola,  on  any  tangent,  is  equal  to  the  square  of  the 
second  semiaxis. 

.Let  EK  and  FH,  see  figures  to  prop.  58,  be  perpendiculars, 
let  fall  from  the  focuses  E  and  F  of  an  ellipse  or  hyperbola,  on 
a  tangent  DG,  and  CM  the  second  semiaxis,  C  being  the 
centre,  the  rectangle  under  EK  and  FH  is  equal  to  the  square 
of  CM. 

Let  AB  be  the  transverse  axis,  join  CH,  which  produce  to 
meet  K£  in  R ;  because  of  the  parallels  FH  and  ER,  the  trian- 
gles CFH  and  CER  are  equiangular,  and  therefore,  because 
of  the  equals  EC  and  CF,  the  right  lines  CH  and  CR,  and 
FH  and  ER  are  equal  [26.  1  Eu.] ;  but  a  circle  described  about 
AB  as  a  diameter,  passes  through  the  points  II  and  K  [60.  1 
Sup.},  and,  because  of  the  equals  CH  and  CR,  it  passes  also 
through  R  ;  therefore,  because  of  the  circle  described  as  above, 
the  rectangle  KER,  or,  ER  and  FH  being  equal,  the  rectangle 
under  EK  and  FH,  is  equal  to  the  rectangle  AEB,  or,  which  is 
equal  [2.  1  Sup.],  to  the  square  of  CM. 
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PROP.  LXII.  THEOR. 


A  perpendicular,  let  fall  from  the  focus  of  a  parabola,  on  a  tangent, 
is  a  mean  proportional,  between  the  distances  of  the  focus,  from 
the  point  of  contact,  and  from  the  principal  vertex. 


Let  F  be  the  focus,  and  B  the  principal 
vertex  of  a  parabola,  PK  a  tangent  meet- 
ing the  axis,  in  K,  P  being  the  point  of 
contact,  and  FH  a  perpendicular  let  fall 
from  F  on  PK ;  FH  is  a  mean  propor- 
tional between  FP  and  FB. 

Draw  the  ordinate  PT  to  the  axis 
($6.  1  Sup.),  through  P  draw  PL  parallel 
to  KT,  and  join  HB  ;  the  angle  FPK  is 
equal  to  LPK  (11.  1  Sup.), -or  its  alter- 
nate PKF,  therefore  FP  is  equal  to  FK 
(6.  1  En.)  ;  whence,  FH  being  common  to  the  triangles  PFH, 
and  KFH,  and  the  angles  at  H  right,  PH  is  equal  to  HK 
(Car.  7.  6  Eu.\  and  KT  is  bisected  in  B  (44.  1  Sup.),  therefore 
BH  is  parallel  to  TP  (2.  6  Eu.),  and  of  course  perpendicular 
to  the  axis,  and  therefore,  because  of  the  light  angle  FHK, 
FH  is  a  mean  proportional  between  FK  or  FP,  and  FB  (Cor. 
2.  8.  6  Eu).  • 


PROP.  LXIII.  THEOR. 


Tlie  square  of  a  perpendicular,  let  fall  from  a  focus  of  a  amide 
section,  on  a  tangent  to  the  section,  is,  in  the  case  of  an  ellipse 
or  hyperbola,  to  the  rectangle,  under  the  distances  of  (he  same 
focus  from  the  contact,  and  the  nearer  principal  vertex,  as  the 
distance  of  the  same  focus  from  the  other  principal  vertex,  to 
the  distance  of  the  other  fodus  from  the  contact ;  and,  in  the  case 
of  a  parabola,  in  the  ratio  of  equality. 
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rig.  1. 


Fig.  2. 


Fig.  3. 


Let  FH,  see  fig.  1,  2  and  3,  be  a  perpendicular,  let  fall  from 
le  focus  F  of  a  conick  section,  on  a  tangent  PH,  P  being  the 
I*oint  of  contact,  and  B  the  principal  vertex  nearer  to  F ;  and 
in  the  ellipse  and  hyperbola,  fig.  1  and  2,  let  A  be  the  other 
principal  vertex,  and  E  the  other  focus.  The  square  of  FH 
to  the  rectangle  AFB,  in  the  case  of  the  ellipse  and  hyperbola, 
AF  is  to  EP,  and,  in  that  of  the  parabola,  in  a  ratio  of 
equality. 

Let  EK  in  fig.  1   and  2,  be  a  perpendicular,  let  fall  from  E 
on  the  tangent  PH.    The  right  angled  triangles  FHP  and  EKP, 
having  the  angles  at  P  equal  (11.  1  Sup.  and  15.  1  Eu.)9  are 
similar,  therefore  the  rectangles  under  FH  and  EK,  and  under 
PP  and  EP  arc  similar ;  therefore  the  square  of  FH  is  to  the 
square  of  FP,  as  the  rectangle  under  FH  and  EK,  or  (61.  1 
.S*p.j9  the  square  of  the  second  sciniaxis,  or  (2.  1  &up.)9  the 
rectangle  AFB,  is  to  the  rectangle  FPE  (20.  6  and  Cor.  3.  22. 
9  Eu.)9  and,  alternating,  the  square  of  FH  is  to  the  rectangle 
AFB,  as  the  square  of  FP  is  to  the  rectangle  FPE  (16.  5  Eu.)9 
or,  FP  being  a  common  side,  as  FP  is  to  PE  (l.  6  Eu.\  or, 
as  the  rectangle  PFB  is  to  the  rectangle  under  EP  and  FB 
(by  the  same),  and,  alternating,  the  square  of  IH  is  to  the  rect- 
angle PFB,  as  the  rectangle  AFB  is  to  the  rectangle  under  EP 
and  FB,  or,  FB  being  a  common  side  in  the  two  last  terms,  as 
AiMstoEP(l.6£iO. 

And  since,  in  the  case  of  a  parabola,  fig.  3,  FH  is  a  mean 
proportional  between  FPand  FB  (62.  1.  Sup.)9  the  square  of  FH 
is  equal  to  the  rectangle  PFB  (17.  6  Eu.)9  and  is  therefore  to 
■  that  rectangle,  in  a  ratio  of  equality. 

Cor.  1.     Since,  in  the  case  of  a  parabola,  fig.  3,  the  square 
of  FH  is  equal  to  the  rectangle  BFP,  and  B  F  is  a  constant 

Suantity,  the  square  of  FH  is  as  FP  ;  or,  the  squares  of  perpen- 
iculars*  let  fail  from  the  focus  of  a  parabola  on  tangents,  are 


\ 
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to  each  other,  as  the  distances  of  the  points  of  contact  from  tye 

focus. 

Cor.  2.  And  since,  in  the  ellipse  and  hyperbola,  fig.  1  and 
2,  the  square  of  FII  is  to  rectangle  PFB,  as  AF  is  to  EP,  and 
AF  and  FB-are  constant  quantities;  therefore  the  square  of 
FH  is  in  a  ratio,  compounded  of  the  direct  ratio  of  FP,  and 

FP 

the  inverse  one  of  EP,  (or  as^p) ;  or,  the  squares  of  perpen- 
diculars, let  fall  from  a  focus  of  an  ellipse  or  hyperbola,  on 
tangents,  are  to  each  other,  in  a  ratio,  compounded  of  the  direct 
ratio  of  the  distance  of  the  same  focus  from  the  contact,  and  the 
inverse  one  of  the  distance  of  the  other  focus  from  the  same 
contact  But,  in  the  ellipse,  because  the  sum  of  EP  and  PF  is 
a  constant  quantity,  (1.  1  Sup.),  while  FP  is  increased,  EP  is 
diminished,  and  the  contrary  ;  therefore,  in  the  ellipse,  the 
square  of  FH  is  more  varied,  than  in  the  ratio  of  FP  :  but,  in 
the  hyperbola,  because  the  difference  of  EP  and  PF  is  a  con- 
stant quantity  (l.  1  Sup),  EP  and  PF  are  increased  or  dimin- 
ished together ;  therefore,  in  the  hyperbola,  the  square  of  FH  is 
less  varied,  than  in  the  ratio  of*FP  ;  and  therefore  the  perpen- 
dicular let  fall  from  a  focus  on  the  tangent  varies,  in  the  ellipse, 
more,  and  in  the  hyperbola,  less,  than  in  the  subduplicate  ratio 
0f  the  distance  of  the  focus  from  the  contact. 
See  Cor.  6.  1 6.  1  Newt.  Princip. 


PROP.  LXIV.  THEOR. 


If  two  right  lines,  toucldng  a  conick  section  or  opposite  sections, 
meet  each  other,  and  a  right  line,  drawn  from  a  point  in  one  of 
the  tangents,  parallel  to  the  other,  meet  the  right  line  joining  the 
contacts,  and  cut  the  section  or  sections  in  two  points ;  the  square 
of  the  segment  of  the  secant,  between  the  tangent,  and  the  right 
tine  joining  the  contacts,  is  equal  to  the  rectangle  under  the 
segments  of  the  same,  between  the  tangent,  and  the  section  or 
sections. 


ink  I- 


coffic*  sections* 


SiT 


Let  PK.  and  QK,  see  a]]  the 
fig,  of  this  prop,  touching  a 
coDick  section  or  opposite 
sections  in  P   and  Q,   meet 

etch  other  in  K,  and  from  any 

punt  D,  in  one  of  the  tan- 

rts  PK,  let  a  right  line  DH 
drawn,  parallel  to  the  o- 
ther  tangent  QK,  meeting  the 
right  line  PQ  joining  the  con- 
tacts in  L,  and  the  section  or 
sections  in  G  and  H ;  the 
square  of  DL  is  equal  to  the 
Rctangle  GDH. 

For  becaise  the  tangent  PR  meets  the  parallels  DH  and  KQ, 
the  rectangle  GDH  is  to  the  square  of  K.Q,  as  the  square  of  PD 
is  to  the  square  of  PK  (Cor.  3.  14.  1  Sup.),  or,  because  of  the 
equiangular  triangles  PDL  and  PKQ,  as  the  square  of  DL  to 
the  square  of  KQ  (4  and  22.  6  Eu.) ;  whence,  the  square  of  DL 
and  the  rectangle  GDH,  having  the  same  ratio  to  the  square  of 
KQ,  are  equal  (9.  5  Jfa), 


4t 
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PROP.  LXV.  THEOR. 
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If  two  right  lines,  touching  a  amid*  section  or  opposite  sections, 
meet  each  other,  and  from  any  point  in  one  of  the  tangents,  two 
right  lines  be  drawn,  one  parallel  to  the  other  tangent,  to  the 
right  lines  joining  the  contacts,  and  the  other  in  any  manner, 
cutting  in  two  points  the  section  or  sections  ;  the  square  of  tlie 
right  line  drawn  to  that  joining  the  contacts,  is  to  the  rectangle 
under  the  segments  of  the  secant,  between  the  tangent  and  the 
seckon  or  sections,  in  the  given  ratio  of  the  squares  of  the  seg- 
ments of  tangents,  or  rectangles  under  the  segments  of  secants, 
parallel  to  these  right  lines,  between  their  concourse,  and  the 
section  or  sections. 

Let  PK  and  QK,  see  all  the  fig.  of  the  prcc,  prop,  touching  a 
conick  section  or  opposite  sections  in  P  and  Q,  meet  each  other 
in  K,  and  from  any  point  R,  in  one  of  the  tangents  RPR,  let 
two  right  lines  RO  and  RST  be  drawn,  one  RO  parallel  to  the 
other  tangent  QK,  to  the  right  QPO  joining  the  contacts,  and 
the  other  RST  in  any  manner,  cutting  the  section  or  sections  in 
S  and  T  ;  the  square  of  RO  and  the  rectangle  SRT  are  to  each 
other,  in  the  given  ratio  of  the  squares  of  the  segments  of  tan- 
gents, or  rectangles  under  the  segments  of  secants,  parallel  to 
RO  and  RT#  between  their  concourse,  and  the  section  or  sec- 
tions. 

From  any  point  D  in  the  tangent  PK,  draw  right  lines  DH 
and  DZ  parallel  to  RO  and  RT,  cutting  the  section  or  sections 
in  G  and  H,  X  and  Z,  and  let  DH  parallel  to  RO,  meet  the 
right  line  joining  the  contacts  in  L  ;  the  rectangle  SRT  is  to  the 
rectangle  XDZ,  as  the  square  of  PR  is  to  the  square  of  PD 
{Cor.  1.  14.  1  Sup.),  or,  because  of  the  equiangular  triangles 
PRO  and  PDL,  as  the  square  of  RO  is  to  the  square  of  DL 
(4  and  22.  6  and  \6.  5  En.),  or  its  equal  (64.  1  Sup.),  the  rect- 
angle GDH  ;  therefore,  by  alternating  and  inverting,  the 
square  of  RO  is  to  the  rectangle  SRT,  as  the  rectangle  GDH 
is  to  the  rectangle  XDZ  (16.  5  and  Theor.  3.  15.  5  En.),  or  in 
the  given  ratio  of  the  squares  of  the  segments  of  tangents,  or 
rectangles  under  the  segments  -of  the  secants,  parallel  to  RO 
and  RT,  between  their  concourse  and  the  section  or  sections 
(42.  1  Sup). 
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If  through  the  concourse  (K),  of  two  right  lines  (TK  and  QIC), 
toucJiing  a  conick  section  or  opposite  sections,  there  be  drawnla 
right  line9  meeting  the  section  or  sections  in  two  points,  and  the 
right  line  fP^  J  joining  tlie  contacts  ;  the  right  line  so  drawn 
is  cut  harmonically  in  the  concourse  of  the  tangents,  tht  points  in 
which  it  meets  the  section,  and  tliat,  in  which  it  meets  the  right 
line  joining  the  contacts. 


,  K 


Case  1.     Let  the  right  line  drawn  through  K,  see  both  fig.  as 
KTS,  not  be  a  diameter,  and  through  T  and  S  let  BTE  and  NSO 
be  drawn  parallel  to  PQ,  meeting  the  tangents  in  B   and  E, 
N  and    O,   and  the  section  or.  sections  in  T  and  I,  S  and  U, 
through    K  let  the  diameter  KH  be   drawn  (Cor.  35.  1  Sup.), 
meeting  the  right  lines  BE,  PQ  and  NO  in  X,  H  and  Z,  and, 
because  it  bisects  the  right  line  PQ  in  H  (Cor.  1.  49  1.  Sup.),  it 
bisects  BE  and  NO  in  X  and  Z  (4.  6  and  22.  5  Eu  ),  and  be- 
cause TI  and  SU,   terminated  by  the  section  or  sections,  arc 
parallel  to   PQ,  they  are  bisected   in  X   and  Z  (Cor.  1.  32.  1 
&p.)  ;  therefore  the  segments  El  and  TB  and  the  segments  OU 
and  SN  are  equal,  and  the  rectangles  BTE  and  NSO  severally 
equal  to  the  rectangles  TBI  and  SNU. 
And  because'  of  the  parallels  BE  and  NO,  the  right  line  NS 
f  jb  to  BT,  as  SO  to  TE,  therefore  the  rectangles  NSO  and  BTE 
ire  similar;  and  therefore  these  i*ectangles,  or  the  rectangles 
SNU  and  TBI  arc  to  each  other,  as  the  squares  of  NS  and  BT 
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(22.  6  Eu.)9  or,  because  of  the  equiangular  triangles  KNS  and 
K  hT,  as  the  squares  of  KN  and  KB  ;  but  the  same  rectangles 
SNU  and  TBI  are  to  each  other,  as  the  squares  of  PN  and  PB 
{Cur.  1.  14.  1  Sup.)  ;  there^re  the  squares  of  KN  and  KB  are 
to  each  other,  as  the  squares  of  PN  and  PB  (11.  5  Eu.)9  and 
therefore  KN  is  to  KB,  as  PN  is  to  PB  (22.  6  Eu.)9  and  of 
course,  because  of  the  parallels,  KS  is  to  KT,  as  YS  is  to  TY-; 
therefore  the  right  line  KS  is  cut  harmonically  in  the  points  K, 
T#  Y  and  S  [Def.  24.  1  Sup). 

Case  2.    When  the  right  lines  PK  and   QK    (see   fig.  1) 
touch  the  same  section,    and    the    right    line    KGD    drawn 
through   K,    is  a  diameter,  let  it  meet  PQ   in  H,    and  the 
section  or  opposite  sections  in  G  and  D  ;  the  right  lines  GL  and 
DR  drawn  through  these  points  parallel  to  PQ  are  tangents 
(Cor.  1.49. 1,  32.  1  m&Def.  12. 1  Sup.);  let  them  meet  the  tan- 
gent KR  in  L  and  R  ;  and  because  of  the  parallels,  KR  is  to 
XL,  as  DR  to  GL,  or  which  is  equal  {Cor.  2.  14.  1  Sup.  and  22* 
6  Eu.)9  as  PR  to  PL  ;  therefore,  because  of  the  parallels,  KD  is 
KG,  as  HD  is  to   GH,   and  of  course,  the  diameter  drawn, 
through  K,  is  cut  harmonically  in  the  points  K,  G,  H  and  I> 
(Ifcf.  24. 1  Sup), 

Cor.  From  the  demonstration  of  this  proposition,  it  follows^ 
that  a  tangent  (KR),  which  meets  two  parallel  tangents  (GL* 
and  DR)  and  the  right  line  (DG)  joining  their  contacts,  is  cufc 
harmonically  in  the  contact  (P)  and  the  points  (R,  L  and  K),  im 
which  it  meets  the  tangents,  and  the  right  line  KGD  joining 
their  contacts. 

Scliol.    The  reasoning  in  case  2  and  the  cor.  applies  to  fig. 
2. 48.  1  Sup, 

PROP.  LXVII.  THEOR. 

Each  of  three  tangents  to  a  conick  section  or  opposite  sections,  which 
meets  the  other  two,  and  the  right  line  joining  their  contacts,  is 
mt  harmonically,  in  the  point  of  contact,  and  tlie  points,  in  whtch 
it  meets  the  other  tangents,  and  tlie  right  line  joining  tlieir  con- 
tacts. 

If  two  of  the  tangents  be  parallel,  and  the  third  meet  the  right 
line  joining  their  contacts,  the  proposition  is  manifest  from  tlie 
precediug  corollary. 
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But  if  the  three  right  lines  PK, 
QK  and  GH,  touching  the  conick 
section  or  opposite  sections  in  P, 
Q  and  T,  meet  each  other  in  K, 
G  and  H,  and  PQ  joining  the 
contacts  of  two  of  them  PK  and 
QK,  meet  the  third  GH,  produced 
if  necessary,  as  in  D  ;  1)H  is  to 
DG,asTHtoTG. 

Through  H,  the  intersection  of 
the  tangents  TH  and  QH,  let  a 
right  line  HRS  be  drawn,  parallel 
to  the  other  tangent  KP,  meeting  the  section  or  each  section  in 
R  and  S,  and  PQ  in  L  ;  the  square  of  HL  is  equal  to  the  rect- 
angle RHS  (64.  1  Sup.)  ;  but,  because  of  the  parallels  GP  and 
HL,  the  square  of  DH  is  to  the  square  of  DG,  as  the  square  of 
HL,  or  which  is  equal  (64.  1  Sup.),  the  rectangle  RHS  is  to  the 
square  of  GP  (4  and  22.  6  and  16.  5  Eu.)9  or,  which  is  equal 
{Cor.  3.  14.  1  Sup.)9  as  the  square  of  TH  to  the  square  of  GT  ; 
therefore  DH  is  to  DG,  as  TH  is  to  TG  (22.  6  Eu). 
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If  from  any  point  of  a  conick  section  or  opposite  sections,  right  lines 
parallel  to  two  adjacent  sides  of  a  quadrangle  inscribed  in  the 
section  or  sections  9  medt  the  opposite  sides  of  the  quadrangle,  pro- 
duced if  necessary  9  the  rectangles  under  the  segments  of  tliese  right 
lines,  between  the  point  in  the  stction,  and  tltose  opposite  sides, 
are  to  each  other,  in  the  case  of  an  ellipse  or  hyperbola,  as  the 
squares  of  the  semidiameters  to  which  they  are  parallel,  and,  in 
the  case  ofn  parabola,  as  the  parameters  of  the  diameters,  whose 
ordinutes  are  parallel  to  tliem. 


Fig.\. 


Fart  1.  Let  the  inscribed  quadrangle  be  a  trapezium  ABCD, 
«ee  fig.  1  and  2,  having  two  of  the  opposite  sides  AD  and  BC 
parallel ;  and  from  any  point  P  in  the  section,  let  two  right 
lines  PK  and  PH  be  drawn,  parallel  to  the  adjacent 
sides  AD  and  AB  of  the  trapezium,  meeting  its  opposite  sides 
in  the  points  K  and  L,  G  and  H  ;  the  rectangle  KPL  and  GPH 
are  to  each  other,  in  the  case  of  an  ellipse  or  hyperbola,  as  the 
squares  of  the  semidiameters  to  which  PK  und  PH  are  parallel, 
and,  in  the  case  of  a  parabola,  as  the  parameters  of  the  diame- 
ters, whose  ordinates  arc  parallel  to  these  right  lines. 

For  let  KPL  meet  the  section  again  in  O,  and  let  QR  be 
drawn,  bisecting  the  parallels  AD  and  BC,  and  meeting  KL  in 
S,  it  is  a  diameter  of  the  section  {Cor.  2.  32.  1  Sup.),  and  bisects 
in  S,  as  well  the  right  line  PO  terminated  by  the  section  (Cor. 
1.  32.  1  Sup.),  as  KL,  terminated  by  the  right  lines  KC  and 
LB,  and  parallel  to  the  bisected  right  lines  ;  therefore  KP  and 
OL  are  equal,  and  the  rectangle  KPL  is  equal  to  the  rectangle 
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PIjO  ;  and,  because  of  the  parallelograms,  the  rectangle  GPH 
is  equal  to  the  rectangle  ALB :  therefore  the  rectangles  KPL 
and  GPH  are  to  each  other,  as  the  rectangles  PLO  and  ALB 
{Ccr.  1.  7.  5  Eiu)9  or,  which  is  equal  (42.  1  Sup*),  in  the  case 
of  an  ellipse  or  hyperbola,  as  the  squares  of  the  semidiameters 
which  are  parallel  to  PK  and  PH,  and,  in  the  case  of  a  para- 
bola, as  the  parameters  of  the  diameters,  whose  ordinatcs  are 
parallel  to  these  right  lines. 

Fart  2.  Let  now  the  inscribed  quadrangle  be  a  trapezium 
A.BTD,  none  of  whose  sides  are  parallel  ;  and  from  a  point  P 
in  the  section,  let  two  right  lines  PE  and  PN  be  drawn  parallel 
to  AD  and  AB,  meeting  the  opposite  sides  of  the  trapezium  in 
the  points  E  and  L,  G  and  N  ;  the  rectangles  EPL  and  GPN 
are  to  each  other,  as  the  squares  or  parameters  mentioned. 

Through  B,  draw  BC  parallel  to  AD,  meeting  the  section 
again  in  C,  and  PN  in  II  ;  let  CD  being  joined  meet  PE  in  K, 
and  through  T,  draw  TF  parallel  to  AD,  meeting  the  section 
again  in  F,  and  DC  and  AB  in  X  and  Z  ;  draw  QR  bisecting 
the  parallels  AD  and  BC,  and  meeting  TF  in  Y,  it  is  a  diame- 
ter of  the  section  (Cor.  2.  32.  1  Sup.)9  and  bisects  in  Y  as  well 
the  right  line  TF  terminated  by  the  section  (Cor.  1.  32. 1  Sup.)9 
as  XZ  terminated  by  the  right  lines  AB  and  DC,  and  parallel 
to    the  bisected  right  lines,  therefore  TX  and  ZF  are  equal :, 
and,  because  of  the  similar  triangles  DKE  and  DXT,  the  right 
line  KE  is  to  XT  or  ZF,  as  DK  is  to  DX,  or,  because  of  the 
Parallels  KL,   DA  and   TF,  as  LA  or  PG  is  to  AZ  ,•  and, 
tacause  of  the  similar  triangles  BI1N  and  TZB,  the  right  line 
BH  or  PL  is  to  TZ,  as  NU  is  to  ZB ;  therefore  the  rectangle 
under  KE  and  PL  is  to  the  rectangle  TZF,  as  the  rectangle 
under  PG  and  NH  is  to  the  rectangle  AZB,  (23.  6,  22.  5  an4 
13.  5  Eu.)  ;  therefore,  by  alternating,  the  rectangle  under 
and  PL  is  to  the  rectangle  under  PG  and  NH,  as  the  rect- 
angle TZF  to  the  rectangle  AZB  (16.  5  Eu.),   or,  which  is 
equal  (14.  1  Sup  and  Case  1  of  this  prop.)9  as  the  rectangle  KPL 
is  to  the  rectangle  GPH  ;  therefore,  by  taking  the  differences  of 
the  homologous  terms,  in  the  case  of  fig.  1,  and  their  sums,  in 
that  of  fig.  2,  the  rectangle  EPL  is  to  the  rectangle  GPN,  as 
the  rectangle  KPL  is  to  the  rectangle  GPH  (19  and  12.  5  Eu.)9 
or,  which  is  equal,  by  case  1  of  this  pro]),  as  the  squares  or  par- 
ameters mentioned. 
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PROP.  LXIX.  THEOR. 


Iffromany  point,  in  a  conick  section  or  opposite  tectums,  four  rigid 
lines  be  drawn,  to  the  four  sides  of  a  quadrangle  inscribed  therein, 
in  given  angles;  the  rectangle  under  those  drawn  to  any  two 
gpposite  sides,  is  to  the  rectangle  under  those  drawn  to  the  other 
opposite  sides,,  in  a  given  ratio. 


Let  ABCD  be  a  quadrangle,  v. 
inscribed  in  a  conick  section, 
and  from  any  point  P  of  the  sec- 
tion, to  its  four  sides  AB,  BC, 
CD  and  DA,  let  four  right  lines 
PQ.  PR,  PS  and  PT  be  drawn, 
making  with  these  sides  given 
angles,  the  rectangles  QPS  and 
TPR.  underthe  right  lines  drawn 
to  the  opposite  sides,  are  to  each 
other,  in  a  given  ratio. 

From  the  point  P  draw  right  a 

lines  PH  and  PR,  parallel  to  two  adjacent  sides  AD  and  AB 
of  the  quadrangle,  and  let  them  meet  its  opposite  sides  in  ths 
points  G  and  H,  K  and  L.  And  because,  in  the  triangle  PQH, 
the  angle  PQH  is  given  [Hyp.),  as  also  the  angle  PHQ,  being 
the  complement  of  the  given  angle  DAB  to  two  right  angles,  all 
the  angles  of  the  triangle  PQH  are  given  (32.  1  £«.),  therefore 
the  ratio  of  PQ  to  PH  is  given  (4.  6  Eu.) ;  in  like  manner,  in 
the  triangle  PGS,  the  ratio  of  PS  to  PG  is  given,  and  therefore 
also  the  ratio  of  the  rectangle  QPS  to  the  rectangle  GPH  (23 
and  12.  6  and  22.  5  Eu). 

In.  like  manner  it  may  be  shewn,  that  the  ratio  of  the  rect- 
angle KPL  to  the  rectangle  TPR  is  given.  But  the  ratio  of 
the  rectangle  GPH  to  KPL  is  given  (68,  33  and  35.  1  Sup). 
Since  then,  the  ratio  of  the  rectangle  QPS  to  GPH  is  given, 
as  also  those  of  GPH  to  KPL  and  of  KPL  to  TPR  ;  the  ratio 
compounded  of  these  given  ratios,  being  that  of  the  rectangle 
QPS  to  the  rectangle  TPR,  is  also  given  (12.  6  and  22.  5Eu). 
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PROP.  LXX.  THEOR. 

•4  amide  section,  does  not  meet  a  conick  section,  or  opposite  sections, 

in  more  points  than  four* 


For,  if  possible,  let  two  co- 
nick sections  CQD  and  CRD 
meet  each  other  in  more  points 
than  four,  as  in  the  points  A, 
B,  C,  D  and  P  ;  let  the  quad- 
rangle ABCD  be  formed  by 
connecting  four  of  these  points, 
and  from  the  fifth  point  P  let 
PH  and  PK  be  drawn,  paral- 
lel to  two  adjacent  sides  AB 
and  AD,  meeting  the  opposite 
aides  of  the  quadrangle  in  G 
and  H,  R  and  L  ;  let  BR  be 
drawn  cutting  in  any  manner 
<he  sections  CQD  and  CRD  in  Q  and  R,  ajid  meeting  PH  in 
3P;  and  let  QD  and  RD  being  joined,  meet  KL  in  S  and  T. 
Then  since  the  rectangle  KPL  is  to  GPH,  as  the  squares  of  the 
diameters  parallel  to  KL  and  PH,  or  the  parameters  of.  the 
diameters  whose  ordinates  are  parallel  thereto,  as  the  case  may 
te  (68.  1  Sup.)9  these  squares  or  parameters  are  in  the  same; 
J*atio  to  each  other,  in  both  the  sections  CQD  and  CRD  (11.  5 
Mu)  ;  but  as  well  the  rectangle  SPL  as  the  rectangle  TPL  is  to 
the  rectangle  GPF,  as  the  same  squares  or  parameters  (68.  1 ' 
6*p.)9  therefore  the  rectangle  SPL  is  to  GPF,  as  TPL  to  the 
same  GPF  (11.  5  Eu.),  and  so  the  rectangles  SPL  and  TPL 
are  equal  (9.  5  Eu.),  which  is  absurd  (1.  2  Eu.),  therefore  the 
sections  CQD  and  CRD  cannot  meet*  each  other  in  more  than 
four  points. 


PROP.  LXXI.  THEOR. 


Mf  two  conick  sections  touch  each  other ,  they  do  not  meet  each  othgt 
in  three  other  points,  besides  the  point  of  contact 
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T*et  two  sections  touch 
each  other  in  the  point  A, 
they  do  not  meet  each  other 
in  three  other  points. 

For,  if  possible,  let  them 
meet  each  other  in  three 
other  points  B,  C  and  D  ; 
through  A  let  the  common 
tangent  to  both  sections  GA 
be  drawn  (48.  t  and  Def  21. 
1  Sup.)9  and  let  the  points 
B,  C  and  D  be  joined  by 
three  right  lines  ;  and  first, 
let  none  of  them  be  parallel 
to  GA;  produce  one  of  them 
BC  to  meet  GA  in  G,  and  from  D  draw  a  right  line  HD  par- 
allel to  GA,  meeting  GBC  in  H,  and  the  sections  in  S*  and  L  ; 
then  each  of  the  rectangles  DHK  and  DHL  is  to  the  square  of 
GA,  as  the  rectangle  CHB  to  the  rectangle  CGB  (Cor.  6.  14. 
1  8up.)  ;  therefore  the  rectangles  DHK  and  DHL  are  equal 
(11  and  9.  5  2fo.)f  and  so  the  points  Land  K  coincide,  and  the  sec- 
tions meet  each  other  in  five  points,  contrary  to  the  preceding 
proposition.  Or  if  DH  touch  one  section  in  D,  and  meet  the 
Other  again  in  L,  it  may  be  shewn  in  the  same  manner,  that 
the  square  of  DH  is  equal  to  the  rectangle  DHL,  which  is 
absurd  (2.  2  Eu).  Or  if  DH  touch  both  sections  in  D,  because 
it  is  parallel  to  the  tangent  GA,  DA  being  joined  would  be  a 
diameter  of  each  section  (Cor.  1.  47.  1  Sup.),  and  therefore,  if 
from  the  common  point  B,  there  be  inscribed  in  one  of  the  sec- 
tions a  right  line  parallel  to  GA,  and  of  course  ordinately 
applied  to  the  common  diameter  {Def.  12.  1  Sup.)9  and  ito 
other  extreme  would  be  also  in  the  other  section,  ana  the  ratio 
of  the  square  of  an  ordinate  drawn  to  the  same  diameter,  from 
any  other  point  C  in  one.  of  the  sections,  to  the  square  of  an 
ordinate  drawn  from  B  to  the  same,  is  equal  to  the  ratios  of  the 
rectangles  under  the  abscissas  (Cor.  2  40.  1  Sup.)9  and  therefore 
C  is  also  in  the  other  section  (Cor.  3.  40.  1  Sup.),  and  so  the 
sections  would  meet  each  other  in  five  points,  which  is  absurd 
(70.  1  Sup). 

Bat  if  (3D,  joining  two  points  common  to  each  section,  be 
parallel  to  the  common  tangent  GA,  it  is  ordinately  applied  to 
the  diameter  passing  through  the  contact  A  (Def.  12.  I  Sup.), 
which  diameter  therefore  bisects  CD  (31.  1  8up.)9  and  therefore 
a  right  line  AQ,  drawn  from  the  contact  A,  bisecting  CD  m 
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Q,  is  a  diameter  of  each  section,  for  if  a  diameter  of  either  drawn 
through  A,  (which  would  bisect  CD  by  31.  I  Sup.,  were  dif- 
ferent from  AQ,  the  right  line  CD  would  be  bisected  in  two 
points,  which  is  absurd ;  if  therefore,  from  the  point  B,  common 
to  both  sections  there  be  inscribed  in  one  of  the  sections,  a  right 
line  parallel  to  GA  or  CD,  and  of  course  ordinate]?  applied  to 
the  common  diameter  AB  (Def.  12.  1  Sup.),  its  other  extreme 
would  also  be  in  the  other  section,  and  so  the  sections  would 
meet  in  five  points,  which  is  absurd  (70.  1  Sup).  Therefore  the 
sections  do  not  meet  in  three  points,  besides  the  contact. 

Car.  A  right  line,  passing  through  the  contact  of  a  tangent 
to  a  conick  section,  and  bisecting  a  right  line  parallel  to  the 
tangent,  and  terminated  by  the  section  or  opposite  sections,  is  a 
diameter ;  it  being  demonstrated  in  this  proposition,  that  AQ» 
drawn  from  the  contact  A,  of  a  tangent  to  a  conick  section,  and 
bisecting  CD,  is  a  diameter. 


PROP.  LXXIL  THEOR. 


If  two  conick  sections  touch  each  other  in  two  points,  they  do  not 

meet  in  any  other  point 

Let  two  conick  sections 
touch  each  other  in  A  arid  B  ; 
and  first,  let  the  common  tan- 
gents, (48.  1  and  Def  21.  1 
&wp.)  drawn  through  A  and 
B  meet  each  other  in  H, 
through  the  concourse  of  the 
tangents,  draw  HG  bisecting 
the  joined  right  line  AB, 
this  is  a  diameter  of  each 
section  (49.  1  Sup.),  and  AB 
ordinately  applied  to  it  (32. 
1  Sup.),  if  therefore  these 
sections  have  any  other  common  point  as  D,  let  DK  be  drawn 
ordinately  applied  to  the  common  diameter  HG,  it  meets  each 
section  in  the  other  extreme  K,  and  so  these  sections  meet  in 
three  other  points  B,  D  and  K,  besides  their  contact  A,  contra- 

S-  to  the  preceding  proposition,  or  if  a  point  L  in  the  diameter 
G  were  common  to  each  section,   a  right  line  LO  drawn 
through  L  parallel  to  AB  would  touch  each  section  in  the  point 
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X  (Def.  12.  iSup.),  let  this  tangent  meet  the  tangent  HB  in  O  ; 
and,  BL  being  joined,  the  right  line  OQ  drawn  through  O  and 
bisecting  BL  is  a  common  diameter  of  each  section  (49.  1  Swp.), 
and  if  therefore  from  the  remaining  common  point  A,  a  right 
line  be  drawn- ordinately  applied  to  this  diameter  its  other 
extreme  is  in  each  section,  contrary  to  the  preceding  prop,  as 
before  ;  there  is  therefore  no  point  common  to  the  serous,  be- 
sides the  contacts  A  and  B. 

tint-  if  the  common  tangents  through  A  and  B  do  not  meet, 
being  parallel,  AB  being  joined  is  a  diameter  of  each  section 
(Cor.  1.  47.  1  fHup.) ;  if  therefore,  they  had  another  common 
point  besides  the  contacts,  a  right  line  being  drawn  from  this 
common  point,  ordinately  applied  to  the  common  diameter,  it 
may  be  shewn  as  above,  that  the  sections  would  have  a  fourth 
common  point,  contrary  to  the  preceding  prop. ;  and  therefore, 
in  every  case,  two  sections,  touching  each  other  in  two  points, 
do  not  meet  in  any  other  point. 


PROP.  LXXIII.  THEOR. 


Xf  a  circle  touch  a  conick  section  or  opposite  sections  in  two  points  j 
a  fight  line  joining  the  contacts  i$  ordinately  applied  to  an  axis 
of  the  section. 

And  if  it  be  ordinately  applied  to  the  transverse  axis  of  an  ellipse 
or  hyperbola,  or  to  the  axis  of  a  parabola,  the  circle  is  entirely 
within  the  section ;  but  if  to  the  second  axis  of  an  ellipse  or  hy- 

.  perbda,  the  circle  is  entirely  without  the  ellipse,  or  without  both 
hyperbolas. 


Part  \.  When  the  circle  touches  in  two  points  an  ellipse  or 
opposite  hyperbolas,  if  the  common  tangents  be  parallel,  a  right 
line  joining  the  contacts  is  a.diameter  both  of  the  section  and  the 
circle  {Cor.  I.  47.  1  Sup.),  and  since,  because  of  the  circle,  this 
diameter  is  perpendicular  to  the  tangents  (18.  3  Eu.),  it  is  an 
axis  of  the  section  {Cor.  2.  30.  1  Sup.);  if  it  be  a  transverse, 
axis,  the  circle  falls  entirely  without  the  ellipse  or  both  hyper- 
bolas, l$8  and  29.  1  Sup.),  and  if  it  be  a  second  axis  of  an 
ellipse,  the  circle  falls  entirely  within  the  ellipse  (28.  1  $up). 
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But  if  the  circle  GPDQ,  see  both  fig.  touch  the  section  or 
«*r  opposite  sections  in  the  points  P  and  Q,  and  the  common 
tangents  drawn  through  these  points  meet  each  other  in  K,  PQ 
being  joined  is  ordinately  applied  to  the  axis  AB  of  the  section. 

For  through  K  let  KH  be  drawn,  bisecting  PQ  in  H,  and 
"because  of  the  circle,  PK  and  QK  are  equal  (Cor.  2.  36.  3  Eu.)9 
and  KH  is  common  to  the  two  triangles  KPH  and  KQH,  these 
triangles  are  mutually  equilateral,  and  therefore  KH  is  perpen- 
dicular to  PQ  (8.  1  Eu.)9  but  KH  is  a  diameter  of  the  section 
(49. 1  Sup.),  and  because  PQ,  which  is  ordinately  applied  to  it, 
cats  it  at  right  angles,  it  is  an  axis  (Cor.  £*  30.  1  and  Def.  is. 
1  &tip.),'Whence  appears  the  truth  of  the  first  part  of  the  pro* 
position. 

Part  2.  If  the  circle  GPDQ  touch  the  section  in  the  points 
P  and  Q,  and  PQ  be  ordinately  applied  to  an  axis  BH,  which 
in  the  ellipse  and  hyperbola  is  transverse,  the  circle  is  entirely 
within  the  section. 

For  BH  is  perpendicular  to  PQ  (Cor.  3.  11.  1  Sup.),  therefore 
the  centre  of  this  circle  is  in  the  axis  BH  (by  proof  of  h  3  Mu.)9 


let  O  be  that  centre,  B,  the  vertex  of  the  axis  BH,  which  i» 
nearest  to  O,  and  D,  the  intersection  of  the  circle  with  the  axis 
BH,  which  is  nearest  to  B,  the  other  intersection  being  6  ; 
01)  is  less  than  OB.  For  through  the  vertex  B,  let  the  tan- 
gent BE  be  drawn  (48.  1  Sup.),  and  through  i\  aright  line  PE9 
touching  the  circle. and  section,  and  meeting  the  tangent  BE  in 
E  ;  and  because,  in  the  ellipse  or  hyperbola,  the  second  aids 
which  is  parallel  to  BE,  is.  less  than  the  diameter,  which  is 
parallel  to  the  tangent  PE  (28  and  29. 1  Sup.],  BE  is  less  than 
PE  (42.  1  Sup.)  ;  also,  in  the  parabola,  BE  is  less  than  PE 
(42.  1  and  Def.  16.  1  Sup.);  let  OP  and  OE  tie  joined,  and, 
because,  in  every  case,  PE  touches  the  circle,  the  angle  OPE 
is  right  (18.>3  hu.),  but  the  angle  OBE  is  right  {Cor.  1.  11. 
1  Sup.) ;  therefore,  because  of  the  common  hypothenuse  OE, 
the  squares  of  OB  and  BE  together  are  equal  to  the  squares  of 
O  -  and  BE  together  (47.  1  Bu.) ;  but  the  square  of  BE  is  less 
than  the  square  of  PE,  because,  as  is  just  shewn,  BE.  is  less 
than  PE,  therefore  the  square  of  OB  is  greater  than  the  square 
of  OP,  and  of  course  OB  is  greater  than  OP  or  OD  ;  therefore 
the  arch  PDQ  of  the  circle  meets  the  axis  BH  within  the  section, 
and  of  course  that  whole  arch  is  within  the  section,  otherwise 
the  circle  would  meet  the  section  in  another  point  besides  the 
points  of  contact,  contrary  to  the  prec.  prop.  And  since  B  is 
the  nearer  vertex  of  the  axis  BH,  the  right  line  OP  or  06, 
which,  as  just  proved,  is  less  than  OB,  is  also  less  than  OA  in 
the  case  of  the  ellipse,  and  therefore  the  circle  meets  again  the 
axis  BH,  in  a  point  G  within  the  section  in  that  case,  as  it 
manifestly  also  does,  in  the  case  of  the  .other  sections ;  whence 
the  whole  arch  PGQ,  and  therefore  the  whole  circle  is  within 
the  section.  In  the  same  manner  it  may  be  shewn^  that  the 
circle  falls  entirely  without  the  ellipse,  when  PR,  joining  the 
contacts,  is  ordinately  applied  to  the  second  axis. 

And  because  a  circle  touching  opposite  hyperbolas,  in  which 
case,  the  axis,  to  which  the  right  line  joining  the  contacts  is 
ordinately  applied  (Hyp*)'  *8  manifestly  the  second  axis,  is 
entirely  within  the  angle  contained  by  the  common  tangents,  it 
is  entirely  without  both  hyperbolas. 

Cor.  1.  If  a  right  line  (PK),  touch  a  conick  section,  and  from 
the  contact,  there  be  drawn,  a  perpendicular  to  the  tangent, 
meeting  the  principal  axis  of  the  section  (as  in  0),  the  segment 
(PO),  of  the  perpendicular,  between  the  contact  and  axis,  is  ths 
least  right  line,  which  can  be  drawn,  from  the  concourse  of  the 
perpendicular  with  the  axis,  to  the  section,  on  the  same  side 
•f  the  axis;  or  if  it  meet  the  second  axis  of  an  ellipse  or  hyppr* 
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Ma  (aa  in  S),  the  segment  (PS)  between  the  contact  and  axis, 
is,  in  the  ellipse,  the  greatest*  and,  in  the  hyperbola*  the  least 
right  line*  which  can  be  so  drawn  from  the  concourse  to  the 
section,  on  the  same  side  of  the  axis. 

From  P,  let  there  be  drawn  to  the  principal  axis,  a  right 

line  PQ  ordinately  applied  to  it  (36.  1   Sup.)9  meeting  the  axis 

in  H,  and  the  section  again  in  Q,  and  let  the  tangent  PK  meet 

that  axis  in  K  ;  QK  being  joined  is  a  tangent  (31.1    and  Cor. 

SL  49.  1   Svp.)9  and,  because  PQ  is  at  right  angles  to  the  axis 

KH  {Cor.  3.U.I  $up.\  and  PH  equal  to  HQ  (31. 1  Sup.\  PK 

is  equal  to  QK  (4.  I  Eu.)9  and  OQ  being  joined,  to  OP  (by  the 

same);  therefore  the  triangles  OPK  and  OQ*v  are  mutually 

equiangular  (8.  1  Eu.\  and  of  course  the  angle  OQK  equal  to 

OPK,  bat  the  angle  OPK  is  right  (constr.),  therefore  the  angle 

OQK  is  right,  and  therefore  a  circle  described  from  the  centre 

0,  through  P  and  Q,  touches  the  right  lines  PK  and  QK,  and 

of  coarse  the  section,  in  P  and  Q  {Cor.  16.  3  Eu.  and  Def  21. 

1  Swp.)9  and  therefore  that  circle  falls  entirely  within  the  section, 

by  this  prop,  and  therefore  the  radius  of  the  circle  OPls  the  least 

light  line  which  can  be  drawn  from  the  point  O  to  the  section, 

on  the  same  side  of  the  axis.     In  the  same  manner  it  may  bo 

shewn,  when  the  perpendicular  to  the  tangent  PK,  meets  the 

second  axis  of  an  ellipse  or  hyperbola,   as  in  S,  that  a  circle 

described  from  the  centre  S,  with  the  radius  SP,  falls  entirely ' 

without  the  ellipse  or  opposite  hyperbolas,  and  therefore  SP  is, 

in  the  ellipse,  the  greatest,  and  in  the  hyperbola,  the  least  right 

line,  which  can  be  drawn  from  S  to  the  section,  on  the  same  side 

of  the  axis. 

Cor.  2.  If  a  right  line  (PQ  or  PR),  terminated  by  a  conick 
sdttion  or  opposite  sections,  be  ordinately  applied  to  an  axis 
(BH  or  CL),  a  circle,  which  passes  through  both  extremes  (P 
and  Q  or  P  and  R)  of  the  inscribed  right  line,  and  touches  the 
flection  in  one  of  its  extremes  (P),  touches  it  also  in  the  other* 
extreme  (Q  or  R). 

For  the  right  line  ordinately  applied  to  the  axis,  is  perpendi- 
cular to,  and  bisected  by  it  (Cor.  3.  11   1  and  31.  1  Sup.)9  there- 
fore the  centre  of  the  circle  passing  through  its  extremes  is  in 
Hie  axis,  by  proof  of  1.  3  Eu,  through  P,  let  there  be  drawn,  in 
"the  case  of  the  principal  axis  BH,  the  common  tangent  PK 
OS.  1  Sup.),  meeting  the  axis  in  K  ;  the  angle  OPK,  because 
*rfthe  circle,  is  right  (18.  3  Eu.)9  and  QK,  being  joined,  touches 
tie  section  (Cor.  2.  49.  I   &up.)9  therefore,  OQ  being  joined,  it 
*nay  be  shewn,  as  in  the  preceding  cor.  that  the  angle  OQK  is 
right j  therefore  the  circle  touches  the  right  line  QK,  and  of 
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course  the  section,  in  the  point  Q  (Cor.  16.  3  Eu.  and  Def.  21. 
1  Sup).    ^ 

The  proof  is  similar,  when  the  terminated  right  line  is  ordi- 
nately  applied  to  the  second  axis  of  an  ellipse  or  hyperbola. 


PROP.  LXXIV.  THEOR. 


If  two  circles  f  QPancfjRjP,  see  figures  to  preceding  prop.  )9  touch  - 
an  ellipse  or  hyperbola  in  the  same  point  CPJf  an&  ogain  touch 
the  same  ellipse  or  opposite  hyperbolas  in  two  other  points  (({and 
RJ  ;  the  rectangle  contained  under  the  diameters  of  the  circles, 
is  equal  to  the  square  of  the  diameter  of  the  section,  which  is 
conjugate  to  the  diameter 9  passing  through  the  contact  of  the  - 
circles.  And  if  a  circle  touch  a  parabola  in  two  points,  the 
square  of  its  diameter 9  is  equal  to  the  rectangle  contained  under 
the  prindpal  parameter 9  and  the  parameter  of  the  diameter  of 
tlie  section  passing  through  the  contact. 


Part  1.    Let  AB  and  MN  be  the  axes  of  the  ellipse  or  hyper- 
bolas, and  C  the  centre,  the  right  lines  PQ  and  PR  joining  the 
contacts  are  perpendicular  to  the  axes  (73.  1  and  Cor*  3.   11. 
1  Sup.) ;  through  the  point  P  in  which  both  circles  touch  the 
section,  draw  the  common  tangent  (48.  1  Sup.)9  meeting  the 
axes  in  K  and  L,  and  from  P,  draw  PS  perpendicular  to  KP# 
meeting  the  axes  in  0  and  S,  the  points  O  and  S  are  the  centres 
of  the  circles  (1  and  19.  3  Eu.)9    and,  because    the    diameters 
of  the  section  passing  through  the  contacts   are  equal  (Cor.  3. 
11.  1  and  31.  1  Sup.  and  4.  1  Eu.)9  their  conjugates  are  equal 
(Cor.  1.  53.  1  Sup.  and  14.  6  Eu.]  ;  and  the  triangles  LPS  and 
OPK,  being  right  angled  at  P,  and  having  the  angles  at  S  and 
K  equal,  being  each  the  complement  of  the  angle  SLK.  to  a  right 
angle,  are  equiangular,  therefore  SP  is  to  PL,  as  i*i£  is  to  PO 
(4.  6  Eu.)9  and  therefore  the  rectangle   SPO  und<n*  the  semidi- 
ametersof  the  circles,  is  equal  to  the  rectangle  LPK  (16  6  Eu.)9 
or  which  is  equal  (47.  1  Sup.),  the  square  of  the  semidiameter 
parallel  to  LP,  which  semidiameter  is  conjugate  to  that  passing 
through  P  (Def.  14.  1  Sup.)9  therefore  the  rectangle  under  the 
diameters  of  the  circles,  is  equal  to  the  square  of  the  diameter 
of  the  section,  conjugate  to  the  diameter  passing  through  P 
(23.  6  and  Ax.  1.  5  Eu). 
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r   Part  2.  .  Let  PBQ  in  fig.  2  be  a  parabola,  and  let  the  circle 
PQ  touch  it   in  P  and  Q,  PQ  being  joined  is  perpendicular  to 
the   axis   (73.    I  and  Cor.  3.  11.  1  Sup.)9  through  P  draw  the 
common  tangent  S'k  (48.  1   Sup.),  meeting  the  axis  in  K,  and 
from   P,  draw  PO  perpendicular  to  the  tangent,  meeting  the 
axis  in  0,  the  point  O*  is  the  centre  of  the  circle  PQ  (1  and  19. 
3  Eu.) ;  and  the  triangles  OP     and  OHP,  being  right  angled 
at  Jtand  H  and  having  the  angle  KOP  common,  are  equiangu- 
lar, therefore  KG   is  to  OP,  as  OP  is  to  OH  (4.  6  Eu.)9  and 
therefore  the  square  of  OP  is  equal  to  the  rectangle  HOK  (17. 
6  Eu.) ;  but,  because  the  rectangle  under  BH  and  the,  principal 
parameter,  or,  KH  being  double  to  BH  (44.  1  Sup.)9  the  rect- 
angle under  KH  and  half  that  parameter,  is  equal  to  the  square 
of  PH  (23.  1  Sup.),  or,  which  is  equal  {Cor.  1.  8.   6  and    17.  6 
Eu.)9  the  rectangle   KHO,  therefore  HO  is  equal  to  half  the 
principal  parameter ;  and,  because  the  rectangle   under  KB 
and  the  parameter  of  the  diameter  passing  through  P,  or,  KH 
being  double  to  KB  (44.  1  Sup.)9  the  rectangle  under  KH  and 
half  the  parameter  of  the  diameter  passing  through  P  is  equal 
to  the  square  of  PK  (41.1  Sup.)9  or,  which  is  equal  (Cor.  1.  8. 
6  and  17.  6  Eu.)9  the  rectangle  OKH,  therefore  KO  is  equal  to 
half  the  parameter  of  the  diameter  passing  through  P ;  whence, 
the  square  of  the  semidiameter  OP  of  the  circle  having  been 
just  proved  equal  to  the  rectangle  HOK,  the  square  of  that 
semidiameter  Hj  equal  to  the  rectangle  under  half  the  principal 
parameter,  and  half  the  parameter  of  the  diameter  of  the  section 
passing  through  P,  and  therefore  the  square  of  the  diameter  of 
the  circle,  is  equal  to  the  rectangle  under  the  principal  parame- 
ter,  and  the  parameter  of  the  diameter  of  the  section  passing 
through  P  (23.  6  and  Ax.  1.  5  Eu). 


PR&P.  LXXV.  THEOR. 


Iffretoi  tlie  vertex  of  the  transverse  axis  of  an  ellipse  or  hyperbola, 
or  tJie  axis  of  a  parabola9  there  be  put  in  the  axis  towards  the 
interior  of  ifie  section9  a  right  line  equal  to  its  parameter ;  a 
circle  described  about  this,  as  a  diameter9  -falls  entirely  within 
the  section  ;  and  if  from  the  vertex  of  tlie  less  axis  of  an  ellipse, 
there  be  put  in  the  axis,  towards  the.interior  of  the  section,  a 
right  line  equal  to  its  parameter ;  a  circle  described  about  this 
as  a  diameter,  falls  entirely  without  the  section. 
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Let  AB  in  fig,  1  and  3,  be  the  transverse  axis  of  an  ellipse  or* 
hyperbola,  or  in  fig.  2,  the  second  axis  of  an  ellipse,  and  BBL 
in  fig.  4,  tl;e  axis  of  a  parabola,  B  being  in  every  case  its  ver- 
tex ;  let  there  be  taken  on  eacli  of  these  axes,  from  B,  towards 
the  interior  of  the  section,  a  right  line  BD,  equal  to  its  para- 
meter ;  a  circle  described  about  ED  as  a  diameter,  falls,  in  the 
case  of  fig.  1.  3  and  4.  entirely  within,  and,  in  that  of  fig.  2, 
entirely  without  the  section.  • 

Draw  BG  perpendicular  to  the  axis,  and  equal  to  BD,  and 
join  DG ;  and,  in  the  ellipse  and  hyperbola,  let  A<jG  be  drawn, 
from  the  vertex  A  of  the  axis  AB,  but,  in  the  parabola,  GQ 
parallel  to  the  axis  ;  through  any  point  E  in  the  circle,  draw 
EH  parallel  to  BG,  meeting  the  section  in  L,  and  BD,  DG  and 
GQ.  in  H,  K  and  Q. 

Because  BD  and  BG  are  equal,  II H  and  UK  are  equal  [4.  6 
Em.],  and.becanse  of  the  circle,  the  square  of  EH  is  equal' to  the 
rectangle  BED  [3  and  35.  3  Bu.\  or  BHK  ;  but,  because  of 
the  section,  the  square  of  HL  is  equal  lo  the  rectangle  BBQ, 
for,  in  the  case. of  fig.  1,  2  and  3,  the  rectangle  ABB. is  to  the 
square  of  HL,  as  AB  is  to  its  parameter  BG  {Cor.  4-40. 1  SnpJ] 
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or  [4.  6  Eu.]f  as  AH  to  HQ,  or  [1.  6  Ifti.-],  as  the  rectangle 
AHB  is  to  the  rectangle  BHQ,  and  therefore  the  square  of  III* 
and  rectangle  BHQ,  to  which  the  rectangle  AHB  has  the  same 
ratio,  are  equal  [9.  5  Eu-"\ ;  and,  in  the  case  of  fig.  4,  the  square' 
of  HL  is  equal  to  the  rectangle  under  BH  and  BG  or  HQ  [23* 
1  Sup.~\  ;  but  HK  is  less  than  HQ,  unless  when  B  is  a  vertex 
of  the  second  axis  of  an  ellipse,  in  which  case  HK  is  greater 
than  HQ  ;  therefore,  in  the  cases  of  fig.  I,  3  and  4,  the  rectangle 
BHK  is  less  than  BHQ,  and  of  course  the  square  of  EH  less 
than  the  square  of  HL,  and  the  right  line  EH  less  than  HL, 
and  therefore  the  circle  BED  is  entirely  within  the  section.  In 
like  manner  it  may  be  shewn,  in  the  case  of  the  second  axis  of 
an  ellipse,  fig.  2,  that  the  circle  is  entirely  without  the  section. 

Cor.  1.  Hence,  if  from  a  vertex  [B]  of  an  axis  [BH]  of  a 
conick  section,  there  be  put  in  the  axis,  towards  the  interior  of 
the  section,  a  right  line  [BO]  in  the  case  of  a  principal  axis, 
not  greater,  and  of  a  less  axis  of  an  ellipse,  not  less  than  half 
the  parameter  [  BD ]  of  the  saine  axis  ;  that  right  line  [BO  j  is, 
in  the  former  case,  the  least,  and,  in  the  latter  the  greatest,  which 
can  be  drawn  from  the  extreme  [0]  remote  from  the  vertex,  to 
the  section. 

For,  in  the  former  case,  because  the  circle  described  from 
the  centre  O  does  not  fall  without  the  circle  BED,  it  is  entirely 
within  the  section  ;  and  since  this  circle,  in  the  latter  case, 
does  not  fall  within  the  circle  BED,  it  is  entirely  without  the) 
section  ;  whence  the  thing  proposed  is  manifest. 

Cor.  2.  From  a  point  [O  see  next  fig.]»  in  the  principal  axis 
[BH]  of  a  conick  section,  and  within  the  section,  whose  distance 
from  the  nearer  vertex  [B]  is  greater  than  half  its  parameter,  to 
draw  the  least  right  line,  which  can  be  drawn  from  that  point 
to  the  section,  on  the  same  side  of  the  axis. 


$& 


ELEMENTS  OT  GEOMETRY. 


If  the  section  be  a  parabola,  let  there  be  put  in  the  axisr 
towards  the  vertex  B,  a  right  line  OH,  equal  to  half  tb<? 
parameter  of  the  axis ;  and,  if  the  section  be  an  ellipse  or  hyper- 
bola, let  there  be  put  in  the  axis,  from  the  centre  C,  such  £ 
right  line  CH,  towards  the  vertex  B,  that  CH  may  be  to  OH, 
as  the  axis  AB  is  to  its  parameter  [Cor.  1.  10.  6  Eu.],  and,  in 
every  section,  let  there  be  drawn  through  H,  a  right  line  PHQ 
perpendicular  to  the  axis,  meeting  the  section  in  P,  OP  being 
joined  is  the  right  line  required. 

For  through  P,  let  a  tangent  to  the  section  PK  be  drawn 
[48.  1  Sup.],  meeting  the  axis  BH  in  K,  then,  in  the  case  of 
a  parabola,  the  square  of  PH  is  equal  to  the  rectangle  under 
BH  and  the  principal  parameter  [23.  1  Sup.],  or,  KH  being 
double  of  BH  [44.  1  Siip.]9  and  HO  equal  to  half  the  parame- 
ter, to  the  rectangle  KHO,  therefore  the  angle  KPO  is  a  right 
angle  [17.  6  and  Car.  2.  8.  6  Eu.]9  and  therefore  OP  the  least 
right  line,  which  can  be  drawn  from  O  to  the  section  on  the 
same  side  of  BH  iCor.  1.  73.  1  Sup). 


¥ 
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And,  in  the  case  of  an  ellipse  or  hyperbola,  the  rectangle  AHD, 
or  which  is  equal  [45.  1  Sup.]9  CHK  is  to  the  square  of  PH, 


Cor.  4.    4,    Sup.]9    or 
as  the  rectangle  CHK 


as  AB  to   the    principal  parameter 
[Constr.]9  as  CH  is  to  OH  or  [1.  6  Eu. 

is  to  the  rectangle  OHK,  whence  the  square  of  PH  and  the 
rectangle  OHK,  to  which  the  rectangle  CHK  has  the  same 
ratio,  are  equal  [9.  5  Eu.]9  and  therefore  the  angle  OPK  a 
right  one  [17.  6  and  Cor.  2.  8.  6  Eu.],  and  of  course,  as  in  the 
former  case,  OP  the  least  right  line,  which  can  be  drawn  from 
0  to  the  section  on  the  same  side  of  the  axis  BH  [Cor.  1.  73. 
1.  Sup]. 

Cor.  3.  And  if,  in  the  second  axis  [MN]  of  a  hyperbola, 
there  be  given  a  point  S  at  any  distance  from  the  centre,  a 
right  line  may  in  like  manner  be  dirawn,  the  least  of  any  which 
can  be  drawn  to  the  same  section  ;  namely,  by  taking  CT  to 
ST,  as  the  axis  MN  is  to  its  parameter,  drawing  to  the  section, 
TP  perpendicular  to  CS,  and  joining  SP.  For  PL  being 
drawn  touching  the  section  in  P,  and  meeting  the  second  axis 
is  L  ;  the  square  of  CM  and  CT  together,  or  [45.  1  Sup.]9  the 
rectangle  CTL,  is  to  the  square  of  I1!1,  as  the  second  axis  MN 
to  its  parameter  [Cor.  4. 40.  1.  Sup.]f  or[Constr.]9  as  CT  is  to 
ST,  or  [1.  6.  Ku.]9  as  the  rectangle  CTLMs  to  the  rectangle 
STL  5  whence,  the  square  of  PT  and  rectangle  STL,  to  which 
the  rectangle  CTL  has  the  same  ratio  are  equal  [9.  5  Eu.]9  and 
the  angle  LPS  a  right  one  [17.  6  and  Cor.  2.  8.  6  Eu.]9  and 
therefore  SP  the  least  right  line,  which  can  be  drawn  from  S  to 
the  section  BP,  on  the  same  side  of  the  axis  MN  [Cor.  1. 73. 1  Sup]. 

Cor.  4.  In  like  manner  may  be  drawn,  from  any  point  [S] 
in  the  second  axis  of  an  ellipse,  whose  distance  [SM]  from  its 
more  remote  vertex  is  less  than  half  its  parameter,  the  greatest 
right  line  which  can  be  drawn  from  that  point  to  the  section  on 
the  same  side  of  the  axis ;  namely,  by  taking  CT  to  ST,  as 
the  axis  MN  is  to  its  parameter,  drawing  to  the  section,  TP 
perpendicular  to  MN,  and  joining  SP.  For  PL  being  drawn 
touching  the  section  in  P,  and  meeting  the  second  axis  in  L; 
the  rectangle  MTN,  or  [45.  1  Sup.]9  CTL  is  to  the  square  of 
PT,  as  the  second  axis  MN  to  its  parameter  [Cor.  4.  40. 1  Sup.)9 
or  [Oonstr.]9  as  CT  is  to  ST,  or  [l.  6  Eu.]9  as  the  rectangle 
CTL  is  to  the  rectangle  STL  ;  whence  the  square  of  PT  and 
rectangle  STL,  to  which  the  rectangle  CTL  has  the  same 
ratio,  are  equal  [9.  5  Eu.]9  and  the  angle  LPS  a  right  one  [17. 
6  and  Cor.  2.  8.  6  Eu.~]9  and  therefore  SP  the  greatest  right  line 
which  can  be  drawn  from  S  to  the  section  on  the  same  side  ef 
MN  [Cor.  1.  73. 1  Sup]. 


y 
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PROP.  LXXVI.  THE  OR. 

If  from  a  point  in  a  cemck  section,  there  be  drawn  a  right  tine 
ordinaldy  applied  to  either  axis,  and  from  the  point,  wherein, 
it  again  meets  the  section  or  opposite  section*,  a  diameter  be 
drawn,  and  from  the  first  point,  a  right  line  be  drawn  ordinate- 
ly  applied  to  this  diameter  ;  a  circle,  which  touches  the  section 
in  the  first  point,  and  passes  through  the  point,  in  which  tf**e 
last  drawn  ordinate  again  meets  the  section,  has  the  same  ocv- 
vature  as  the  section,  in  the  point  of  contact. 


apex  i.  nWMOK  mctuhti. 

From  a  point  P  in  a  conick  Fia.%. 
flection,  see  fig.  1,2  and  3,  re-  %/t 

presentingtherespectivecases  of  ^Jl\ 
an  ellipse,  hyperbola  or  parabo- 
la, let  FQ  (or  PR  in  fig.  1  and 
2),  be  ordinately  applied  to  an  1 
axis,  meeting  the  section  again 
in  Q  (or  R  in  fig.  1  and  2),  and 
from  Q  or  R  let  the  diameter 
QZ  be  drawn,  (meeting  the  sec- 
tion again,  in  the  cases  of  an  el- 
lipse or  hyperbola,  in  RorQ),  and 
from  P,  let  a  right  line  PZT  be  - 
drawn,  ordinatcly  applied  to  the  diameter  QZ,  and  meeting  the' 
section  again  in  T  ;  a  circle  PSTX,  touching  the  section  in  P, 
and  passing  through  T,  has  the  same  curvature  as  the  section, 
in  the  point  of  contact  P. 

First,  let  the  axis  to  which  the  ordinate  is  drawn  from  P 
be  the  principal  one  BH,  and  through  P  let  the  common  tan- 
gent PK  be  drawn,  meeting  the  axis  BH  in  K.  and  through  Q, 
let  the.  right  line  t,K  be  drawn  touching  the  section  (48.  1 
Buf .),  this  meets  the  other  tangent  PK  at  K  in  the  same  axis 
(Cor.  2.  49.  1  Sup.),  and  because  the  triangles  PIIK  and 
QHK  have  the  sides  PH  and  UK  and  the  included  angle 
l'HK,  severally  equal  to  QH  and  UK.  and  the  included  angle 
QHK,  tiie  right  lines  PK  and  QK  are  equal  (4.  1  Ku). 

And  first,  the  circle  PXTS  does  not  meet  the  section  unless 
in  the  points  P  and  T,  and  is,  on  one  part  of  the  right  line  PT, 
entirely  without,  and,  on  the  other  part,  entirely  within  the 
section.  For  it  cannot  meet  it  in  the  point  Q,  because  it  would 
then  touch  it  in  that  point  (Cor.  2.  73.  1  Sup.),  and  of  course 
would  not  meet  the  section  in  a  third  point  T  (72-  1.  Snp.),  and 
for  the  same  reason,  in  the  case  of  fig.  I  and  2,  it  cannot  meet 
the  section  in  the  other  vertex  R  of  the  diameter  QR,  for  PR 
being  joined  is,  on  account  of  QP  and  QR  beii'g  bisected  by 
the  axis  BB,  parallel  to  that  axis  (2.  6  Hit,),  and  of  course 
ordinatcly  Rpplicd  to  the  other  axis.  But,  if  possible,  let  this 
circle  meet  the  section  ;  not  only  in  the  points  P  and  T,  but 
also  in  a  third  point,  cither  towards  S  with  respect  to  the.  point 
T,  as  in  D,  or  on  the  opposite  side  of  T,  as  in  d  ;  in  either 
case,  through  that  third  point,  let  a  right  line  be  drawn  parallel 
to  QK,  meeting  PK  in  G  or  g,  and  the  section  again  in  L  or  1  j 
or  DG  or  dg,"  being  parallel  to  QK,  is  not  a  tangent  to  the 
section,    unless,    in  the  cases  of   fig.  1  and  2,    it  be  drawn 
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through  R  (Constr.  36.  1  Sup.)  •  in  which  point,  it  has  been  just 
shewn,  this  circle  cannot  meet  the  section.  Then,  in  the  case 
of  the  circle  meeting  the  section  in  D,  the  rectangle  DGL  is 
to  the  square  of  PG,  as  the  square  of  QK  to  the  square  of  PR 
(14.  1  Sup.),  or  in  the  ratio  of  equality,  and  therefore,  because 
D  is  in  a  circle  which  PR  touches  in  P,  the  point  L  is  in  the 
same  circle,  for  if  the  circle  meet  DG  in  any  other  point  between 
D  and  G  except  L,  the  rectangle  under  the  segments  of  D6 
between  G  and  the  circle,  would  not  be  equal  to  the  .square  of 
PG,  contrary  to  36.  3  Eu,  therefore  the  circle  PXTS  meets 
the  section  in  three  points  T,  D  and  L,  besides  the  point  of 
contact  P,  which  is  absurd  (71.  1  Sup).  A  like  absurdity 
would  follow,  if  the  circle  were  supposed  to  meet  the  section  in 
d,  as  may  be  in  like  manner  shewn,  only  using  the  small  letters 
d,  g  and  1,  for  their  respective  capitals.  Therefore  the  circle 
PXTS  does  not  meet  the  section,  unless  in  the  points. P  and  T; 
and  since  it  does  not  touch  the  section  in  T,  for  then  PT  would 
be  ordinately  applied  to  an  axis,  by  part  1.  73. 1  Sup,  contrary 
to  the  supposition,  the  arch  of  that  circle  is,  on  one  part  of  the 
right  line  PT,  entirely  without,  and,  on  the  other,  entirely 
within  the  section. 

The  same  reasoning  is  applicable  to  the  case,  when  the  axis 
to  which  the  ordinate  PR  is  drawn,  is,  in  the  cases  of  fig.  1 
and  2,  the  second  axis,  the  diameter  QR,  to  which  the  other 
ordinate  from  P  is  applied,  being  the  same,  as  in  the  other 
case. 

If  now  any  other  circle,  as  PVD,  be  described,  less  than 
PXTS,  touching  the  circle  PXTS  and  the  section  in  P,  it 
would  fail  within  the  section  on  both  parts  of  the  point  of  con- 
tact P.  For  if  that  circle  should  pass  through  Q,  it  would 
touch  the  section  there  {Cor.  2.  73.  1  Sup.)9  and  of  course 
would  he  entirely  within  the  section  (73.  1  Sup.),  as  therefore 
it  would  be,  if  the  second  point  in  which  it  met  PQ  were  within 
the  section  ;  but  let  it  meet  PQ  without  the  section,  as  in  V  ; 
and,  because  the  circle  PVD  is  entirely  within  tltc  circle  PXTS, 
it  necessarily  falls,  on  one  part  of  the  right  line  PT,  entirely 
within  the  section,  namely,  on  the  part  X,  since  the  point  V  on 
the  part  S  is  without  the  section ;  and  because  V  is  without  the 
section,  the  less  circle  heing  continued  on  the  paH  X  from  P 
must  meet  the  section  somewhere  between  P  and  V  on  that 
part,  as  in  D;  through  D,  let  a  right  line  he  drawn  parallel 
to  QK,  meeting  the  section  again  in  L  and  PR  in  G,  and  it 
may  be  shewn  as  ahove,  that  the  rectangle  DGL  is  equal  to  the 
square  of  PG,  and  of  course  that  the  point  L  is  in  the  circle 
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PVD  ;  but  this  circle  does  not  touch  the  section  in  L,  because 
it  touches  it  in  P,  and  meets  it  in  the  points  O  and  L  (72.  1 
Sup.) ;  since  therefore  the  arch  LV,  on  one  part  of  the  point  L, 
is  without  the  section,  the  arch  LP,  ou  the  other  part  of  the 
point  L,  is  within  the  section,  and  is  entirely  within  it,  as  other- 
wise the  circle  PVD  would  meet  the  section  in  another  point 
besides  the  points  P,  D  and  L  contrary  to  prop.  71.  I  Sup. 
Therefore  a  circle  less  than  PSTX,  touching  the  section  in  P, 
falls  on  both  parts  of  the  point  of  contact  P  within  the  section. 
If  now  a  circle  PdY  be  described,  greater  than  PXTS, 
touching  the  circle  PXTS  and  the  section,  it  would  fall  without 
the  section,  on  both  parts  of  the  point  of  contact  P.  For  be- 
cause it  is  entirely  without  the  circle  PXTS,  it  necessarily 
falls  on  one  part  of  the  right  line  PT,  namely,  on  the  part  S, 
entirely  without  the  section  ;  let  this  circle  PdY,  continued 
from  the  point  P  towards  the  other  part  X,  meet  the  right  line 
PT  produced  in  Y,  it  meets  the  section,  in  the  cases  of  the 
hyperbola  and  parabola,  in  fig.  2  and  3,  wjien  the  curves  are 
infinite,  somewhere  between  P  and  Y  on  the  part  X,  as  in  d  ; 
and,  in  the  ellipse,  fig.  1,  if  it  dses  not  meet  the  right  line  PR, 
which  is  ordinately  applied  to  the  less  axis,  within  the  section, 
it  falls  entirely  without  the  ellipse  (73.  1  Sup.) ;  let  it  then 
meet  PK.  within  the  ellipse,  as  in  O  ;  and  since  the  point  Y  is 
without  the  ellipse,  the  arch  0  Y  meets  the  ellipse  somewhere,  as 
in  d ;  in  every  section,  let  a  right  line  be  drawn  through  d 
parallel  to  QK,  meeting  the  section  again  in  1,  and  PK  in  g, 
and  it  may  be  shewn  as  above,  that  the  point  1  is  in  the  circle 
PdY,  and  since  this  circle  touches  the  section  in  P,  it  does  not 
touch  it  again  in  the  point  1  or  d  (72.  1  Sup  )  ;  and.  because  the 
point  Y  is  without  the  section,  the  arch  Yd  is  without  the  sec- 
tion, and  of  course  the  arch  dOl  within  the  same,  and  therefore 
toe  arch  IP  on  the  other  part  of  the  point  I  without  the  section ; 
and  since  the  circle  PdY  does  not  meet  the  section  unless  in 
the  points  P,  1  and  d  (71.  1  Stip  ).  the  whole  arch  IP  is  without 
section  :  Therefore  the  circle  PdY  falls  on  both  parts  of  the 
point  P,  without  the  section. 

Since  then  the  circle  PXTS,  touching  the  section  in  the  point 
P,  falls  on  one  part  of  that  point*  without,  and  »n  the  other 
part*  within  the  section  ;  and  any  other  circle  touching  the  sec- 
tion in  P.  falls  on  both  parts  of  that  point,  cither  withi»i  or 
'without  the  section,  it  follows,  that  no  circle  can  pass  between 
the  section  and  the  circle  PXTS  ;  therefore  this  circle  has  the 
same  curvature  as  the  section  in  the  point  P  {Def.  22.  1  Sup). 

44 


342 


ELEMENTS  OF  GEOMETRY.         StTPPUBMElTr- 


PROP.  LXXVII.  THEOR. 


A  circle,  which  touches  a  conick  section,  and  cuts  off  from  th^ 
diameter  passing  through  the  point  of  contact*  towards  the  in 
terior  of  the  section,  a  segment  equal  to  its  parameter,  has  th 
same  curvature  as  the  section,  in  the  point  of  contact* 


Case  1.  Let  the  diameter 
passing  through  the  contact 
bean  axis.  Let  BDG  be 
this  axis,  B  its  vertex,  and  L 
BD  a  segment  taken  there- 
on towards  the  interior  of 
the  section,  equal  to  the 
parameter  of  the  axis.  A 
circle  BHD,  described  a-  B 
bout  BD  as  a  diameter,  has 
the  same  curvature  as  the 
section,  in  the  point  B. 

Let  first  BGD  be  the 
principal  axis  of  a  conick 
section,  let  the* right  line 
BL,  drawn  through  B, 
touch  the  circle  and  section 

in  B  {Hyp.  and  Def  21.  1  Sup.)  ;  the  circle  BHD  is  entirely 
within  the  section  {75.  1  Sup  ),  and  therefore  a  circle,  touching 
the  section  in  B,  and  cutting  off  from  the  axis  BG,  a  segment 
less  than  BD,  falls  entirely  within  the  section.  But  if  a  circle 
BUG  cut  off  from  the  axis,  a  segment  BG  greater  than  its 
parameter  BD,  and,  in  the  case  of  a  transverse  axis  of  an 
ellipse,  less  than  that  axis,  let  its  centre  be  O,  and  since  OB  is 
greater  than  half  the  parameter  of  the  axis  ;  from  O  let  there 
be  drawn  to  the  section  the  least  possible  right  lines  01  and  OK 
on  each  side  of  the  axis  {Cor.  2.  75.  1  Sup.),  which  are  each 
of  them  less  than  OB  {by  the  same)  ^therefore  a  circle  described 
from  the  centre  O  at  the  distance  OB  would  meet  01  and  OK 
without  the  section,  as  in  R  and  S  ;  and,  because  the  same 
circle  meets  the  axis  within  the  section  in  G,  the  arch  Gft 
necessarily  meets  the  section  somewhere  between  G  and 
R,  as  in  X  ;  and,  in  like  manner  it  may  be  proved  that 
the  arch  GS  meets  the  section  between  G  and  S,  as  in  Z; 
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and  since  this  circle  does  not  meet  the  section,  unless  in  the 
points  B,  X  and  Z  (71.  1  Swp.)9  the  arches  BRX  and  BSZ  are 
entirely  without  the  section,  and  therefore  the  circle  BRGS  falls 
on  both  parts  of  the  point  of  contact  B,  without  the  section  ; 
since  therefore  any  circle  whatever,  touching  the  section  in  the 
point  B,  whether  less  or  greater  than  the  circle  BUD,  falls,  on 
both  parts  of  the  point  of  contact  B,  either  within  the  circle 
BHD,  or  without  the  section,  there  can  no  circle  pass  between 
the  section  and  the  circle  BHD  ;  therefore  this  circle  has  the 
same  curvature  as  the  section  in  the  point  B  (Def.  22.  1  Sup). 

The  demonstration  is  entirely  the  same,  when  B  is  the  vertex 
of  the  less  axis  of  an  ellipse,  by  substituting  greater  for  less, 
greatest  for  least,  without  for  within,  and  the  contrary  ;  and 
citing  Cor.  4.  75*  1  Sup,  instead  of  Cor.  2.  75.  1  Sup. 


SLBMBKTt  OK  OBOMETKY. 

Fig.  i. 


Cases.     Let  now,  in  an  ellipse  or  hyperbola,  the  diame 

fissifiR  through  the  contact  P,  see  hotlt  fig.  not  be  an  axis. 
X  be  the  segment  taken  thereon,  towards  the  interior  of 
section,  equal  to  its  parameter,  and  PSX  the  circle,  toi 
ing  the  section  in  P,  and  passing  through  X  ;  the  ci 
PSX  lias  the  same  curvature  as  the  section,  in  the  point  P. 

From   P,   let  PH.  be  drawn,  ordinately  applied  to  the  ti 
verse  axis  AB,  meeting  the  section  again  in  y,  through  ( 
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the  diameter  QCR  qf  the  section  be  drawn,  to  which  let  PZ  be 
ordinately  applied,  meeting  the  section  again  in  T  $  let  the  right 
line  PG  be  the  common  tangent  of  the  circle  and  section*  touch* 
ingboth  in  P  [Hyp.  and  Def.  21.  1  Sup.),  and  let  the  diameter 
GK  be  drawn  parallel  to  £G,  meeting  PT  in  Y,  and  the  diam- 
eter CL  conjugate  to  CQ,  meeting  PG  in  G,  to  which  let  the 
ordinate  PD  be  drawn,  and  let  PX  be  bisected  in  V  :  and  be- 
cause the  semidiameters  CP  and  CQ  are  equal  (4.  1  Eu.)9  their 
conjugates  CR  and  CL  are  equal  (Cor.  1.  53.'  1  Sup.  and  14.  6 
Eu.)9  and,  because  PV  is  half  the  parameter  PX,  the  rectangle 
VPC  is  equal  to  the  square  of  CK  or  CL  {Def.  15.  1  Sup.  and 
17.  6  Eu.)9  or,  which  is  equal  (44.  1  Sup.  and  17.  6  Eu.)9  the 
rectangle  DCG,  or,  which  is  equak(ZP  and  YP  being,  because 
of  the  parallelograms  ZD  and  YG,  equal  to  CD  and  CG,  by 
34.  1  Eu.)9  the  rectangle  ZPY  ;  whence  the  rectangles  VPC  and 
ZPY  being  equal,  their  doubles,  the  rectangles  XPC  and  TPY 
are  equal  {Ax.  6.  1  Eu.)9  therefore,  YC  being  parallel  to  the 
tangent  PG  (Cvnstr.),  the  point  T  is  in  the  circle  PSX,  for  if 
the  circle  PSX  did  not  meet  the  right  line  PZ  in  T,  the  rect- 
angle ui\der  the  segments  of  the  right  line  PZ,  between  P,  and 
the  points,  in  which  it  meets  the  circle  again,  and  YC,  would 
riot  be  equal  to  the  rectangle  XPC,  contrary  to  Theor.  at  5.  4 
Eu,  therefore  the  circle  PSX  has  the  same  curvature  as  the 
section,  in  the  point  P  (76.  1  Sup). 

Case  3.  Let  now,  in  a  par- 
abola, the  diameter  passing 
through  the  contact  P,  not  be 
the  -  axis,  PX  the  segment 
thereof  equal  to  its  parame- 
ter, and  PSX  the  circle  touch- 
ing the  section  in  P,  and  pass- 
ing through  X, 

Let  there  be  drawn  from  P, 
to  the  axis  BH,  a  right  line 
PH,  ordinately  applied  to  it, 
meeting  the  parabola  again  in 
Q,  and  through  Q  let  the  di- 
ameter QZ  be  drawn,  to 
which  from  the  point  P,  let 
PZ  be  drawn,  ordinately  ap- 
plied to  it,  meeting  the  para- 
bola again  in  T,  from  Q  let  the  ordinate  QD  be  drawn  to  the 
diameter  PX,  meeting  PZ  in  0. 
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Because  the  parameters  of  tbe  diameters  PD  and  QZ  are 
equal  {Cor.  4.  11.  1  Sup.),  and  the  abscissas  PD  and  QZ  are 
equal  (Cor.  44.  1  Sup.),  the  ord mates  PZ  and  QD  are  equal 
(40.  1  Sup.  and  Cor.  1.  46.  1  Eu.) ;  but,  because  the  triangles 
POD  and  QOZ  are  equiangular,  and  their  sides  PD  and  QZ 
equal,  PO  is  equal  to  OZ  (4.  6  and  J 4.  5  Eu.)  ;  whence,  PT 
being  bisected  in  Z  (31.  1  Sup.),  PO  is  a  fourth  part  of  PT,  and 
the  rectangle  TPO  is  equal  to  the  square  of  PZ  or  QD,  or, 
which  is  equal  (40.  1  Sup.),  to  the  rectangle  XPD  ;  whence, 
QD  being  parallel  to  a  right  line  touching  the  circle  and  section 
in  P  (Bef.  12.  I  Sup.),  tbe  point  T  is  in  the  circle  PSX,  for 
otherwise  the  rectangle  under  the  segments  of  the  right  line 
PZ,  between  P,  and  the  points,  in  which  it  meets  the  circle 
again,  and  QD,  would  not  be  equal  to  the  rectangle  XPD,  con- 
trary to  Theor.  at  5.  4  Eu,  therefore  the  circle  PSX  has  th* 
same  curvature  as  the  section,  in  the  point  P  (76.  1  Sup). 


PROP.  LXXVIII.  THEOR. 


If  two"  ellipses  have  a  common  axis,  two  hyperbolas  a  common 
transverse  axis,  or  two  parabolas  a  common  axis  and  principal 
vertex ;  coincident  ordinates  to  the  common  axis,  are  to  each 
other,  in  a  given  ratio  ;  being,  in  ellipses,  as  the  other  axes  ;  in 
hyperbolas,  as  tlie  respective  second  axes  ;  and,  in  parabolas,  in  a 
subduplicate  ratio  of  the  principal  parameters  of  the  parabolas* 

Jbnd  the  areas  of  segments  cut  off  by  such  ordinates  subtended  by 
the  same  segment  of  the  common  axis,  or,  in  ellipses,  by  the 
whole  common  axis,  are  to  each  otlier,  in  the  same  ratio. 
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I^et  AB  in  fig.  1  and  2,  be  an  axis  of  an  ellipse  or  hyperbola, 
which  in  the  hyperbola  is  a  transverse  one,  CM  and  CT  the 
halves  of  other  axes  of  the  sections  BP  and  BQ  ;  in  fig.  3,  let 
BH  and  B  be  the  common  axis  and  principal  vertex  of  the 
parabolas  BP  and  BQ,  the  right  lines  HP  and  HQ  being  in 
every  fig.  coincident  ordinates  to  tho  axis  HB  ;  these  ordinate^ 
are  to  each  other  in  fig.  1  and  2,  as  the  axes,  oi  which  CM 
and  CT  are  the  halves,  and  in  fig.  3,  in  a  subduplicate  ratio  of 
the  principal  parameters  of  the  parabolas. 

And  the  areas  HBP  and  HBQ,  and  in  fig.  1,  APB  and  AQB, 
are  to  each  other  in  the  same  ratio. 

l*art  1.  In  fig.  1  and  2,  the  square  of  HP  is  to  the  rectangle 
AHB,  as  the  square  of  CM  is  to  the  square  CB  (23.  1  Sup.)9 
and  the  rectangle  AHB  is  to  the  square  of  HQ,  as  the  square 
of  CB  to  the  square  of  CT  (23.  1  Sup.  and  Theor.  3.  15.  5  Eu.) ; 
therefore,  by  ordinate  equality,  the  square  of  HP  is  to  the  square 
of  HQ,  as  the  square  of  CM  is  to  the  square  of  CT  (22.  5  Eu.)9 
and  of  course  HP  to  HQ,  as  CM  to  CT  (22.  6  Eu.),  or  as  the 
i,  of  which  CM  and  CT  are  the  halves. 

In  fig.  3,  the  square  of  HP  is  equal  to  the  rectangle  under 
and  the  principal  parameter  of  the  parabola  BP  (23.  i  8up.)9 
and  the  square  of  HQ  is  equal  to  the  rectangle  under  BH  and 
the  principal  parameter  of  the  parabola  BQ  (by  the  same)  ; 
therefore  the  square  of  HP  is  to  the  square  of  HQ,  as  the  prin- 
cipal parameter  of  the  parabola  BP  is  to  the  principal  parameter 
of  the  parabola  BQ( Cor.  1.7.  5  and  1. 6  Eu  ),  and  therefore  HP  is 
to   UQ»in  a  subduplicate  ratio  of  these  parameters  (Cor.  1.  20.  6 

i?art  2.     Bisect  in  every  fig.  HB  in  D,  from  D,  draw  DG 
parallel  to  HQ,  meeting  the  section   QB  in  K,  and  a  right  line 
QO  drawn  through  Q,  parallel  to  HB,  in  G,  and  from  B„  draw 
BL  parallel  to  HQ,  meeting  a  right  line  drawn  through  K,  par- 
allel to  HB  in  L,  and  let  LK  produced  meet  HQ  in  R  ;  and 
there  is  circumscribed   about  the  figure  HQB  formed  by  the 
section  QB  and  the  right  lines  QH  and  HB,  the   rectilineal 
%Ure  HQGRLB,  and  inscribed  in  the  same  figure  HQB,  the 
^ctilineal  figure  HRKD,  and  the  difference  between  the  inscrib- 
ed   and   circumscribed  figures  is  the  rectangles  QK  and  KB, 
which  together  are  equal  to  the  rectangle  under  HD  and  HQ  $ 
***d   if  HD  and  DB  be  bisected,  and  figures  be  in  like  manner 
^scribed  in  and   circumscribed  about  the  figure  HQB,  it  may 
*"fc  same  way  be  proved,  that  the  difference  between  the  iriscrib- 
Sj   and   circumscribed  figures,  is  equal  to  the  rectangle  under 
**Q  and  the  half  of  HD  ;  and  in  like  manner,  if  the  bisections  be 
^^vtinued  ever  so  often,  it  may  be  shewn,  that  the  different 
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between  the  incribed  and  circumscribed  figures  is  always  equal 
to  the  rectangle  under  HQ  and  one  of  the  parts  into  which  HB 
is  divided ;  'and  since,  by  repeated  bisections,  the  parts  into 
which  HB  is  divided  become  at  length  less  than  any  given  right 
line  (Cor-  Theor.  at  7-  5  Eu.)9  therefore  the  difference  between 
the  inscribed  and  circumscribed  figures,  and  therefore  between 
either  and  the  figure  HQB,  becomes  at  length  less  than  any 
given  surface  ;  in  like  manner,  if  figures  be  thus  inscribed  in 
and  circumscribed  about  the  figure  HPB,  it  may  be  shewn,  that 
the  difference  between  cither  the  inscribed  or  circumscribed 
figures  and  HPB,  becomes  at  length  less  than  any  given  surface; 
and  since,  the  rectangles,  as  QD,  KB,  &c.  which  constitute 
figures  so  circumscribed  about  HQB  and  HPB,  have  for  their 
common  attitude  the  parts  into  which  HB  is  divided,  having  for 
the  bases  of  any  two  corresponding  or  partly  coincident  ones, 
right  lines  intercepted  between  HB  and  the  sections  PB  and 
QB,  which  right  lines  are  to  each  other,  as  the  right  lines  HP 
and  HQ,  (by  part  1),  these  rectangles  are  to  each  other,  in  the 
same  ratio  (1.  6  Eu.)9  and  therefore  the  sums  of  all  the  rectan- 
gles, which  constitute  the  circumscribed  figures,  are  to  each 
other,  in  the  same  ratio  (12.  5  Eu)  ;  whence  the  figures  so  cir- 
cumscribed about  the  figure  HPB  and  HQB,  by  repeated  bisec- 
tions of  HB,  approaching  nearer  and  nearer  to  equality  with 
those  figures,  so  as  at  length  to  differ  from  them  by  magnitudes 
less  than  any  given  ones,  and  always  retaining  the  same  ratio 
to  each  other,  namely,  that  of  HP  to  HQ,  or,  in  fig.  1  and  2,  of 
the  other  axes,  or,  in  fif^.  3,  a  subduplicatc  one  of  the  principal 
parameters  of  the  sections,  the  areas  HPB  and  HQB  are  to  each 
other  in  the  same  ratio  (Theor.  2.  33.  6  Eu).  In  like  manner,  in 
fig,  1,  the  areas  APU  and  AQH  may  be  proved  to  be  in  the  same 
ratio  ;  as  are  therefore  the  areas  APB  and  AQB  (12.  5  Eu).  • 

Cor.  1.  Since  the  same  conclusion  would  follow,  if,  in  the 
case  of  fig.  1,  one  of  the  figures  as  AQB  were  a  circle,  for,  in 
that  case  the  ratio  of  the  square  of  T1Q  to  the  rectangle  AHB 
would  be  that  of  equality  (3  and  35.  3  Eu.)9  and  therefore  equal 
to  that  of  the  square  of  CT  to  the  square  of  CB,  it  follows,  that 
the  area  of  an  ellipse  is  to  that  of  a  circle  described  about  the 
greater  axis  as  a  diameter,  as  the  less  axis  is  to  the  greater,  and 
to  the  area  of  a  circle,  so  described  about  the  less  axis,  as  the 
greater  axis  is  to  the  less. 

Cor.  2.  In  this  proposition,  from  the  supposition,  that  right 
lines  drawn  from  HB,  perpendicularly  to  the  curves  PB  and 
QB,  are  in  a  constant  ratio,  it  is  demonstrated,  that  the  areas 
HPB  and  HQB  are  in  the  same  ratio ;  therefore,  "  if,  in  tw* 
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44  figures,  bounded  each  by  two  right  lines  at  right  angles  to 
44  each  other,  and  a  curve,  the  right  lines  considered  as  bases  of 
44  each  be  equal,  and  all  perpendiculars  to  the  equal  bases, 
44  intercepted  between  those  equal  bases  and  the  curve,  be  in  a 
u  constant  ratio,  the  areas  of  the  figures  are  in  the  s^me  ratio." 

Cor.  3.  "  And,  the  same  things  being  supposed,  except  that 
44  the  right  lines  intercepted  between  the  bases  and  the  curve, 
44  and  in  a  constant  ratio  to  each  other,  instead  of  being  perpen- 
44  dicular  to  the  bases,  form  any  equal  angles  whatever  with 
44  them  towards  the  curves,  the  areas  of  the  figures  would  be 
4*  still  in  the  same  constant  ratio  ;"  the  same  reasoning  apply- 
ing except  that  the  parallelograms,  instead  of  being  right 
angled,  are  oblique  angled,  equiangular  and  equilateral  paral- 
lelograms being  equal  by  Cor.  3.  34.  1  Eu. 

Cor.  4.  "  And  if,  instead  of  the  right  lines,  intercepted 
44  between  the  bases  and  the  curve,  and  in  a  constant  ratio  to 
44  each  other,  forming  equal  angles  with  the  bases  towards  the 
44  curves,  in  both  figures  ;  the  equal  angles  in  one  figure,  be 
44  complements  of  the  equal  angles  in  the  other,  to  two  right 
44  angles,  the  areas  of  the  figures  would  be  still  in  the  same 
44  constant  ratio ;"  for  since  the  acute  angles  of  oblique  angled 
parallelograms,  are  complements  of  their  obtuse  ones  to  two 
right  angles  (29.  1  Eu-)9  the  parallelograms  used  in  the  proof 
would  be  still  equiangular,  and  therefore  the  same  reasoning 
woidd  in  this  case  also  apply. 
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SUPPLEMENT, 


PROP.  LXXIX.  THEOR. 


Jlhyperbolick  sector  CCGH)9  formed  by  a  hyperbolick  arch  fGH)9 
and  two  semidiameters  fCG  and  CH)  drawn  to  its  extremes 
CO  and  H)*  is  equal  to  the  hyperbolick  trapezium  CMQHtf) 
formed  by  the  same  arch*  by  two  right  lines  (QMand  HN), 
drawn  from  its  extremes  (Gr  and  H)9  to  one  asymptote  (CT), 
parallel  to  the  other  (CS)9  and  the  segment  (Mb )  of  the 
asymptote,  to  which  the  parallels  are  drawn9  between  those 
parallels* 

And  any  two  such  %ctors  fCDQ  and  CHK)9  or  trapeziums 

( LD 0 M and   WHKO)9  of  which  the  segments  (CL  and  CM, 

CNand  CO)  of  the  asymptote,  to  which  parallels  are  so  drawn 

from  the  extremes  of  the  hyperbolick  arches,  between  those  par- 

alles.  and  the  centre,  are  in  the  same  ratio  to  each  other  in  both, 

.  are  equal. 

Part  1.  The  triangles  CMG  and  CNH 
are  equal  (Cor.  2.  38.  1  Sup.  and  16  and  15.  6 
Eu.)9  taking  from  each  the  common  triangle 
CMI,  the  triangle  CIG  is  equal  to  the  trai>e- 
zium  MJHN,  to  each  of  which  adding  the 
space  IGH,  the  sector  CGH  is  equal  to  the 
hyperbolick  trapezium  MGHN. 

Part  2.  Let  now  right  lines  DL,  GM, 
HN  and  KO  drawn  from  the  extremes  of  the 
hyperbolick  arches  DG  and  HK  parallel  to 
one  asymptote  CS,  meet  the  other  CT  in  L, 
M,  N  and  O,  and  CL  be  to  CM,  as  CN  to 
CO  ;  the  sectors  CDG  and  CHK  are  equal. 

For,  drawing  the  right  lines  GH  and  OK,  and  producing 
them  to  meet  the  asymptotes  in  Q  and  R,  S  and  T,  because 
NH,  MG  and  CQ  are  parallel,  NR  is  to  HR  as  CM  to  QG 
{Cor.  2.  10.  6  and  16.  5  Eu.)9  therefore  because  of  the  equals 
QG  and  HR  (37.  1  Sup.)9  the  right  lines  CM  and  NR  are  equal 
(Theor.  3.  15.  5  and  14.  5  Eu.) ;  and  in  like  manner,  because  of 
the  parallels  OK,  LO  and  CS,  and  the  equals  SO  and  KT.  the 
right  lines  CL  and  OT  are  equal ;  whence  NR  is  to  OT,  as  CM 
is  to  CL  (Cor.  1.  7.  6  Eu.),  or,  which  is  equal,  (Hyp.)9  as  CO  is 
to  CN,  or,  which  is  equal  (Cor.  2.  38.  1  Sup.  and  16.  6  Eu.)9  as 
NH  is  to  OK:  ;  whence,  the  angles  RNH  and  TOK  being  equal 
(Hyp.  and  29.  1  En.),  the  angles  NRH  and  OT£  are  equal 
(6.  6  Eu.),  and  therefore  the  right  lines  RHQ  and  TKS  are 
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parallel  (28.  1  Eu).  Let  then  the  semidiameter  be  drawn  bisect- 
ing DK  in  Z,  and  meeting  the  hyperbola  and  Gil  in  1J  and  X, 
and  because  PZ  bisects  GH  and  all  other  right  lines  terminated 
by  the  hyperbola  and  parallel  to  DK  {Cor.  1.  32.  1  Sup.),  and 
the  angles  formed  by  these  right  lines  with  PZ  towards  D,  are 
complements  of  the  angles  formed  by  the  same  right  lines  with 
PZ  towards  K  to  two  right  angles  (13.  1  Eu.)*  the  areas  PDZ 
and  PKZ  are  equal  {Cor.  4.  78.  1  Sup.) ;  for  a  like  reason,  the 
areas  PGX  and  PHX  are  equal,  and  therefore  their  differences, 
the  areas  XZDG  and  XZKH  are  equal,  which  with  the  trian- 
gles CXG  and  CXH,  which  are  equal  (38.  1  -Bit.),  being  taken 
from  the  triangles  CZD  and  CZK,  which  are  also  equal  (by  the 
same),  the  residues,  namely  the  hyperlolick  sectors  CGD  and 
CHK,  are  equal. 

And  since  the  hyperbolick  trapeziums  LDGM  and  NHKO 
are  severally  equal  to  the  equal  hyperbolick  sectors  CGD  and 
CHK  {by  part  1),  they  are  equal  to  each  other. 

Cor.  Hence,  if  in  an  asymptote  CT  of  a  hyperbola,  there  be 
taken  ft-om  the  centre  C  any  number  of  parts  CL,  CM,  CN,  &c. 
continually  proportional,  and  right  lines  LD,  MG,  NH,  &c.  be 
drawn  parallel  to  the  other  asymptote  CS  ;  the  sectors  CDGf 
CGH,  &c.  as  also  the  trapeziums  LDGM,  MGHN,  &c.  are  all 
equal  to  each  other* 


PROP.  LXXX.  THEOR. 


If  a  triangle  (PK({)  being  formed  by  a  right  line  CPQ)  inscribed 
in  a  parabola,  and  tangents  (PK  and  QK)  to  thejigure9  drawn 
from  its  extremes,  the  inscribed  right  line  be  bisected  Cos  in  HJ9 
and  its  parts  be  again  bisected,  and  so  on;  and  diameters  being 
drawn  through  all  the  bisecting  points  G9  H,  <$•&  an  inscribed 
figure  be  formed  by  joining  the  extremes  (P  and  QJ9  of  the 
inscribed  right  line,  and  the  vertices  ( M,  B,  &cj  of  these  diam- 
eters by  right  lines,  and  a  circumscribed  j^ure,  by  drawing 
tangents  through  these  vertices ;  the  inscribed  area,  is  always 
double  the  area,  contained  between  the  circumscribed  figure,  and 
the  same  triangle. 
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First,  let  the  inscribed  figure  he  the  triangle  PDQ,  O  and  R 
being  the  points  in  which  the  tangent  through  D  meets  PK  and 
QK,  the  circumscribed  figure  is  the  trapezium  PORQ,  and  the 
area  without  it,  the  triangle  OKR;  and,  because  HD  is  a  diam- 
eter, it  passes  through  the  point  K  {Cor.  2.  49.  1  Sup.)*  and 
because  KH  is  double  to  KD  (44.  1  Sup.),  the  triangles  KDO 
and  RHP  being  equiangular,  HP  is  double  to  DO  (4.  6  and 
16.  5  Eu.) ;  for  a  like  reason,  QH  is  double  to  RD,  therefore 
QP  is  double  to  RO,  and  the  triangle  QDP  double  to  RRO 
(1.  6  Eu). 

Again,  if  PH  be  bisected  in  G,  and  through  G,  the  right  line 
OMG  be  drawn  parallel  to  KH,  meeting  PD  in  L,  because  of 
the  parallels  MG  and  DH,  the  diameter  MG  bisects  PD  in  L 
(2.  6  Eu.),  and  therefore  passes  through  O  (Cor.  2.  49.  1  Sup.); 
whence,  because  of  the  equals  LM  and  MO,  the  triangle  DMP 
is  double  the  triangle  IOU  (l.  6  Eu.)  ;  in  like  manner,  the 
triangle  DXQ  may  be  proved  to  be  double  to  YRZ,  but  DMP 
and  DXQ  are  added  to  the  former  inscribed  figure,  and  IOU 
and  YRZ  are  added  to  the  area  which  is  without  the  circum- 
scribed figure  ;  therefore  the  inscribed  figure  PMDXQ  is  double 
the  figure  UIYZK  between  the  circumscribed  figure  and  the 
triangle  PKQ  ;  and  in  like  manner,  if  the  number  of  the  sides  of 
the  inscribed  and  circumscribed  figures,  be  ever  so  much 
increased,  whatever  is  added  to  the  area  without  the  circum- 
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scribed  figure,  its  double  is  always  added  to  the  inscribed 
figure,  and  therefore  the  inscribed  figure  is  always  double  the 
&rea9  which  is  without  the  circumscribed  figure,  and  within  the 
triangle  PKQ. 

Cor.  1.  Hence  it  is  manifest,  that  no  figure  can  be  incribed 
in  the  parabolick  segment  PDQ,  as  in  this  proposition,  which  is 
double  the  area  PKQD  without  the  parabolick  segment  and 
within  the  triangle  PKQ. 

Car.  2.  It  is  also  manifest,  that  no  figure  can  be  circum- 
scribed about  the  parabolick  segment  PDQ,  as  in  the  proposi- 
tion, so  that  the  area  without  it,  and  within  the  triangle  PKQ 
would  be  half  the  parabolick  segment  PDQ. 

Cor.  3.  In  the  parabolick  segment  PDQ,  a  figure  may  be 
inscribed  as  in  this  proposition,  which  would  want  of  it  by  a 
space  less  than  any  given  one. 

For  the  triangle  DHQ  is  half  of  the  triangle  RHP,  and 
DHQ  of  KHQ  (1.6  Eu.)9  and  therefore  PDQ  of  PKQ,  there- 
fore the  triangle  PDQ  is  more  than  half  the  parabolick  segment 
PDQ ;  and,  in  like  manner,  if,  in  the  remaining  segments,  the 
triangles  PMD  and  DXQ  be  inscribed,  they  would  take  away 
more  than  half  of  these  segments,  and  if,  in  the  remaining 
segments,  this  he  continually  done,  the  same  would  always 
happen  ;  wherefore  the  inscribed  figure  would  at  length  want 
of  the  parabolick  segment  by  a  space  less  than  any  given  one 
{Thwr.  at  7.  5  Eu). 

Car.  4.  About  the  parabolick  segment  PDQ,  a  figure  may 
be  circumscribed,  as  in  this  proposition,  which  would  take  from 
the  area  PKQD,  without  the  parabolick  segment  PDQ,  and 
within  the  triangle  PKQ,  a  space  less  than  any  given  one. 

In  the  area  PKQD,  let  the  triangle  OKR  be  inscribed,  whose 
btae  OR  is  parallel  to  the  right  line  PQ  joining  the  contacts, 
and  because  KD  and  DH  are  equal  (44.  1  8up.)9  KR  and 
RQ  as  also  KO  and  OP  are  equal  (2.6  Eu.) ;  therefore  the 
triangle  OKR  is  half  the  triangles  KDP  and  KDQ  together, 
(38.  1  Eu.)9  and  of  course  more  than  half  the  area  PKQD ;  and, 
in  like  manner,  if  in  the  remaining  segments  PODM,  and 
QRDX,  the  triangles  OIU  and  RYZ  be  inscribed,  they  would 
take  away  more  than  the  halves  of  these  segments  ;  and  if  this 
be  continually  done,  the  same  would  always  happen ;  therefore 
the  circumscribed  figure  would  at  length  take  away  from  the 
area  PKQD,  a  space  less  than  any  given  one  (Theor.  at  7.  5 
Eu). 
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PROP-  LXXXI.  THEOR. 


A  parabolick  segment  f  PDQ,  see  fig.  to  prec.  prop*  J  formed  by  a 
parabolick  arch,  and  a  right  line  joining  it*  extremes,  is  two 
thirds  of  a  circumscribing  parallelogram  (PBTQ),  formed  by 
its  base  (PQJ*  a  tangent  (BTj  to  the  parabola  parallel 
thereto,  and  diameters  (PB  and  QTJ  drawn  from  its  extremes 
(P  and  qj. 

Let  the  tangents  PK  and  QK  be  drawn  (48.  1  Sup.*),  and 
through  their  concourse  R,  a  diameter  KH,  which  bisects  PQ 
in  H  {Cor.  1.  49.  1  Sup.),  and  through  its  vertex  D,  a  tangent 
ODR,  the  diameter  KH  passes  through  the  contact  D  (32.  1 
and  Def.  12.  1  Sup.),  and  because  of  KH  double  to  DH  (44. 1 
Sup.),  the  triangle  PKQ  is  equal  to  the  parallelogram  PBTQ; 
but  the  parabolick  segment  PDQ  is  double  the  area  PKQD,  for 
if  it  exceeded  the  double  of  that  area,  by  any  space  S,  then,  by 
Cor.  3  of  the  preceding,  a  figure  may  be  inscribed  in  the  seg- 
ment PDQ,  which  would  want  of  that  segment  by  a  space  less 
than  S9  therefore  this  figure  would  be  greater  than  double  the 
area  PKQD,  contrary  to  Cor.  !  of  the  preceding,  therefore  the 
segment  PDQ  does  not  exceed  double  the  area  PKQD. 

Neither  is  it  less  than  double  this  area  ;  for  if  it  were,  and 
therefore  the  area  PKQD  were  greater  than  half  *the  segment 
PDQ,  by  any  space  S,  then,  by  Cor.  4  of  the  preceding,  a  figure 
may  be  circumscribed  about  this  segment,  within  the  triangle 
PKQ,  which  would  take  away  from  the  area  PKQD,  a  space 
less  than  S  ;  therefore  the  area  without  this  figure,  and  within 
the  triangle  PKQ,  would  exceed  half  the  segment  PDQ,  con- 
trary to  Cor.  2  of  the  preceding  ;  since  then  the  segment  PDQ 
is  neither  greater  nor  less  than  double  the  area  PKQD,  it  is 
double  that  area,  and  is  therefore  to  the  triangle  PKQ,  or  its 
equal,  the  parallelogram  PBTQ,  as  two  is  to  three,  and  is  of 
course  two  thirds  of  that  parallelogram. 

Cor.  Since  the  parabolick  areas  DBP  and  DTQ  are  together 
one  third  part  of  the  parallelogram  BQ,  and  the  triangle  BPD 
is  one  half  of  the  parallelogram  BH  ;  it  follows,  that  the  para- 
bolick area  BPD  is  two  thirds,  and  the  segment  BMP  one  third 
of  the  triangle  BPD.  See  Newt.  Princip.  Cor.  5.  Lem.  llth 
Book  1. 
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PROP.  LXXXIL  THEOR. 

If  a  right  line  fGD,  see  both  Jig.  J  9  meeting  a  conick  section  or 
opposite  sections  in  two  points   (S  and  TJ,  meet  two  tangents 

.  to  the  section  (PKand  ((Kj,  and  the  right  line  (P(&  joining 
the  contacts  ;  the  rectangles  (  SDT  and  SQTj,  wider  the 
segments  of  the  secant,  between  the  tangents,  and  the  section,  are 
to  each  other,  as  the  squares  of  its  segments  fDH  and  GHJf 
tetween  the  tangents,  amd  the  right  line  joining  the  contacts. 


Fig.  2. 


Through  the  point  D,  in  which  the  secant  meets  one  of  the 
tangents  KQ,  let  a  right  line  DR  be  drawn,  parallel  to  the 
other  tangent  PK,  meeting  the  right  line  joining  the  contacts 
in  R;  then  is  the  rectangle  SDT  to  the  square  of  DR,  as  the 
rectangle  SGT  to  the  square  of  PG  (65.  1  Snp.)  ;  therefore,  by- 
alternating,  the  rectangle  SDT  is  to  the  rectangle  SGT,  as  the 
square  of  DR  is  to  the  square  of  PG  (16.  5  Eu.),  or,  (because 
of  the  equiangular  triangles  HDR  and  HGP),  as  the  square  of 
GH  is  to  the  square  of  Dii  (4  ami  22.  6  and  16.  5  Eu). 

If  the  tangents,  which  the  secant  meets,  be  parallel  to  each 
other,  the  proposition  is  manifest  from  Cor.  5.  14.  1  Sup. 
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PROP.  LXXXIII.  THEOR. 

If  two  right  lines  fBH  and  OH,  or  DL  and  KL)9  meeting  each 
other,  and  cutting  a  conick  section  or  opposite  sections  in  twe 

:  points,  meet  a  tangent  rKD)  to  the  same  ;  the  squares  of  the 
segments  (OP  and  DP,  or  KP  and  DP  J  of  the  tangent,  be- 
tween its  concourses  with  the  secants,  and  the  contact,  are  to 
each  other,  in  a  ratio  compounded  of  the  direct  ratio  of  the  rect- 
angles COGq  and  RDS,  or  TKU  and  RDS),  under  the  seg- 
ments of  the  secants,  between  the  tangent  and  section,  and  the 
inverse  one  of  the  rectangles  '((HO  and  SHR,  or  ULT  and 
\8LRJ  under  the  segments  of  these  secants,  betweeen  their  con- 
course and  the  section* 

Case  1.  When  a  right  line  as  GZ, 
drawn  through  the  point  G,  in  which 
one  of  the  secants  meets  the  tangent, 
parallel  to  the  other  secant  DH, 
meets  the  section,  as  in  X  and  Z. 

Having  drawn  GZ  parallel  to  DH, 
because  of  the  parallel  secants  GZ 
and  DL,  the  square  of  GP  is  to  the 
square  of  PD,  as  the  rectangle  XGZ 
is  to  the  rectangle  RDS  (Cor.  1.  14. 
1  Sup.)  ;  but  the  ratio  of  the  rect- 
angle QGZ  to  the  rectangle  RDS  is 
compounded  of  the  ratio  of  the  rect-. 
angle  XGZ  to  the  rectangle  SHR,  K  Cr 
or,  (Cor.  4.  14.  1  Sup.),  of  the  ratio  of 
the  rectangle  OGQ  to  the  rectangle  QHO,  and  of  the  ratio  of 
the  same  SHR  to  RDS  (Def.  13.  5  Eu.)  ;  therefore  the  ratio  of 
the  square  of  GP  to  the  square  of  PD  is  compounded  of  the 
ratio  of  the  rectangle  OGQ  to  QHO,  and  the  ratio  of  the 
rectangle  SHR  to  RDS,  or,  which  is  equal  (Cor.  5*  23.  6  Eu.), 
of  the  ratio  of  the  rectangle  OGQ  to  RDS,  and  the  ratio  of  SHR 
to  QHO. 

Case  2.  When  the  secants  KL  and  DL  and  the  tangent  KD 
are  so  posited,  that  a  right  line  drawn  from  the  point  K,  in 
which  one  of  the  secants  KL  meets  the  tangent,  parallel  to  the 
other  secant  DL,  would  not  meet  the  section. 

Through  any  point  X  in  the  section  between  P  and  T,  draw 
GZ  parallel  to  DL,  meeting  PR  in  G,  and  the  section  again 
in  Z  ;  the  ratio  of  the  square  of  KP  to  the  square  of  PD,  is 
compounded  of  the  ratios  of  the  square  of  KP  to  the  square  of 
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C3P,  and  of  the  square  of  OP  to  the  square  of  PD  {Def.  13.  5 

JB*0  ;  but  the  square  of  KP  is  to  the  square  of  GP,  as  the  rect- 

ajigk  TKU  is  to  the  rectangle  OGQ  {Car.  1.  14.  1  Sup.),  and 

-die  square  of  OP  is  to  the  square  PD,*  in  a  ratio  compounded  of 

-tibe  ratios  of  OGQ  to  RDS  and  of  SHR  to  QHO  {by  case  I) ; 

-£fcerefore  the  square  of  KP  is  to  the  square  of  PD,  in  a  ratio 

'  «2ompoanded  of  the  ratios  of  the  rectangle  TKU  to  OGQ,  of 

OGQ  to  RDS  and  of  SHR  to  QHO  ;  and  the  ratio  compounded 

of  the  ratios  of  TKU  to  OGQ  and  OGQ  to  RDS,  is  equal  to  the 

ratio  of  TKU  to  RDS  {Def  13.  5  Eu.),  and  the  ratio  of  SHR  to 

QHO  to  that  of  SLR  to  ULT  (14.  1  Sup  ) ;  therefore  the  square 

of  KP  is  to  the  square  of  PD,  in  a  ratio,  compounded  of  the 

ratios  of  the  rectangle  TKU  to  RDS  and  of  SLR  to  ULT. 
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PROP.  LXXXIV.  THEOR. 


The  diagonals  of  any  quadrangle  (ABCD,  see  Jig.  1  and  2  )9  form- 
ed by  four  right  linesf  touching  a  conick  section  or  opposite  sec- 
tions, intersect  each  other  9  in  the  same  point,  as  do  right  lines 
(EG  and  HFJ  joining  the  opposite  contacts. 


Fig.  2. 


Let  K  be  the  intersection  of  the  right  lines  EG  and  HF, 
joining  the  opposite  contacts  ;  and  if  the  diagonals  of  the  quad- 
rangle ABCD,  do  not  intersect  each  other  in  K,  let  one  of  them, 
as  AC,  if  possible,  meet  the  right  lines  EG  and  HF  elsewhere, 
as  in  L  and  M,  and  let  N  and  0  be  the  points,  in  which  AC 
meets  the  section. 

Because  AC  meets  the  tangents  EA  and  GC  in  A  and  C,  and 
the  right  line  EG  joining  their  contacts  in  L,  the  square  of  AL  is 
to  the  square  of  LC,  as  the  rectangle  N  AO  is  to  the  rectangle  OCN 
(82.  1  Sup.)  ;  and  because  AC  meets  the  tangents  HA  and  FC 
in  A  and  C,  and  the  right  line  HF  joining  their  contacts  in  M, 
the  square  of  AM  is  to  the  square  of  MC,  as  the  rectangle  NAO 
is  to  the  rectangle  0<  N  {by  the  same) ;  whence,  the  ratios  of 
the  squares  of  AL  and  LC  and  of  the  squares  of  AM  and  MC, 
being  each  equal  to  the  ratio  of  the  rectangle  NAO  to  the  rect- 
angle OCN,  are  equal  to  each  other  (11.  5  Eu  ),  and  therefore 
AL  is  to  LC  as  AM  to  MC  (£2.  6  Eu.)9  which  is  absurd  8.  5 
En.) :  therefore  a  right  line  drawn  trom  A  to  C  passes  through 
the  point  K. 

In  like  manner  it  maybe  proved,  that  a  right  line  drawn  from 
D  to  B  passes  through  the  point  K  :  therefore  the  diagonals  of 
.  the  quadrangle  ABCD  intersect  each  other  in  K. 
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PROP.  LXXXV.  PROB, 


lb  describe  a  conick  section,  of  which  a  diameter  (T)G),  its  ver- 
tices* or  if  it  have  hut  one,  that  one,  and  an  ordinate  (HKJ  to 
the  same  diameter,  are  given. 

Case  1.  Let  D  and  G 
be  the  vertices  of  the  di- 
ameter DG,  and  HK 
nieet  DG  between  D  and 
G,  the  section  being  of 
course  an  ellipse. 

Bisect  DG  in  C,  and 
draw  CPparallel  to  HK, 
taking  CP  so,  that  its 
square  may  be  to  the 
square  of  HK,  as  the 
square  of  CG  is  to  the  rectangle  DHG  [Cor.  3.  23.  6) ;  P  is  in 
*fce  ellipse  (Cor.  3.  40.  1  Sup.)  ;  through  P,  draw  PO  parallel 
"*"3  CG,  on  CP  produced,  take  PL  a  third  proportional  to  CP 
nd  CG  (11.  6  Eu.),  so  is  the  rectangle  CPL  equal  to  the  square 
f  CG(17.  6  Eu.)  ;  bisect  CL  in  Q,  and  draw  QR  perpendi- 
tilar  to  CL,  meeting  PO  in  R;  from  the  centre  R,  describe  a 
irele  through  C  and  L,  meeting  PO  in  the  points  S  and  O ; 
G  and  CS  being  joined  arc  the  axes. 
For  SO  touches  the  section  of  which  CP  and  CG  are  conju- 


diamcters  (Def.  14.  1  Sup.),  and,  because  of  the  circle,  the 
ingle  SPO  is  equal  to  the  rectangle  CPL  (35.  3  Eu.),  or  to 
le  square  of  CG,  therefore  CS  and  CO  are  conjugate  diamc- 
jrs  (Cor.  2.  47.  I  Sup.),  and,  because  SO  is  a  diameter  of  the 
Circle,  the  angle  SCO  is  a  right  one  (31.3  Eu ),  and  therefore 
^lie  conjugate  diameters  CS  and  CO  are  the  axes  (Def.  14.  1  and 
'cr.  2.  30.  1  Sup.) ;  from  P  draw  PT  at  right  angles  to  CO,  and 

.-  DD  ~ j.: i  i.~A ii'T*  „.wl    r«rk   /  «  «     **    rz ..  \ 


^■tid  proceeding  in  like   manner,  the  vertices  M  and  N  of  the 

**ther  axis  may  be  found ;  divide  AB  in  E  and  F,  so  that  the 

Rectangles  AEB  and  AFB  may  be  each  equal  to  the  square  of 

CM  (Cor.  2.  6.  2  Eu.),  the  points  E  and  F  are  the  focuses  (2. 1 

&^i.),  which  being  found,  describe  the  ellipse  (Post.  1.  1  Sup). 
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Case  2.  Let  now,  the  points 
D  and  G  being  the  vertices  of 
the  diameter  DG,  the  ordinate 
HK'  meet  DG  produced,  the 
section  being  of  course  a  hyper- 
bola. 

As  in  preceding  case,  bisect 
DG  in  C,  take  CP  parallel  to 
HK,  and  whose  square  may  be 
to  the  square  of  HK,  as  the 
square  of  CG  is  to  the  rectangle  DHG  {Cor.  3.  28.  6  Eu.)9  P  is 
a  vertex  of  the  diameter  parallel  to  H  K  (40.  l  Sup.),  and  there- 
fore in  a  hyperbola  conjugate  to  that  to  be  described  ;  through 
P  draw  PO  parallel  to  CG,  on  CP  from  P  towards  C  take  PL 
a  third  proportional  to  CP  and  CG  (11.  6  Eu.)9  so  is  the  rect- 
angle CPL  equal  to  the  square  of  CG  (17.  6  Eu.)  ;  bisect  CL 
in  Q,  and  draw  <*R  perpendicular  to  CL,  meeting  PO  in  R; 
from  the  centre  R,  describe  a  circle  through  C  and  L,  meeting 
PO  in  S  and  O  ;  CS  and  CO  being  drawn  are  the  axes. 

For  PO  touches  the  section,  of  which  CP  and  CG  are  con- 
jugate diameters  (Def.  14.  1  Sup.)9  and,  because  of  the  circle, 
the  rectangle  SPO  is  equal  to  the  rectangle  CPL  (36.  3  Eu.)9 
or,  to  the  square  of  CG  ;  therefore  CS  and  CO  are  conjugate 
diameters  (Cor.  2. 47. 1  Sup.)9  and,  because  SO  is  a  diameter  of 
the  circle,  the  angle  SCO  is  a  right  one  (31.  3  Eu,)9  and  there- 
fore the  conjugate  diameters  CS  and  CO  are  the  axes  (Def.  14.  1 
and  Cor.  2.  30.  1  Sup.)  ;  from  P,  draw  PT  at  right  angles  to 
AB,  and  take  CA  and  CB,  each  a  mean  proportional  between 
CO  and  CT  ;  A  and  B  are  the  vertices  of  the  axis  CO  (44.  1 
Sup.)  ;  in  like  manner  the  vertices  M  and  N  of  the  other  axis 
may  be  found.  In  AB,  produced  both  ways,  take  two  points 
E  and  F,  so  that  the  rectangles  AEB  and  AFB  may  be  each 
equal  to  the  square  of  CM  (Cor.  3.  6.  2  Eu.)9  the  points  E  and 
F  are  the  focuses  (2.  1  Sup.)9  which  being  found,  describe  the 
hyperbola  or  opposite  hyperbolas  (Post.  2.  1  Sup). 


vook  i.  cmncK  nonoin. 

Case  3.  Let  the  diameter  HO.  the  section 
being  a  parabola,  have  but  one  vertex  D  ; 
take  OR  on  the  part  of  DG  opposite  to  H, 
equal  to  a  fourth  part  of  a  third  proportion-  n 
al  to  DH  and  HK  (ll  and  9.  6  Eu.), 
through  D,  draw  DL  parallel  to  HK,  make  {} 
tile  angle  LDF  equal  to  LBR,  and  DF  equal 
to  BR,  and  through  R,  draw  RQ  perpendi- 
cular to  DR ;  describe  a  parabola  from  the 
focus  F,  with  the  directrix  RQ,  (Pott.  3.  1 

».),  which  is  the  required  section. 


Foi 


For  the  parameter  of  its  diameter  RDG  is  equal  to  four 
times  DR  or  DF  (lief.  16.  1  Sup.),  and  the  right  line  DL  touch- 
es it  in  D  ( 10.  1  Sup.) ;  therefore  HK  being  parallel  to  DL  is 
ordinatoly  applied  to  the  diameter  DG  (lief.  12.  1  Sup.);  and 
since  the  square  of  HK  is  equal  to  the  rectangle  under  DH  and 
four  times  DR  or  the  parameter  of  the  diameter  DG  (Constr. 
and  17-  6  Eu.),  the  point  K  is  in  the  parabola  described  (40.  1 
Sup.),  and  therefore  what  was  required  is  done. 

PROP.  LXXXVI.  THEOR. 

If  a  side  of  any  triangle  be  parallel  to  the  diameters  of  a  parabola, 
the  squares  of  the  other  sides  are  to  each  other,  as  the  param- 
eters of  the  diameters,  whose  ordinates  are  parallel  to  those 
sides. 

Let  XTZ  be  a  triangle, 

"  "whose  Bide  XZ  is  parallel 
"to  the  diameters  of  the  para- 
bola DG,  and  let  DH  and 

-  OK  be  the  diameters,  whose 
ordinates  are  parallel  to 
XT  and  TZ  ;  the  square  of 
XT  is  to  the  square  of  TZ, 
as  the  parameter  of  the  di- 
ameter DH  is  to  the  param- 
eter of  the  diameter  GK. 

Through  D  and  Gthe  ver- 
tices of  the  diameters  DH 
and  GK,  draw  right  lines  DL 

and  GL  touching  the  parabola  (48.  1  Sup.),  they  are  parallel  to 
XY  and  YZ  (Hyp.  and  lief  13.  1  Sup.)  ;  let  DK  be  drawn 
ordinatcly  applied  to  the  diameter  GK  (36.  1  Sup.),  and  DL 
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and  GK  produced,  meet  in  O  ;  GE  is  equal  to  GO  (44.  1  8vp.)9 
and  therefore,  because  of  the  parallels  DK  atnd  LG,  the  right 
line  DL  is  equal  to  LO  (2.  6  Eu.)  ;  but  since  the  triangles  XYZ 
and  OLG,  having  their  sides  mutually  parallel,  are  equiangular 
(Cor.  3.  9-  I  ^up.)9  the  square  of  XY  is  to  the  square  of  YZ,  as 
the  square  of  OL,  or  its  equal  DL,  to  the  square  of  LG  (4.  6 
Eu.),  or,  which  is  equal  (12.  1  Sup.),  as  the  parameter  of  the 
diameter  DH  to  that  of  the  diameter  GK. 

Cor.  1.  Since  it  appears  from  this  proposition,  that  the 
squares  of  the  sides  XY  and  Y/  are  to  each  other,  as  the  squares 
of  the  segments  DL  anu  LG  of  the  tangents  parallel  to  them, 
between  their  concourse  L,  and  the  contacts  D  and  G,  therefore, 
by  14.  1  Sup.  and  9.  5  Eu.  the  squares  of  the  sides  XY  and  YZ 
arc  to  each  other,  as  the  squares  of  the  segments  of  tangents, 
or  rectangles  under  the  segments  of  secants,  parallel  to  them9 
between  their  concourse  and  the  section. 

Cor.  2.  If  a  right  line  (GQ)  touch  a  parabola,  and  from  a 
point  (Q)  in  the  tangent,  a  right  line  (QS)  be  drawn,  meeting 
the  diameter  (GT)  drawn  through  the  contact,  and  cutting  the 
parabola  in  two  points  ;  the  square  of  the  segment  (QT)  of  the 
secant,  between  the  tangent  and  the  diameter,  is  equal  to  the 
rectangle  (RQS)  under  the  segments  of  the  secant,  between  the 
tangent  and  the  section. 

For,  by  the  preceding  corollary,  the  square  of  QT  is  to  the 
square  of  QG,  as  the  rectangle  RQS  is  to  the  same  square  of 
QG  ;  therefore  the  square  of  QT  and  rectangle  RQS  are  equal 
(9.  5  Eu). 


rROP.  LXXXVII.  PROB. 


Through  three  given  points,  which  are  not  in  tlie  same  right  line, 
to  describe  a  parabola,  having  ils  diameters  parallel  to  a  right 
line  given  by  position,  which  is  not  parallel  to  a  right  line 
joining  two  of  the  given  points. 
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Let  D,  6  and  H  be  the  three 
given  points,  and  X  the  right  line 
given  by  position;  join  GH,  and 
through  D,  draw  DK  parallel  to 
X  ;  then  if  G  H  be  bisected  in  K,  it 
is  ordinately  applied  to  the  diame- 
ter 0  K  (  32.  l  &up.)9  and  the  problem 
is  performed  as  in  case  3.  85.  1 
Sup. ;  if  not,  bisect  GH  in  0, 
through  O  draw  OQ  parallel  to  X, 
and  on  the  part  of  GH,  to  which 
the  point  O  is,  if  K  be  between  G 
and  H,  and  on  the  contrary  part, 
if  not,  take  OQ  to  DR.,  as  the  rect- 
angle GOH,  or  square  of  .GO  is  to 
the  rectangle  GKH  {Cor.  2.  23.  6 
JEn.) ;  with  the  diameter  QO.  ver- 
tex Q,  and  ordinate  GO,  describe 
&  parabola  (85.  1  Sup.),  and  the 
tiling  required  is  done. 

For,  because  DK  is  to  QO,  as 
"tlie  rectangle  GKH  is  to  the  rect- 
&ngle  GOH,  the  point  D  is  in  the 
described  parabola  (21.  1  Sup.)9 
a-nd  its  diameters  QO  and  DK  are 
*•  J  construction  parallel  to  X. 


PROP.  LXXXVIII.  PROB. 


Four  points  in  a  parabola  being  given,  to  describe  it 

Case  1.     Let  D,  H,  G  and  T  be  the  four  given  points,  and 

**Bt,  let  the  four  right  lines  joining  these  points  in  continuation 

form   a  trapezium  of  which  no  two  sides  are  parallel  to  each 

°ther,  let  two  opposite  sides  GH  and  TD  meet  each  other  in  L, 

&ml  in  the  right  line  LG  take  LK,  so  that  its  square  may  be  to 

the  square  of  LD,  as  the  rectangle  HLG  is  to  the  rectangle 

DLT  (Cor.  3.  23.  6  Eu.)*  and,  having  drawn  DK,  describe  a 

parabola  through  the  points  D,  H  and  G,  whose  diameters  are 

jftrallel  to  DK  /  87.  1  Sup.)  ;  this  passes  through  the  point  T. 

For  since  the  rectangle  DLT  is  to  the  rectangle  HLG,  as  the 

square  of  DL  is  to  the  square  of  LK  (Constr.  and  Iheor  3.  15. 

5  Eu.),  and  the  rectangle  DLT  is  greater  than  the  square  of 
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DL  ($•  2  Eu.)9  the  rectangle  HL6  is  greater  than  the  square 
of  LK  (14.  5  Eu.)9  therefore  LD  does  not  touch  the  section,  for 
if  it  did,  the  square  of  LK  would  be  equal  to  the  rectangle  HLG 
(Car.  2.  86.  1  Sup.)*  contrary  to  what  has  been  just  proved, 
therefore  it  cuts  it  in  another  point,  and  if  not  in  T,  let  it,  if 
possible,  do  it  in  8,  and  since  the  rectangle  DLS  is  to  the  rect- 
angle HLG,  as  the  square  of  LD  is  to  the  square  of  LK  {Cor* 
1. 86. 1  Sup.),  or,  which  is  equal  {Con$tr.)9  as  the  rectangle  DLT 
is  to  the  rectangle  HLG,  the  rectangles  DLS  and  DLT,  having 
the  same  ratio  to  the  rectangle  HLG,  are  equal  (9.  5  Bu)9  and 
SL  and  TL  equal,  which  is  absurd  (Jhc.  9.  1  Eu.)9  the  point 
S  being  to  the  same  part  of  L,  as  the  points  D  and  T  are,  because 
L  is  without  the  parabola  ;  therefore  the  parabola  meets  the 
right  line  LD  in  the  point  T.  But  because  the  segment  LK 
may  be  taken  in  the  right  line  LHG,  on  either  part  of  the  point 
L,  two  parabolas  may  be  described,  which  would  satisfy  the 
problem. 

Case  2.  Let  D,  H,  G  and  R  be  the  four  given  points,  and  let 
HG  and  DR,  being  joined,  be  parallel ;  a  right  line  UO  bisect- 
ing these  parallels  is  a  diameter  of  the  parabola  passing  by  these 
four  points  (Cor.  2.  32.  1  Sup.) ;  let  a  parabola  be  described 
through  the  points  G,  H  and  D,  whose  diameters  are  parallel  to 
UO  (87.  1  Sup.)9  and  since  HG  is  ordinately  applied  to  the 
diameter  UO  (32.  1  Sup.),  DU  which  is  parallel  to  HG  is  an 
ordinate  to  the  same  diameter  (Def.  12.  1  Sup.),  whence  RU 
being  equal  to  DU,  the  point  R  is  in  the  parabola  (31.  1  Sup.), 
which  therefore  passes  through  this  point.  It  is  manifest,  that, 
in  this  case,  there  is  but  one  position  of  the  diameters  of  the 
parabola  which  passes  through  these  points,  and  therefore,  that 
only  one  can  do  so 

Cor.  From  the  construction  in  this  proposition,  appears  a 
jnethod,  of  finding  the  position  of  the  diameters  of  a  parabo- 
la, from  four  points  being  given  in  it. 
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PROP.  LXXXIX.  PROB. 

Five  prints,  (&>  B9  C,  D  and  E)  in  a  conkk  section  being  given 

to  describe  it 

Join  AG  and  BD    intersecting 
each  other  in  R,  and  through  the 
fifth  point  E,  draw   EG  and  EL 
parallel  to  AC  and  BD,  meeting 
them  in  G  and  H.  Take  Y  a  fourth  C; 
proportional  to  GE,  GB  and  GD 
(ML  6  Bu.)9  and  on  GE,  take  GR, 
having  to  Y,  the  ratio  of  the  rect- 
ifies CRA  and  BRD  to  each  oth- 
er (Car.  2.  S3.  6  Eu.),  and  the  rect- 
iogle  EGK  has  to  the  rectangle 
under  Y  and  GE,  or,  which  is  equal 
(Constr.  and  16.  6  Eu.)9  the  rectangle  BGD,  the  same  ratio,  as 
&K  has  to  Y  (l.  6  Eu.)9  or  which  is  equal  {Constr.)9  as  the 
rectangle  CRA  has  to  BRD  ;  in  like  manner  take  the  point  L, 
so  that  LHE  may  he  to  CHA,  as  BRD  is  to  CRA;  but  the 
points  E  and  R,  or  E  and  L  ought  to  be  on  the  same  or  differ- 
ent parts  of  the  points  G  and  H,  according  as  the  points  B  and 
D,  or  A  and  C  are  on  the  same  or  different  parts  of  the  same 
points  G  and  H. 

It  is  manifest  from  14.  1  Sup,  that  the  points  R  and  L  are  in 
the  section  passing  through  the  points  A,  B,  C,  D  and  E  ;  let 
then  a  right  line  IU  be  drawn,  bisecting  the  right  lines  BD  and 
LE  ;  IU  is  a  diameter  of  the  section  (Cor.  2.  32.  1  Sup.)  ;  let 
another  diameter  TN  be  drawn  bisecting  the  parallels  CA 
and  RE  in  T  and  N  ;  if  these  diameters  be  parallel,  the  section 
is  a  parabola,  in  which  four  points  A,  B,  C  and  D  being  given, 
let  it  be  described  through  these  points  (88.  1  Sup.),  and  what 
was  required  is  done. 

But  if  the  diameters  IU  and  TN  meet  each  other,  as  in  Q,  the 
section  is  an  ellipse  or  hyperbola,  whose  centre  is  Q.  Let  TA 
be  the  greater  of  the  two  TA  and  NE,  and  take  a  space  X, 
which  has  the  same  ratio  to  the  difference  of  the  squares  of  QN" 
and  QT,  as  the  square  of  TA  has  to  the  excess  of  the  square  of 
TA  above  the  square  of  NE  {Cor.  2.  47.  1  and  Cor.  3.  23.  6 
En,)  ;  take  the  points  O  and  P  in  TN  produced  if  necessary,  so 
that  the  square  of  QO  or  QP  may,  in  the  ellipse,  be  equal  to  the 
sum,  and  in  the  hyperbola,  to  the  difference  of  X  and  the  square 
of  QT  {Cor.  1  and  2.  47.  1  Eu.)9  and  X  is  in  both  cases  equal  to 
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the  difference  of  the  squares  of  QP  and  QT,  the  semidiameter 
QP  being  greater  than  QT  in  the  ellipse,  and  less  in  the  hyper- 
bola. An  ellipse  or  hyperbola,  as  the  case  may  be,  described 
with  the  diameter  PC),  its  vertices  being  P  and  O,  and  the  ordi- 
nate TA  or  NE  (85.  1  Sup.)9  is  the  section  required. 

For  since  X,  or  its  equal,  the  difference  of  the  squares  of  QP 
and  QT,  is  to  the  difference  of  the  squares  of  QN  and  QT  (QT 
belonging  to  the  greater  ordinate  T  A,  being  less  than  QN  in  the 
ellipse,   and  greater  in  the  hyperbola,  as  is  manifest  from  the 
constant  ratio  of  the  squares  of  the  ordinates  to  the  rectangles 
under  the  abscissas),   as  the  square  of  TA  is  to  the  excess  of  the 
square  ofTA  above  that  of  NE  (Constr.),  by  converting,  or  com- 
paring the  antecedents   with   the   excesses  of  the  antecedents 
above  the  consequents,  the  difference  of  the  squares  of  QP  and 
QT,  or  which  is  equal  (Schol.  6.  2  Eu.)9  the  rectangle  PTO,  ia 
to  the  difference  of  the  squares  of  QP  and  QN,  or  {Schol.  6.£ 
Eu.)9   the  rectangle  PNO,  as  the  square  of  TA  is  to  the  excess 
of  the  square  of  TA  above  the  difference  of  the  squares  of  TA 
and  NF,  or  the  square  of  NE  (Scliol.  18.  5  Eu.),  since  then  the 
squares  of  TA   and  NE  have  the  same  ratio  to  each  other,  as 
the  rectangles  P'l  O  and  PNO,  a  conick  section  described  with 
the   diameter  1*0  and  ordinate  TA,  would  pass  through  E,  or 
with  the  ordinate  NE,  would  pass  through  A  (Cor.  3.  40.  1  8vp)* 
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PROP.  XC.  PROB. 

*<wr  points  (A,  B9  C  and  D)  in  a  conick  section  beins*  $iven,  and 
a  right   line   (EF)  touching  it,  being  given  by  position,  to 
describe  the  section. 

Let  CB  and  DA  be  drawn,  meeting 
EF  in  E  and  F  ;  if  CB  and  DA  be  par- 
allel, let  there  be  taken  in  EF,  a  point  G, 
so  that  the  square  of  EG  may  be  to  the 
square  of  GF,  as  the  rectangle  AED  to 
the  rectangle  BFC  (Cor.   3.  23.  6  and 
Cor.  1.  10.  6  En.),  G  is  the  point  of  con- 
tact {Cor.  1.  14.  1  Sup.) ;  but  if  the  right 
fines  DA  and  CB  meet  eacli  other,  as  in 
H,  take  in   EF,  a  point  G,  so  that  the 
square  of  EG  may  be  to  the  square  of 
GF,  in  a  ratio  compounded  of  the  ratios 
of  the  rectangle  A  El*  to  the  rectangle  BFC,  and  of  the  rectangle 
CHB  to  the  rectangle  DHA,  G  is  the  point  of  contact  (83.  1 
ftp.) 

If  the  segment  EG  of  the  tangent,  between  the  contact,  and  . 
the  secant  which  is  most  remote  from  it,  be  less  than  the  segment 
EF  of  the  same,  between  the  secants,  the  point  of  contact  should 
betaken  on  the  part  of  F,  which  is  towards  E  ;  but  if  the  seg- 
•  ment  of  the  tangent,  between  the  contact,  and  secant  most  re- 
mote from  it,  be  greater  than  the  segment  of  the  same,  between 
the  secants,  the  point  of  contact  should  be  taken  on  the  part  of 
the  point  F,  which  is  remote  from  E.  Des^Hlx*  *  conick  section 
passing  through  the  five  points  A,  B,  C,  D  and  G  (89.  1  Sup.), 
and  what  was  required  is  done. 


368  ELEMENTS   or   GEOMETRY.         BCPPLEMBJTl'. 

PROP.  LCI.  PROB. 

Ikree  points  (A,  B  and  CJ,  in  a  attack  section  being  given,  and 
two  right  lines  (DE  and  FQ)  touching  it,  being  given  by  posi- 
tion, to  describe  the  section. 

Through  two  of  the 

fivcn  points  V  and  B, 
raw  a  right  line,  meet- 
ing the  given  tangents 
in  D  and  G ;  and  thro' 
A  and  C,  a  right  line, 
meeting  the  same  tan- 
gents in  E  and  F  :  in 
OD  and  FE,  take  the 
points  H  and  K,  so 
that  the  square  of  DH 
may  be  to  the  square 
of  GH,  as  the  rectan- 
gle AD  Bis  to  the  rect- 
angle AGB(  Cor.  3  23. 

6  and  Cor.  l.  10.  6  Eu.),  and  the  square  of  EK  to  the  square  of 
FK,  as  the  rectangle  CEA  is  to  the  rectangle  AFC  (fry  & 
siime);  but  the  points  H  and  K  may  be  taken  either  between 
the  points  D  and  G,  E  and  F,  or  without  the  same  ;  draw  KH 
meeting  the  tangents  in  L  and  M  j  the  points  L  and  M  arc  the 
points  of  contact. 

For  if  L  and  M  he  supposed  to  be  the  contacts,  placed  some- 
where in  the  tangents,  and  through  any  of  the  fotir  points  F.  (*> 
D  andE.  as  E.  in  one  of  the  tangents'  DE,  a  right  tine  EN  be 
drawn  parallel  to  the  ottier  tangent  FG,  meeting  the  section  in 
N  and  O.  and  in  EN  be  taken  F.Q,  a  mean  proportional  between 
EOand  EN  (13.  6  Eu.);  the  rectangle  OEN  or  (17.  6  JEu.%  the 
square  of  Etf,  is  to  the  square  of  LF.  as  the  rectangle  ('EA  is 
tn  the  rectangle  AFC  (Cor.  6.  14.   1  Sup.),  or.  which  is  equal 
[Constr.^,  as  the  square  of  KE  is  to  the  square  of  KF,  therefore 
QE  is  to  LF,  as  KE  is  to  KF  (22.  6  En.),  and  alternating.  QE 
to  KE,  as  LF  to  KF(l6.  5  Em.),  .whence,  the  angles  Q.EK  and 
LKK  being  equal  (29.   1  Eu.),  the  angles  KQE  and  KLF  are 
equal   (6.  6.  Eu.),  therefore,  the  angles  LQE  and  QLF  being 
together  equal  to  two  right  angles  (29-  1  En.),  the  angles  KLF 
and  QLF  are  together  equal  to  two  right  angles,   and  so  the 
right   lines  KL  and  LQ,  and  therefore  the  points  K,  L  and  Q 
arc  in  the  same  right  line,  (14.  1  Eu.) ;  and  for  a  like  reason,  the 
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tangents  meeting  in  R,  and  the  rectangle  OEN,  or  (Constr.  and 
IT.  6  Eu.),  the  square  of  EQ  being  to  the  square  of  EM,  as  the 
square  of  RL  is  to  the  square  of  RM  (14.  1  &up.)9  the  points 
L,  Q  and  M  are  in  a  right  line  ;  since  then  the  point  Q  is  in  the 
right  line  joining  K  to  either  L  or  M,  the  points  K,  L  and  M 
are  in  a  right  line,  and  so  the  point  K  in  the  right  line  joining 
L  and  M.  In  like  manner,  H  being  taken  in  the  right  line  GD, 
by  a  similar  law,  as  K  in  the  right  line  EF,  the  point  H  may  be 
shewn  to  be  in  the  right  line  joining  the  points  L  and  M.— 
Therefore  the  contacts  L  and  M  are  in.  the  right  line  joining  the 
points  K  and  H  ;  which  contacts  being  given,  let  a*  section  be 
described  through  them  and  the  three  given  points  (89.  1  Sup.)9 
and  what  was  required  is  done. 

PROP.  XCII.  PROB. 

Two  points  (A  and  B)  in  a  conick  section  being  given,  and  three 
right  lines  CCD*  EF  and  GHJ  touching  it,  being  given  by  posi- 
tion, to  describe  the  section. 

Through  the  given  points  A 
and  B,  draw  aright  line,  meeting 
the  given  tangents  in  D,  M  and 
Id,  and  take  therein  the  point  K, 
so  that  the  square  of  KL  may  be 
to  the  square  of  KD,  as  the  rect- 
angle BLA  is  to  the  rectangle  1^ 
ADB  {Cor.  3.  23.  6  and  Cor.  1.10. 
6  Eu.)  $  also  the  point  N  so,  that 
the  square  of  DN  may  be  to  the 
square  of  MN,  as  the  rectangle 
ADB  is  to  the  rectangle  BMA 
[by  the  same). 

From  K  draw  ¥G  to  the  in- 
tersection G  of  the  tangents  EF 
and  HG,  meeting  CD  in  R,  and 
the  section  in  S  and  T,  in  KG 
take  the  point  Q,  so  that  RQ  may 
be  to  QG  as  KR  is  to  KG  (Cor.  1  10.  6  Eu.) ;  draw  QN,  which 
produce  to  meet  the  section  in  C  and  H  ;  draw  KC,  which  pro- 
duce to  meet  FG  in  E  ;  the  points  C,  E  and  H  are  the  points 
of  contact,  through  which  three  points  and  the  two  given  ones 
A  and  B,  describe  the  section  (89.  1  Sup.),  and  what  was  re- 
quired is  done. 
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For  since  the  square  of  DN  is  to  the  square  of  MN,  as  the 
rectangle  ADB  is  to  the  rectangle  BMA  (Constr.)9  the  point  N 
is  in  the  right  line  joining  the  contacts  of  the  tangents  CD  and 
GH  (82.  1  Sup.)9  and  since  the  square  of  KL  is  to  the  square  of 
KD,  as  the  rectangle  BLA  is  to  the  rectangle  ADB  (Constr.), 
the  point  K  is  in  the  right  line  joining  the  contacts  of  the  tan- 
gents CD  and  EL  (82.  1  Sup.) ;  but,  because  the  square  of  RQ 
is  to  the  square  of  QG,  as  the  square  of  KR  is  to  the  square  of 
KG  (Constr.  and  22.  6  Eu.)9  or  which  is  equal,  because  of  the 
tangents  CD  and  EL,  as  the.  rectangle  SRT  is  to  the  rectangle 
TGS  (82.  1  Sup.)9  the  point  Q  is  in  the  right  line  joining 
the  contacts  of  the  tangents  CD  and  GH  (by  the  same); 
but  the  point  N  is  above  proved  to  be  in  the  right  line  joining 
the  same  contacts  ;  therefore  NQ,  being  drawn  and  produced 
as  necessary,  determines  the  contacts  C  and  H  ;  and  since  the 
point  R  is  above  shewn  to  be  in  the  right  line  joining  the  con- 
tacts of  the  tangents  CD  and  EL,  and  C  is  shewn  to  be  the 
contact  of  the  tangent  CD,  the  right  line  RC  being  drawn,  and 
produced  as  necessary  to  meet  the  tangent  EL,  determines  the 
contact  E  ;  and  so  five  points  A,  C,  E,  B  and  H  in  the  section 
are  given,  as  mentioned  above. 


PROP.  XCIII.  PROB. 


A  point  (A)  in  a  conick  section  being  given,  and  four  right  lines 
(BC9  CD9  BE  and  EBj  touching  it,  being  given  by  position, 
to  describe  the  section. 


Let  BCDE  be  a  quadrangle  form- 
ed by  the  four  given  tangents,  draw 
its  diagonals  BD  and  EC  intersect- 
ing each  other  in  F,  join  AV9  ^nd 
produce  it  as  necessary,  to  meet  two 
of  the  tangents  as  BC  and  ED  in 
II  and  G ;  take  a  right  lihe  X  to 
which  AH  is  in  the  same  ratio,  as 
the  square  of  FH  is  to  the  square  of 
FG  (Cor.  2.  23.  6  Eu.)9  and  divide 
GH  in  K,   so  that  RH  may  be  to 
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KG,  as  AG  is  to  X  (Cor.  1. 10.  6  Eu.)  ;  the  rectangle  AHK  is 
to  the  rectangle  AGiv  in  a  ratio  compounded  of  the  ratios  of 
AH  to  AG  and  of  HK  to  GK  (25.  6  Eu.)9  or,  AG  being  to  X, 
as  HK  is  to  GK  (Constr.),  of  the  ratios  of  AH  to  AG  and  of  AG 
to  X,  or  (Def.  13.  5  EuX  as  AH  is  to  X,  or  which  is  equal 
(Constr*),  as  the  square  of  FH  is  to  the  square  of  FG. 

Since  then  the  point  F  is  in  the  right  line  joining  the  contacts 
of  the  tangents  ED  and  BC  (84*  1  Sup.),  and  the  rectangle 
K.H  A  is  to  the  rectangle  AGK,  as  the  square  of  FH  is  to  the 
square  of  FG  ;  the  points  G  and  H  being  in  the  tangents,  and 
the  point  A  in  the  section,  the  point  K  is  also  in  the  section  (82. 
1  Sup.) ;  whence,  two  points  A  and  K  in  the  section  being  given, 
and  three  right  lines  touching  it,  being  given  by  position,  the 
section  may  be  described  (92.  1  Sup). 
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PROP.  XCIV.  PROB. 

Five  right  lines  CAB,  BC,  CD,  DE  and  EA  )  touching  a  conick 
section,  being  given  by  position^  to  describe  the  section* 

LetABCDE,bc 

the  quinquelatcral 
figure  contained  by 
the   tangents,    let 
AB   be  called  the 
first  side,  fiC  the 
second  side,  and  so 
on;  IctBCDMbe 
the  quadrangle  con- 
tained by  the  four 
first  sides,  and  let 
its  diagonals  meet 
in  F ;  the  first  side 
AB   of   the   quin- 
quelateral      figure  'JJ 
being  now  omitted, 
let  CDEN  be  the 
quadrangle  formed 
by  its  other  sides, 
of  which  quadran- 
gle let  the  diago- 
nals meet  in  G  ;  let  FG  be  drawn  and  produced  to  meet  the 
cond  and  fourth  sides  BC  and  DE  in  the  points  T  and  R. 

Proceed  thus  round   the   figure,  leaving  out  successively       Me 
sides  BC,  CD  and  DE,  and  drawing  the  diagonals  of  the  qx&*dm 
rangles,  intersecting  each  other  in  H,  1  and  K  ;  and  let  &%$ 
HI,  IK  and  KF  be  drawn,  and  produced  to  meet  the  tangewfe 
in  the  points  U  and  S,  T  and  Q,  U  and  R,  Q  and  S.     Throi#A 
the  points  Q,  R,  S,  T  and  U  describe  a  conick  section  (89- 1 
Sup.),  and  wnat  was  required  is  done. 

For  since  both  F  and  G  are  in  the  right  line  joining  the  con- 
tacts of  the  tangents  BC  and  ED  (84.  1  Sup.),  the  intersections 
T  and  R  of  the  right  line  FG  with  the  tangents  BC  and  ED  are 
the  points  of  contact  of  these  tangents  ;  in  like  manner  it  may 
be  proved,  that  the  points  S,  U  and  Q  are  the  points  of  contact 
in  the  tangents  CD,  EA  and  AB  ;  therefore  the  conick  section 
described  through  the  points  Q,  R,  S,  T  and  U  touches  the  sides 
of  the  quinquelateral  figure  in  these  points,  and  of  course  what 
was  required  is''done. 
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SUPPLEMENT 

TO  THE  FIRST  SIX  BOOKS  OF 

EUCLID'S  ELEMENTS  OF  GEOMETRY. 


BOOK  II. 
ON   SOLIDS. 

DEFINITIONS. 


1.  A  solid,  is  that  which  has  length,  breadth  and  thickness. 

2.  The  bounds  of  a  solid,  are  surfaces. 

3.  A  right  line  is  said  to  be  perpendicular  to  a  plain,  when 
it  is  perpendicular  to  all  right  lines,  which  can  be  drawn  in  ttutt 
plain,  from  the  point  whereon  it  insists. 

4.  One  plain  is  said  to  be  perpendicular  to  another,  when  all 
right  lines  drawn  in  the  one,  perpendicular  to  the  line  of  common 
section,  are  perpendicular  to  the  other. 

5.  The  inclination  of  a  right  line  to  a  plain,  is  the  acute 
angle,  contained  under  the  same  right  line,  and  a  right  line, 
joining  the  points,  wherein  it,  and  a  perpendicular,  let  fall  from 
any  point  therein  on  the  plain,  meet  the  same  plain. 

6.  The  inclination  of  one  plain  to  another,  is  the  acute  angle, 
contained  under  two  right  lines  drawn  in  the  same  plains,  per- 
pendicular to  the  line  of  common  section,  from  the  same  point 
therein. 

7.  Parallel  plains,  are  such,  as  being  ever  so  much  produced 
in  any  direction  whatever,  do  not  meet. 

8.  A  solid  angle,  is  that,  which  is  mad6  by  the  meeting  of 
more  than  two  plain  angles,  which  are  not  in  the  same  plain,  it* 
the  same  point. 

9.  A  pyramid,  is  a  solid  figure,  contained  by  plains,  which 
are  constituted  between  &  plain,  jand  a  point  without  it  in  which 
they  meet. 
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10.  A  prism,  is  a  solid  figure,  contained  by  plain  figures,  of 
which,  two  which  are  opposite,  'are  equal,  similar  and  parallel 
to  each  other,  and  the  others,  parallelograms. 

11.  A  parallelopiped*  is  a  solid  figure,  contained  by  six  quad- 
rilateral figures,  whereof  every  opposite  two  are  parallel.  * 

12.  A  sphere,  is  a  solid  bounded  by  one  curve  surface,  every 
where  equally  distant  from  a  point  within  it. 

13.  That  point  is  called  its  centre. 

14.  A  diameter  of  a  sphere,  is  a  right  line  passing  its  centre, 
and  terminated  both  ways  by  its  surface. 

15.  A  radius  or  semidiameter  of  a  sphere,  is  a  right  line  drawn 
from  the  centre  to  any  part  of  its  surface. 

16.  When  a  sphere  is  supposed  to  be  formed  by  the  revolu- 
tion of  a  semicircle  about  its  diameter,  which  remains  unmoved, 
the  diameter,  about  which  the  semicircle  revolves,  is  called, 
the  axis  of  the  sphere. 

17.  A  cone,  is  a  solid,  bounded  by  a  circle,  and  a  surface,  in 
which,  any  right  line,  drawn  from  the  circumference  of  the  cir- 
cle, toa  point  without  it,  wholly  lies. 

Id.    That  point  is  called  the  vertex  of  the  cone. 

19.  The  circle  is  called  the  base  of  the  cone. 

20.  A  right  line,  joining  the  vertex  to  the  centre  of  the  base, 
is  called  the  axis  of  the  cone. 

21.  The  curve  surface,  intercepted  between  the  circumfer- 
ence of  the  base  and  the  vertex,  is  called,  the  conical  surface. 

22.  Two  conical  surfaces,  so  meeting  in  a  common  vertex, 
that  all  right  lines  passing  through  the  common  vertex,  and 
coinciding  with  the  surface  of  one  of  them,  coincide  also  with 
the  surface  of  the  other,  are  called,  opposite  surfaces- 

23.  A  right  cone,  is  one,  whose  axis  is  perpendicular  to  its 
base. 

24.  An  oblique  cone,  is  one,  whose  axis  is  not  perpendicular 
to  its  base. 

25.  A  cylinder,  is  a  solid,  bounded  by  two  equal  and  parallel 
circles,  and  a  surface  in  which  any  right  line  connecting  the 
circumferences  of  the  circles,  and  parallel  to  the  right  line  join- 
ing their  centres,  wholly  lies. 

26.  One  of  the  circles,  on  which  the  cylinder  is  supposed  to 
stand,  is  called  its  base. 

27.  The  right  line,  joining  the  centres  of  the  equal  and  par- 
allel circles,  is  called  the  axis  of  the  cylinder. 

28.  The  curve  surface,  between  the  circumferences  of  the 
circles,  is  called  the  cylindrical  surf  ace. 
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29.  A  right  cylinder,  is  one  whoso  axis  is  perpendicular  to 
the  hase. 

30.  An  oblique  cylinder,  is  one,  whose  axis  is  not  perpendicu- 
lar to  the  base* 

31.  A  tetrahedron,  is  a  solid  figure,  contained  by  four  equal 
and  equilateral  triangles. 

32.  A  cube  or  hexahedron,  is  a  solid  figure  contained  by  six 
equal  squares. 

33.  An  octohedron,  is  a  solid  figure,  contained  by  eight  equal 
and  equilateral  triangles. 

34.  A  dodecahedron,  is  a  solid  figure,  contained  by  twelve 
angular  pertagons. 

35.  An  icosihedron,  is  a  solid  figure,  contained  by  twenty 
equal  and  equilateral  triangles. 


POSTULATE. 


That,  by  any  right  line,  and  any  point  without  it,  a  plain  may 
pass,  and  be  produced  at  pleasure. 

Cor.  Hence  a  plain  may  pass  by  any  three  points,  or  by  any 
two  right  lines  meeting  each  other,  and  therefore,  by  all  the 
angles  and  sides  of  any  rectilineal  triangle. 


PROP.  I.  THEOR. 


The  common  section  (EF)  of  two  plains  (AB  and  CDJ9  is  a 

right  line. 


For  if  EF  be  not  a  right  line,  drawing  the 
right  lines  EGF  and  EHF  on  tbe  plains  AB 
and  CD,  these  right  lines  would  contain  a 
space,  which  is  absurd  {Ax.  10.  1  Eu). — 
Therefore  the  common  section  of  the  plains 
AB  and  CD  is  a  right  line. 
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PROP.  II.  THEOR. 


JHfJW  Kne  CRT),  wAtcA  u  perpe»dic»(ar  to  *tpo  rig'At  Una 
(JIB  and  CD)  meeting  each  other  at  the  common  section  (BJ, 
is  perpendicular  to  the  plain  passing  by  the  same  rigid  lines. 

On  EA  and  EB  take  EG  and  EH  equal 
to  each  other,  and  on  EC  and  ED  take  EK  A> 
and  EL  equal  to  each  other ;  draw  OK  and  ^A 
LH,  and  through  E,  in  the  plain  passing  by 
AB  and  CD,  draw  any  right  line  MN 
meeting  GK  and  LH  in  M  and  N  ;  and  let 
FG,  FM,  FK,  FN  and  FH  be  drawn. 

Because  EG  is  equal  to  EH  (Constr.), 
EK  to  EL  (by  the  same),  and  the  angle 
KEG  to  LEH  (15.  1  En.),  the  angles  EGR 
and  EHL,  and  the  right  lines  OK  and  HL 
are  equal  (4.  1  Eu.),  and  since  in  the  right  angled  triangles 
FEG  and  FEH,  the  right  lines  GE  and  EH  are  equal,  and  FE 
common,  FG  and  FH  are  equal  (4.  1  Eu.) ;  in  like  manner  FK 
"  and  FL  may  he  proved  equal ;  therefore,  the  triangles  GFK  and 
HFL  being  mutually  equilateral,  the  angles  FGK  and  FHLare 
equal  (8. 1  Eu.) ;  and  since  EG  is  equal  to  EH  {Constr.),  the 
angle  GEM  to  HEN  (15.  1  En.),  and  the  angles  EGM  and 
EHN  have  been  proved  equal,  EM  and  EN,  as  also  GM  and 
HN  are  equal  (26.  J  Eu.),  whence,  FG  and  FH  having  been 
above  proved  equal,  as  also  the  angles  FGM  and  FHN,  the 
right  line  FM  is  equal  to  FN  (4.  1  Eu.) ;  therefore,  EM  having 
been  already  shewn  to  be  equal  to  EN,  and  EF  being  common 
to  the  two  triangles  EMF  and  ENF,  the  angles  FEM  and  FEN 
are  equal  (8.  1  Em.),  and  therefore  EF  is  perpendicular  to  MN 
(Bef.  20.  1  Eu).  In  like  manner  EF  might  be  shewn  to  be  per- 
pendicular to  any  right  line  drawn  through  E  in  the  plain  pass- 
ing by  AB  and  CD,  it  is  therefore  perpendicular  to  the  same 
plain  {Def.  5.  2.  Sup). 
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PROP.  III.  THEOR. 

Three  right  lines  (AB9  AC  and  AD  J,  which  art  perpendicular  to 
Hie  same  right  line  (EA)9  at  the  same  point  (A),  are  in  the 
same  plain. 


E 


For  if  one  of  them,  as  AD,  be  not  in 
the  plain  passing  by  the  two  others  AB 
and  AC,  let  some  other  right  line  AF 
be  the  common  section  of  the  plains 
passing  by  AB  and  AC,  and  by  AE  and 
AD  ;  and  since  AE  is  perpendicular  to 
to  AB  and  AC  {Hyp*)9  it  is  perpendicu- 
lar to  the  plain  passing  by  them  (2.  2. 
Sup.) ;  therefore  EAF  is  a  right  angle 

(Def.  2.  2  Sup.),  and  therefore  equal  to  EAD,  which  is  also  a 
right  angle  (Hyp.)9  whole  and  part,  which  is  absurd  (Ax.  9. 1  En.) ; 
therefore  the  right  lines  AB,  AC  and  AD  are  in  the  same  plain, 

PROP.  IV.  THEOR. 

Two  right  lines  (AB  and  CDJ9  which  are  perpendicular  to  the 
same  plain  (EFJ,  are  parallel  to  each  other. 

Draw  in  the  plain  EF,  the  right 
line  BD,  and  in  the  same  plain, 
draw  DO  perpendicular  to  BD, 
and  equal  to  AB,  and  let  BG,  AG 
and  AD  be  joined. 

Because  in  the  triangles  BAD 
find  BGD,  the  sides  AB  and  DG 
are  equal  (Constr.)9  BD  common, 
and  the  angles  ABD  and  BDG 
rqual,  being  both  of  them  right  an- 

!;les  (Hyp.  l)ef.  3.  2.  Sup.  and  Constr.)9  AD  and  BG  are  equal 
4.  1  Eu.)9  whence,  the  triangles  AGB  and  AGD  having  also 
AB  equal  to  DG,  and  AG  common,  the  angle  ADG  is  equal  to 
the  angle  ABG  (8.  1  Eu.)9  and  therefore  a  right  one  ;  whence 
the  right  lines  DC,  DA  and  DB,  being  each  of  them  perpendi- 
cular to  DG,  are  in  the  same  plain  (3.  2  Sup.)9  in  which  plain 
is  also  AB  {Cor.  Post  B.  2  Sup.)  ;  since  then  AB  and  CD  are 
in  the  same  plain,  and  the  angles  ABD  and  CDB  right  angles 
(Hyp.  and  Bet  3.  2.  Sup.),  AB  and  CD  are  parallel  to  each 
,  pthcr  (28.  1  Kit). 
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PROP.  V.  THEOR. 

If  one  CAB9  see  jig.  to  free  prop.  J 9  of  two  parallel  right  lines 
(AB  and  CDJ,  be  perpendicular  to  a  plain  (EF)9  the  other 
(CD)  is  perpendicular  to  the  same  plain. 

Draw  in  the  plain  EF,  the  right  line  BD,  and  in  the  same 
plain,  DG  perpendicular  to  BD,  and  equal  to  AB,  and  let  BG, 
AG  and  AD  be  joined. 

Because  in  the  triangles  BAD  and  BGD,  the  sides  AB  and 
DG  are  equal  (Constr.),  BD  common,  and  the  angles  ABD  afod 
BDG  equal,  being  each  of  them  right,  AD  and  BG  are  equal 
(4.  1  En.),  whence  the  triangles  AGB  and  AGD  having  also 
AB  and  DG  equal,  and  AG  common,  the  angle  ADG  is  equal 
to  ABG  (8.  1  Eu.)9  and  therefore  a  right  one  ;  therefore  DG 
being  perpendicular  to  BD  and  AD,  is  perpendicular  to  the  plain 
passing  by  them  (2.  2.  Sup.),  in  which  plain  is  DC,  since  AB 
and  DC  are  in  the  same  plain  {Hyp.  and  Bef.  34.  1  Eu.)9  there- 
fore DG  is  perpendicular  to  DC  {Def.  3.  2  Sup.) ;  but  AB  and 
CD  being  parallels  (Hyp.),  and  the  angle  ABD  right  {Hyp.  and 
Def.  3.  2  8up.)9  the  angle  CDB  is  also  right  (29.  1  Eu.)  ;  there- 
fore CD  being  perpendicular  to  both  BD  and  DG,  is  perpendi- 
cular to  the  plain  EF  in  which  they  are  (2.  2  Sup). 

PROP.  VI.  PROS. 

On  a  given  plain  (AB)9  from  a  given  point  (CJ  not  therein , 

to  let  fall  a  perpendicular. 


Having  drawn  DE  at  pleasure  in 
the  plain  AB,  let  fall  thereon  from 
the  point  C,  the  perpendicular  CF 
(12.  1  Eu.),  in  the  plain  AB  by  F 
draw  GH  perpendicular  to  DE  (11. 
1  Eu.),  and  let  fall  thereon  from  the 
point  C  the  perpendicular  CK,  (12. 

1  Eu.)9  which  is  the  perpendicular  re- 

quired.  JD  JNC 

For  through  K  having  drawn  LM  parallel  to  DE  (si.  1  Eu.), 
because  DF  is  perpendicular  to  FC  and  FK  (Cmstr.)%  it  is  per- 
pendicular  to  the  plain  passing  by  them  (2.  2  Sup.)p  in  which 
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pliin  is  CK  ( Cor.  Post.  B.  2.  2.  Sup*) ;  whence  LK,  being  par- 
allel to  DF  (Constr ),  is  perpendicular  to  the  same  plain  r5.  2 
tap.),  and  therefore  the  angle  CKL  is  a  right  angle  ( Def.  3.  2 
ftip.);  whence,  the  angle  CKH  being  also  a  right  angle 
Constr.) 9  CK  is  perpendicular  to  the  plain  passing  by  KL  and 
KH  (2.  %  Sup.),  or  to  the  plain  AB. 


PROP.  VII.  PROB. 

Ti  a  given  plain  (aBJ,  at  a  given  point  therein  (C),  to  erect  a 

perpendicular. 

From  any  point  D  without  the  plain  AB, 
_  let  DE  be  drawn  perpendicular,  to  it  (6.  2 
AyA   and  through  C  draw  CF  parallel   A. 
to  ED   (31.    1    Eu.) ;    and  because  ED     ' ' 
is  perpendicular  to  the  plain  AB  (Constr*),      #     ^ 
CF,  which  is  parallel  to  it,  is  perpendi-     /     ^ 
ctilar  to  the  same  plain  (5.  2   Snp.)9  and 
therefore  what  was  required  is  done. 


PROP.  VIII.  THEOR. 


Tom  the  same  point  in  aplain9  there  cannot  be  two  right  lines  at 
right  angles  to  the  plain,  on  the  same  side  of  it :  and  there  can 
be  but  one  perpendicular  to  a  plain  from  a  point  above  it. 


A 


For,  if  it  be  possible,  let  two  right  lines 

CD  and  CE  be  at  right  angles  the  same' 

plain  AB,  from  the  same  point  C  in  the 

plain,  and  on  the  same  side  of  it ;  and  let 
a  plain  pass  by  CD  and  CE  (Cor.  Post.  B. 
2  Sup.)9  the  common  section  of  which  with   *\ 
tile  plain  AB  is  a  right  line  passing  by  C      * 
(U  2  Sup.) ;  let  FC6  be  their  common  sec- 
tion, therefore  the  right  lines  CD,  CE  and  FCG  are  in  the  same 
pain  ;  and  because  CD  is  perpendicular  to  the  plain  AB  (Hyp.)9 
it  is  perpendicular  to  every  right  line  drawn  through  C  in  that 
plain  {Bef.  3.  2  Sup.)9  and  therefore  to  the   right  line  FCG, 
therefore  the  angle  DCG  is  a  right  angle  ;  for  a  like  reason 
ECG  is  a  right  angle ;  therefore  the  angles  ECG  and  DCG  are 
equal,  part  and  whole,  which  is  absurd.    And  from  a  point 
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above  a  plain,  there  can  be  but  one  perpendicular  to  the  plain, 
for  if  there  could  be  two,  they  would  be  parallel  to  each  other 
(5,  2  Sup.)9  which  is  absurd. 


PROP.  IX.  THEOR. 


If  a  right  line  (AB)  be  perpendicular  to  a  plain  ftfUJ,  all  the 
plains  drawn  thereby  are  perpendicular  to  the  same  plain* 


Let  EF  be  a  plain  passing  by  AB, 
and  EG  the  common  section  thereof 
with  the  plain  CD,  from  any  point 
-wherein  H  in  the  plain  EF,  let 
HK  be  drawn  pefpendicular  to  EG 
(11.  1  Eu.)9  which,  the  angles  ABH 
andMLHB  being  each  of  them  right  E 
angles,  is  parallel  to  AB  (28.  1  25a.), 
and  therefore  perpendicular  to  the 
plain CD (Uyp.  $  5.  2  Sup.); the  like 
might  be  proved  of  any  right  line  drawn 
in  the  plain  EF  perpendicular  to  the  common  section  EG,  there- 
fore the  plain  EF  perpendicular  to  the  plain  CD  (Def.  4.  2  Sup.) ) 
the  like  might  be  proved  of  any  other  plain  passing  by  AB. 

Cor.  If  from  the  point  (B),  wherein  a  perpendicular  (AB)  to 
a  plain  (CD)  meets  it,  a  perpendicular  (BG)  be  drawn  to  any 
right  line  (DL)  in  the  same  plain  ;  a  right  line  (AG),  joining  any 
point  (A)  in  the  perpendicular  to  the  plain,  to  the  point  (G) 
where  the  perpendicular  to  the  right  line  meets  it,  is  perpendi- 
cular to  the  same  right  line  (DL). 

In  the  right  line  DL  take  equals  GD  and  GL,  and  join  BD, 
BL,  AD  and  AL  ;  the  triangles  BGD  and  BGL  right  angled 
at  G,    having  BG  and  GD  severally  equal  to  BG  and   GL» 
the  right  lines  BD  and  BL  are  equal  (4.  1.  Eu.) ;  whence,  the 
triangles  ABD  and  ABL  having  AB  common,  and  the  angles 
at.  B  right  (Hyp.  and  Bef.  3.  2  Sup.),  AD  and  AL  are  equal 
(4.  1  Eu.);  whence,  the  triangles  AG  D  and  A  GL  having  AG 
common,  and  GD  equal  to  GL,  the  angles  AGD  and  AGL  are 
equal  (8.  1  Eu.),  and  therefore  right  (J)tf.  20.  1  Eu). 
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PROP.  X.  THEOR. 

Jff  two  plains  (AB  and  CB),  intersecting  each  other,  he  perpendi* 
cular  to  a  third  (ABC)  ;  their  common  section  (BBJ  is  perpen- 
dicular to  the  same  plain. 


If  DB  be  not  perpendicular  to  the  plain 
ADC,  draw  from  the  point  D  in  the  plain 
AB,  the  right  line  DE  perpendicular  to  AD 
(11.  1  Eu.) ;  and  in  the  plain  CB,  from  the 
point  D,  draw  DF  perpendicular  to  CD 
(ty  the  same) ;  and  because  the  plain  AB  is 
perpendicular  to  the  plain  ADC,  and  DE  is 
drawn  in  the  plain  AB,  perpendicular  to  AD 
•their  common  section,  DE  is  perpendicular 
to  the  plain  ADC  (Bef.  4.  2  Sap).  In  like  manner  DF  may  be 
proved  to  be  perpendicular  to  the  plain  ADC.  Therefore  two 
right  lines  DE  and  DF  are  at  right  angles  to  the  same  plain 
ADC,  on  the  same  side  of  it,  at  the  same  point  D,  which  is 
absurd  (8.  2.  Sup.) .  Therefore  there  cannot  be  any  right  line 
perpendicular  to  the  plain  ADC  at  the  point  D,  except  DB  $ 
therefore  DB  is  perpendicular  to  the  plain  ADC. 


PROP  XI.  THEOR. 

two  right  lines  CAB  and  CB),  parallel  to  the  same  right  line 
(EF),  which  is  not  in  the  same  plain  with  them,  are  parallel  to 
each  other. 


From  any  point  G  in  EF,  let  two 
perpendiculars  GH  and  GK  to  EF 
be  drawn  (11.  1  Eu.)9  one  in  the 
plain  passing  by  EF  and  AB,  and 
the  other  in  that  passing  by  EF  and 
CD,  meeting  AB  and  CD  in  H  and 
K ;  and  EF  being  perpendicular  to 
GH  and  GK  (Constr.),  is  perpendi- 
cular to  the  plain  passing  by  them  (2.  2  Slip.)  ;  whence  AB  and 
CD  being  parallel  to  EF,  arc  perpendicular  to  the  same  plain 
(.5m  2  Sup.),  and  therefore  parallel  to  each  other  (4.  2.  &i«p). 
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PROP.  XII.  THEOR. 

P  two  right  lines  (AB  and  AC  J,  meeting  each  other  fas  in  AJ9  be 
parallel  to  two  others  (DE  and  DF),  likewise  meeting  each 
oilier  (as  in  DJ,  though  not  in  the  same  plain  with  than;  the 
Jirst  two  and  the  last  two  contain  equal  angles. 


Let  AB  and  DE  be  taken  equal  to  each 
other,  and  also  AC  and  DF,  and  letBC,  EF, 
BE,  AD  and  CF  be  drawn.  And  since  AB 
and  DE  are  equal  and  parallel,  BE  and  AD 
are  equal  and  parallel  (33.  1  En.);  in  like 
manner  CF  may  be  shewn  to  be  equal  and 
parallel  to  AD  ;  therefore  BE  and  CF  are 
equal  and  parallel  to  each  other  (Ax.  1. 1  and 
30.  1  Eu.)9  and  therefore  BC  and  EF  are 
equal  (33.  1  Eu.)  ;  whence  the  triangles  ABC 
and  DKF  being  mutually  equilateral,  the  an- 
gles BAG  and  EDr  are  equal (8.  1  Eu). . 


PROP.  XIII.  THEOR. 

Tlains  (AB  and  CD),  to  which  the  same  right  line  (EF)  isptl- 

pendicular,  are  parallel. 


For  if  not,  let  them,  being  produced, 
meet,  and  let  their  common  section  be  tho^ 
right  line  GH,  to  any  point  wheroiffas 
K,  having  drawn  EK  and  FK,  the  angles 
KEF  and  KFE  are  each  of  them  right 
angles  ( Hyp.  and  Def.  3.  2  Sup.),  and  so 
two  angles  of  the  triangle  KEF  are  equal 
to  two  right  angles,  which  is  absurd  (17. 
1  En.) ;  therefore  the  plains  AB  and  CD 
being  produced,  do  not  meet  each  other, 
and  are  therefore  parallel  (Def.  7*V  Sup). 


1I< 


SOLIDS. 


8*3 


PROP.  XIV.  THEOIt. 


If  two  right  lines  (AB  and  AC)9  meeting  each  other  9  be  parallel  to 
two  others  (DE  and  DFJ9  which  meet  each  other,  but  are  not  in 
the  same  plain  with  tlie  former  two;  the  plain  (BC)9  passing 
by  the  former  two,  is  parallel  to  thai  (EFj9  passing  by  the 
Qtiicrs. 


s 


From  A,  let  fall  the  perpendicular  AG 
on  the  plain  EF  (6.  2  Sup.)9  and  from 
the  point  G,  wherein  it  meets  the  same, 
draw  GH  parallel  to  DE  and  GK  to 
DF  (31.  1  Eu.) ;  and  since  AB  and  GH 
are  each  of  them  parallel  .to  DE,  they 
are  parallel  to  each  other  (11.  2  8up9)9 
and  therefore  the  angle  AGH  being  a 
right  angle  (Constr*  and  Def.  3.  2  Sup.)9 
GAB  is  a  right  angle  (29.  1  Eu.) ;  in  like 
manner  might  GAC  be  shewn  to  be  a  right  angle  ;  therefore 
GA  being  perpendicular  to  AB  and  AC,  is  perpendicular  to  the 
plain  BC  passing  by  them  (2.  2  8up.)  ;  whence,  the  right  line 
AG  being  likewise  perpendicular  to  the  plain  EF  (Constr.)9  the 
plains  BC  and  EF  are  parallel  (IS.  2  Sup). 

Cor.  Hence  it  appears  how  a  plain  may  be  found,  passing 
through  any  given  point,  as  D,  parallel  to  a  given  plain  BC  ; 
namely,  by  drawing  in  the  given  plain  two  right  lines  AB  and 
AS,  from  any  point  therein  A,  and  drawing  from  the  given  point 
D,  two  right  lines  DE  and  DF  parallel  to  AB  and  AC  (31.  1 
Eu).  The  plaiir  passing  by  the  right  lines  DE  and  DY  {Post. 
to  B.  2  Sup.)9  is  parallel  to  the  given  plain  BC  (14.  2  8up.)f  %s 
was  required  to  be  found. 
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PROP.  XV.  THEOR. 


If  two  parallel  plains  {JIB  and  CD)  be  cut  by  a  third  {EfJ  ;  their 
common  septums  CEO  and  HFJ  are  parallel. 


For  If  not*  let  them,  being  produced,  meet, 
as  in  K,  and  since  the  plains  AB  and  CD,  be- 
ing produced,  coincide  with  these  right  lines 
GE  and  FH  (Def.  4  and  7.  l  Eu.),  these 
plains  being  produced  meet  also  in  K,,  which 
is  absurd  (Hyp.  and  Def.  7,  2  Sup.) ;  therefore 
the  common  sections  uK  and  r'll  being  pro- 
duced towards  E  and  H  do  not  meet ;  in  like 
manner  it  may  be  shewn,  that  they  do  not 
meet  towards  G  and  F,  therefore  they  do  not 
meet  being  produced  either  way,  and  are 
therefore  parallel  (Def.  34.  1  Eu), 


PROP.  XVI.  THEOR. 


tarallel  plain 


(as  JIB,  CD  and  EFJ,  cut  right  lines  (as  Gfl 
and  KL)  proportionally. 


-J&ii 
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Let  the  right  line  GH  meet  the  par- 
allel  plains  in  M,  N  and  0,  and  KL  the 
same  plains  in  P,  Q  and  R ;  MN  is  to 
NO,  asPQistoQR. 

Join  MP  and  OR,  also  MR  meeting 
the  plain  CD  in  S,  and  join  SN  and 
SO.  i  and  because  the  parallel  plains  CD 
and  t.F  are  cut  by  the  plain  MHO,  the 

common  sections  NS  and  OR  are  parallel  (15. 3  Sup.) ;  in  like 
manner,  since  the  parallel  plains  Ail  and  (.'  1  >  are  cut  by  the  plain 
MPR,  the  common  sections  MI*  and  SQ  are  parallel  {by  the 
same) :  whence,  in  the  triangle  MOH,  the  fight  line  NS  being 
parallel  to  OR,  MN  is  to  N 0,  as  M S to  SR  (2.  6  Eu. )  ;  in  like 
manner,  in  the  triangle  MPR,  SO.  being  parallel  to  MP,  MS  is 
to  SR,  as  PQ  to  QR  (by  the  same) ;  whence,  the  ratios  of  MN  to 
NO,  and  of  PQ  to  QR,  being  each  equal  to  that  of  MS  to  SR, 
are  equal  to  each  other  (II.  5  Eu). 
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PROP.  XVII.  THEOR. 

0/ three  plain  angles  forming  a  solid  angle,  any  two  whatever  are 

greater  than  the  third. 

Let  the  solid  angle  A  be  formed  by  three 
plain  angles  BAC,  CAD  and  DAB.  Any 
two  of  them  are  greater  than  the  third. 

If  tbe  angles  BAC,  CAD  and  DAB  be 
equal,  it  is  evident  that  any  two  of  them  are 
greater  than  the  third ;  if  not,  let  BAC  be 
that  angle  which  is  not  less  than  either  of  the 
other  two,  and  is  greater  than  one  of  them  BAD,  and  from  the 
angle  BAC  take  BAE  equal  to  BAD  (23.  1  Eu.\  take  AD  and 
AE  equal  to  each  other,  through  E  draw  the  right  line  BEC 
meeting  AB  and  AC  in  B  and  C,  and  draw  DB  and  DC  ;  and: 
because  in  the  triangles  BAD  and  BAE,  the  side  AD  is  equal  to 
AE  (Constr.),  AB  common,  and  the  included  angles  BAD  and 
BAE  equal  (C&nstr.),  BD  is  equal  to  BE  (4.  1  Eu.) ;  but  BD 
and  DC  together  are  greater  than  BC  (20.  1  Eu.)9  taking  from 
each  the  equals  BD  and  BE,  there  remains  DC  greater  than  EC 
(Ax.  5.  1  Eu.) ;  whence,  AD  and  AC  being  severally  equal  to 
AE  and  AC,  the  angle  DAC  is  greater  than  the  angle  EAC 
(25.  1  Eu.)9  to  which  adding  the  equal  angles  BAD  and  BEA, 
the  angles  BAD  and  DAC  together,,  are  greater  than  BAE  and 
EAC  together,  or  than  the  whole  angle  BAC  (Ax.  4.  1  Eu.) ; 
and  the  angle  BAC,  being  not  less  than  either  of  the  other  twq, 
fj9  with  either  of  them,  greater  than  the  other. 
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PROP.  XVIII.  THEOR. 


The  j lain  angles,  which  constitute  any  solid  angle,  are  together  lea 

than  Jour  right  angles. 

Let  A  be  a  solid  Angle,  contained  by  any 
number  of  plain  angles  BAG,  CAD,  DAE, 
EAF  and  FAB,  these  are  together  less 
than  four  right  angles. 

Let  the  plains  which  contain  the  solid 
angle  A  be  cut  by  another  plain  BCDEF ; 
and  of  the  three  plain  angles  which  contain 
the  solid  angle  at  B,  the  angles  ABF  and 
ABC  are  together  greater  than  the  third 
CBF  (17.  2  Sup.) ;  for  the  same  reason,  of  the  three  plain  angles 
which  contain  each  of  the  solid  angles  at  C,  D,  E  and  F,  the 
two  which  are  at  the  bases  of  the  triangles  having  their  com- 
mon vertex  at  A,  are  together  greater  than  the  third,  which  is 
one  of  the  angles  of  the  figure  BCDEF  ;  therefore  all  the  angles 
at  the  bases  of  the  triangles  having  their  common  vertex  at  A 
are  together  greater  than  all  the  angles  of  the  figure  BCDEF  ; 
but  all  the  angles  of  the  figure  BCDEF  are  equal  to  twice  as 
many  right  angles,  except  four,  as  the  figure  has  sides  (Cor.  1. 
32.  1  Eu.)9  therefore  all  the  angles  at  the  bases  of  the  triangles 
having  their  common  vertex  at  A  are  greater  than  twice  as  many 
right  angles,  except  four,  as  the  figure  has  sides  ;  and  all  the 
angles  of  these  triangles  are  equal  to  twice  as  many  right  angles 
as  the  figure  has  sides  (32,  1  Eu.)9  therefore  the  angles  of  these 
triangles  which  are  at  their  common  vertex  A,  being  those  which 
contain  the  solid  angle  A,  are  less  than  four  right  angles : 

Cor.  From  this  proposition  it  follows,  that  there  can  be  no 
more  than  five  solids  contained  by  equilateral  and  equiangular 
plain  figures,  or  as  they  are  usually  called,  regular  solids,  name- 
ly, three  contained  by  equilateral  triangles,  one  by  squares,  and 
one  by  regular  pentagons. 

For  a  solid  angle  cannot  be  contained  by  two  plain  angles, 
three  at  least  arc  required. 

And  since  the  three  angles  of  an  equilateral  triangle  are  equal 
to  two  right  angles  (32.  i  Eu.)9  six  such  angles  are  equal  to  four 
right  angles,  and  therefore  cannot  constitute  a  solid  angle  {by 
this  prop.) ;  and  since  six  angles  of  an  equilateral  triangle  arc 
equal  to  four  right  angles,  three,   four,  or  five  such  angles  arc 
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less  than  four  right  angles,  and  can  therefore  constitute  a  solid 
angle,  as  is  manifest  from  this  proposition ;  but  three  such  angles 
form  the  angle  of  a  tetrahedron  or  equilateral  pyramid,  see  fief. 
SI.  2  Sup. ;  four  such  angles  form  the  angle  of  an  octohedron, 
see  Def.  33.2  Sup. ;  and  five  such  angles  form  the  angle  of  an 
icosihedron,  see  Def.  35.  2  Sup. 

Throe  angles  of  a  square  form  the  angle  of  a  cube  or  hexahe- 
dron, see  Def  32.  2  Sup. ;  four  such  angles  are  equal  to  four 
light  angles,  and  therefore  cannot  constitute  a  solid  angle. 

And  since  the  five  angles  of  a  regular  pentagon  are  equal  to 
six  right  angles  {Cor*  1. 32.  1  Eu.)9  any  one  of  its  angles  is  equal 
to  a  right  angle  and  a  fifth  of  a  right  angle,  and  therefore  three 
such,  angles  are  equal  to  three  right  angles  arid  three  fifths,  and 
three  such  angles  form  the  angle  of  a  dodecahedron,  see  Def.  34. 
2.  Sup. ;  but  four  such  angles  are  equal  to  four  right  angles  and 
four  fifths,  and  therefore  cannot  form  a  solid  angle  (by  this  prop). 
And  since  six  angles  of  an  equilateral  triangle,  or  four  angles 
of  a  square,  are  equal  to  four  right  angles,  and  four  angles  of  a 
regular  pentagon  are  greater  than  four  right  angles,  therefore 
more  than  six  angles  of  an  equilateral  triangle,  or  than  four  of 
ft  square,  or  than  four  of  a  regular  pentagon,  are  greater  than 
four  right  angles,  and  therefore  cannot  constitute  a  solid  angle 
(6y  this  prop).  * 

And  since  the  six  angles  of  a  regular  hexagon  are  equal  to 
eight  right  angles  (Cor.  1.  32.  1  Eu.)9  three  such  angles  are  equal 
to  four  right  angles,  and  therefore  cannot  constitute  a  solid 
angle  (by  this  prop) ;  neither  therefore  can  any  greater  number. 
And  since  three  angles  of  a  regular  hexagon  are  equal  to  four 
right  angles,  three  angles  of  a  regular  heptagon,  or  of  any  regu- 
lar polygon  of  more  than  six  sides,  are  greater  than  four  angles, 
as  also  easily  follows  from  Cor.  1.  32.  1  Eu«,  therefore  all  regu- 
lar polygons  oft'  more  than  five  sides  are  incapable  of  forming  a 
solid  angle,  and  therefore  there  can  be  no  more  regular  solids 
than  the  five  mentioned  in  this  corollary. 

Schol. — It  is  manifestly  supposed  in  this  proposition,  that 
when  the  solid  angle  is  contained  by  more  than  three  plain  angles, 
any  of  the  legs  of  the  plain  angles  which  form  the  solid  angle,  as 
AU,  falls  without  the  plain  passing  by  the  two  adjacent  legs  AB 
and  AD- 
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PROP.  XIX.  THEOR. 

The  section  of  a  plain  -with  the  surface  vfa  sphere  'ABBS),  is  * 
circle,  whose  centre  is  tn  the  diameter  of  the  sphere  which  is  per- 
pendicular to  the  plain. 
Part  1.     If  the  section  pass 

through   the  centre   C    of  the 

3 mere,  as  the  section  AFBG, 
ie  proposition  is  manifest, 
since  all  right  lines,  as  CB  and 
CG,  drawn  from  the  centre  C 
to  the  surface  of  the  sphere,  and 
therefore  to  the  perimeter  o; 
the  section,  are  equal  {lief- 12. 
£  Sup.),  which  section  is  there- 
fore a  circle  (Be/.  10.  1  JE«). 

Part  2.  But  if  the  section 
do  not  pass  through  the  centre 
of  the  sphere,  as  the  section 
IILKM,  let  CO  be  a  perpendicular  drawn  from  the  centre  C  to 
the  plain  HLKM  (6.2  Sup.)  ■  through  O  draw,  in  the  plain 
HLK,  any  two  right  lines  whatever  HK  and  LM,  meeting  the 
section  III. KM  in  the  points  H  and  K,  L  and  M,  and  di-ac* 
CM  and  Ck  ;  and  because  the  triangles  COR  and  COM  h»"«* 
the  arfglcs  atO  riglit  (Coustr.  and  Def.  3.  2  Sup.),  the  sides  C^ 
and  CM  equal  to  each  other  {Def.  12.  2  Sup.),  and  CO  comnr»*>B 
to  both,  the  sides  OK  and  OM  are  equal  {Cor  7.  6  Eu.)  j  in  li*« 
manner,  may  all  riglit  lines  drawn  from  O  to  the  perimeter  *f 
the  section  HLKM  he  proved  equal  to  each  other,  which  section 
is  therefore  a  circle  {Def.  10.  1  few.),  whose  centre  is  in  the  «0- 
amctcr  of  the  sphere  DE,  which  is  perpendicular  to  the  plai" 
HLKM. 

Car.  From  this  proposition  it  appears,  how  the  centre  of  a 
given  sphere  may  be  found,  namely,  by  linding  the  centre  0  of 
any  circle  HLK  formed  by  the  intersection  of  a  plain  with  its 
surface  (1.  3  Eu-),  drawing  through  that  centre  a  perpendicular 
to  the  plain  (7.  2  Sup  ),  to  meet  the  surface  of  the  sphere  both 
ways  as  in  D  and  E,  and  bisecting  DE  in  C  ;  the  point  C  is  the 
centre  of  the  sphere. 

If  the  centre  of  the  sphere  be  in  DE,  'tis  pl.tin,  C  must  be  that 
centre;  if  the  centre  were  in  any  point  without  DE,  right  lines 
being  drawn,  in  the  plain  passing  by  DE  and  that  point  from 
that  point  to  O  and  the  intersections  of  the  same  plain  with  the 
circle  HLK,  a  like  absurdity  might  be  shewn  to  follow,  as  in  1. 
SEu. 
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PROP.  XX.  THEOR, 


Jlny  plain,  passing  through  the  vertex  of  a  cone,  and  cutting  the 
circumference  of  its  base,  cuts  the  opposite  surfaces  in  two  right 
tines,  and  in  tliem  only. 

For  if  from  the  points  in  which  this  plain  cuts  thd  circumfer- 
ence of  the  base,  two  right  lines  be  drawn  to  the  vertex,  they  are 
in  the  cutting  plain  (Def  4  and  7.  1  Eu.),  and  in  the  conical 
surface  (Def  17.  2  Sup.),  and,  being  produced  beyond  the  ver- 
tex, in  the  opposite  surface  (Def  22. 2  Sup.) ;  therefore  the  plain 
passing  through  the  vertex  cuts  the  opposite  surfaces  in  these  two 
right  lines  ;  and  since  the  intersection  of  this  plain  with  the  base, 
which  is  a  right  line  (1.2  Sup.),  cannot  cut  the  circumference  of 
the  base  in  more  than  two  points,  that  plain  cannot  cut  the  coni- 
cal surface  in  more  than  these  two  right  lines. 

Cor.  The  intersection  of  a  plain,  passing  through  the  vertex 
of  a  cone,  with  t|ie  conical  surface  and  base,  is  a  triangle. 
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PROP.  XXL  THEOR. 


If  either  nf  the  opposite  surfaces  of  a  cone  be  cut  btf  a  plain  parallel 
to  the  base,  the  section  is  the  circumference  of  a  circle  whose  cen- 
tre is  in  the  axis  of  the  cone. 

Let  ABD  be  a  cone,  whose  vertex  is  A, 
and  its  base  the  circle  BK.DL,  of  which  C 
is  the  centre  ;  AC  is  its  axis  ( Def.  20.  2 
8up.)  ;  let  EGFH  be  the  section  of  a  plain 
parallel  to  the  base,  with  one  of  the  oppo- 
site surfaces ;  EGFH  is  a  circle,  whose 
centre  is  in  the  axis  AOC. 

Let  the  cone  be  cut  by  any  two  plains 
passing  by  the  axis  AC,  ra..aiug  the  tri- 
angles ABI*  and  AKL  ^ar.  20.  2  Sup.), 
and  let  these  trian^ies,  produced  if  neces- 
sary, meet  tne  juain  EGFH  in  the  right 
lines  EjI*  and  GOH  ;  because  of  the  par- 
allel plains,  the  right  lines  EF  and  BD,  as 
also  GH  and  KL,  are  parallel  (15.  2 
Sup-) ;  therefore  the  triangles  AOF  and  -afe. 
ACD,  as  also  AOH  and  ACL,  are  eqtii- 
angular,  and  therefore  the  ratios  of  CD  to 
OF,  and  of  CL  to  OH,  are  each  of  them  equal  to  that  of  AC  to 
AO(4.  6  and  16.5  Bit.),  and  therefore  to  each  other  (11.  5  En.)  j 
whence,  CD  andCL  being,  on  account  of  the  circular  base  of  the 
cone,  equal,  OF  and  OH  are  equal  (14.  5  En).  In  like  manner 
it  may  be  shewn,  that  any  other  two  right  lines,  drawn  from  0 
to  the  section  EGFH  are  equal ;  since  therefore  all  right  lines 
drawn  from  O  to  that  section  are  equal,  that  section  is  the  cir- 
cumference of  a  circie  whose  centre  is  O,  and  therefore  in  the 
axis  AC  of  the  cone. 

Cor.  Hence  it  follows,  that  any  diameter  of  such  a  section 
passes  through  the  axis  of  the  cone ;  and  any  right  line,  drawn 
in  the  plain  of  such  a  section,  through  the  axis  of  the  cone,  is  a 
diameter  of  the  section. 
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PROP.  XXII.  THEOR. 

If  an  oblique  cone  be  cut  by  a  plain  passing  by  the  axis  and  at  right 
angles  to  the  base,  and  be  cut  by  another  plain  perpendicular  to 
the  former,  and  cutting  off  from  the  tridngle9  which  is  the  section 
of  the  former  with  the  cone9  a  triangle  similar  to  that  triangle, 
hit  placed  subcontrarily9  namely9  so  that  the  equal  angles  be  at 

.  different  right  lines  formed  by  the  section  of  the  first  plain  with 
the  conical  surface;  the  section  of  the  conical  surface  by  the  latter 
plain,  is  the  circumference  of  a  circle,  whereof  tlie  intersection  of 
the  two  drawn  plains  is  a  diameter. 

Let  ABC  be  a  cone,  A  its 
Vertex,  BC  its  base,  and  the 
triangle  ABC  the  section  with 
the  cone,  of  a  plain  passing  by 
the  axis  and  at  right  angles  to 

the  base  {Cor.   20.  2    Sup.) ; 

let  DEFG  be  the  section  with 

the  cone,  of  a  plain  perpendi- 
cular to  the  plain  •  ABC,  and 

putting  off  from  the  triangle 

A  BC  a  triangle  AFD  similar 

^>  ABC,  but  placed  subcontra- 

***  ly.  namclv,  so  that  the  anerle 

^FD   be  equal  to   the   angle 

^  BC ;  the  section  DEFG  is  a 

c*rrle,  of  which  the  intersec- 
tion DF   of  the  plains  ABC 

**td  DEF  is  a  diameter. 
-Let  the  right  line HK.be the 

^intersection  of  the  plain  DEF 

^v|th  the  plain  of  the  base ; 
from  any  point  E  in  the  sec- 
tion DEFG,  draw  EKG  parallel  to  HK,  meeting  DF  in  R,  and 
through  R,  in  the  plain  ABC.  draw  LM  parallel  to  BC ;  the 
plain  passing  by  ERG  and  LRM  is  parallel  to  the  base  BC 
(14.  2  8np.)9  and  therefore  its  intersection  with  the  surface  of 
the  cone  is  a  circle  whose  diameter  is  LM  (21.  2  and  Cor.  21.  2 
Sup.) :  and  because  both  the  base  and  the  plain  DEF  arc  perpen- 
dicular to  the  plain  ABC  (Hyp.)9  their  intersection  HK  is  per- 
pendicular to  the  same  plain  produced  as  necessary  ( 1 0.  2  Sup.)9 
and  therefore  ER,  which  is  parallel  to  FK  (Coustr.),  is  perpen- 
dicular to  the  plain  ABC  (5.  2  Sup  ),  and  therefore  to  both  the 
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right  lines  LM  and  OF  (Def.  3.  2  Sup.) ;  whence,  because  of  the 
circle  LEM.  the  square  of  EK  is  equal  to  the  rectangle  LRM 
(3  and  35.  3  EnA ;  but  the  angle  MFR  is  equal  to  the  angle  ABC 
(Hifp.),  or  its  equal  (29.  1  En.),  DLR,  and  the  angles  FRM  and 
DRL  are  equal  (15.  1  Eu.)9  therefore  tlie  triangles  FRM  and 
DRL  are  equiangular  (32.  1  Eu.)9  and  FR  is  to  RM,  as  LR  to 
RD  (4.  6  hu.)9  and  therefore  the  rectangle  DRF  is  equal  to  the 
rectangle  LRM  ( 16.  6  Eu.)9  or  to  the  square  of  ER.  Therefore 
the  point  E  is  in  the  circumference  of  a  circle  described  about 
the  diameter  D  t?  in  the  plain  DEF,  for  if  RE  met  the  circum- 
ference of  a  circle  so  described,  in  any  other  point  on  the  part 
E  of.DF,  the  rectangle  DRF  would  not  be  equal  to  the  segment 
of  RE  between  DF  and  the  circle,  contrary  to  3  and  35.  3  Eu. 
In  like  manner  any  other  point  in  the  section  DEFG  may  be 
proved  to  be  in  the  circumference  of  a  circle  described  about  the 
diameter  DF  in  the  plain* DEF,  which  section  is  therefore  the 
circumference  of  a  circle,  whereof  DF  is  a  diameter. 

Scholium*  A  section  of  this  kind  is  called,  a  subcontrary  sec* 
turn 

Cor.  From  this  proposition,  the  preceding,  and  Def.  17.  2 
Sup.,  it  follows,  that  any  circle  formed  by  a  plain  parallel  to  the 
base  of  a  cone,  or  by  a  subcontrary  section,  may  be  considered 
as  the  base  of  a  cone  having  the  same  vertex,  as  the  original  one. 

PROP.  XXIII.  THEOR. 

Iff  the  intersection  of  a  plain  not  parallel  to  the  base  of  a  cone9  with 
the  conical  surface,  be  the  circumference  of  a  circle,  the  section  is  a 
subcontrary  one. 

Let  the  intersection  DEFG,  sec  fig.  to  the  preceding  proposi- 
tion, of  a  plain,  not  parallel  to  the  basc'BC  of  a  cone,  with  the 
conical  surface,  be  the  circumference  of  a  circle ;  the  section 
DEFG  is  a  subcontrary  one. 

Let  the  conical  surface  be  cut  by  two  plains  parallel  to  the 
base,  making  the  circles  LEMG  and  NOPQ,  and  intersecting 
the  plain  DEFG  in  the  right  lines  EG  and  OQ.  which  are  par- 
allel (15.  2  Sup.)  ;  draw  diameters  LM  and  NP,  of  the  circles 
LEM  and*NOP,  perpendicular  to  the  right  lines  EG  and  OQ, 
and  meeting  them,  in  the  points  R  and  S  ;  the  right  lines  EG 
and  OQ  are  bisected  in  R  and  S  (3.  3  Jiu,)9  and  LM  and  NP  arc 
parallel,  for  if  any  other  right  line  drawn  through  S  in  the  plain 
NOP,  except  NP,  were  parallel  to  LM,  the  angle  made  by  that 
parallel  with  SQ  would  not  be  equal  to  the  angle  LRG,  contrary 
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to  12.  2  Sup.;  and  the  diameters  LM  and  NP  pass  by  the  axis 
of  the  cone  (Cor.  21.  2  £rip.);  therefore  the  plain  ANLBCMP 
passes  by  the  axis  of  the  cone  ;  let  the  right  linp  DF  be  the  inter- 
section of  this  plain  with  the  plain  of  the  circle  DEFG  ;  since 
therefore  DF  passes  thtfbugh  the  points  R  and  $,  ami  therefore 
bisects  the  parallels  EG  and  OQ,  it  is  a  diameter  of  the  circle 
DEFG,   for  if  any  other  right  line,  bisecting  one  of  them  not 
passing  through  the  centre,  were  a  diameter,  it  would  bisect  it 
perpendicularly  (3.  3  En.),  and  would  therefore,  because  of  the 
parallels,  be  perpendicular  to  the  other  (29. 1  Eu.)9  and  therefore 
would  bisect  that  other  (3.  3  Eu.)9  which  would  of   course  he 
bisected  in  two  points,  wjiich  is  absurd  ;  and  that  DF  is  a  diam- 
eter appears  also  from  Cor.  2.  32.  1  Sup.,  and  it  is  perpendicu- 
lar to  the  right  lines  EG  and  OQ  (3.  3  En.) ;  since  therefore  EG 
is  perpendicular  to  the  right  lines  LRM  and  DRF,  it  is  perpen- 
dicular to  the  plain  ABC  passing  by  them  (2.  2  Sup.)9  and 
therefore  the  plains  DEFG  and  LEMG  and  of  course  the  plain 
of  the  base,  are  perpendicular  to  the  plain  ABC  passing  by  the 
axis   (9.  2  Sup.) ;  but  because  of  the  circles  LEM  and  DEF, 
each  of  the  rectangles  LRM  and  DRF  are  equal  to  the  square  of 
ER(3  and  35.  3  En.),  and  therefore  to  each  other,  therefore  DR 
is  to  LR, as  RM  is  to  RF  ( 16. 6  Eu.,9  and  the  angles  DRL  and 
FRM  arc  equal  (15.  1  En*),  therefore  the  triangles  DRL   and 
MRF  are  equiangular  (6.  6  Eu.),  and  the  angle  MFR  is  equal 
to  DLR,  or  its  equal  (29.  1  En*)9  ABC  ;  therefore  the  section 
DEFG  is  a  subcontrary  section  (Schol.  22. 2  Sup), 

Car.  Hence  the  section  made  by  a  plain  with  a  conical  sur- 
face, which  is  neither  a  subcontrary  section,  nor  made  by  a 
plain,  which  is  parallel  to  the  base,  is  not  the  circumference  of  a 
circle. 
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If  a  cone  be  cut  by  a  plain  neither  passing  through  its  vertex,  nor 
parallel  to  its  base,  nor  placed  subcontrarily ;  the  section  is  an 
ellipse,  hyperbola  or  parabola;  the  intersection  of  that  plain  with 
a  plain  passing  by  the  axis'  of  the  cone*,  and  a  right  line  drawn 
through  the  centre  of  its  base,  perpendicular  to  the  common  section 
of  that  plain  with  the  base  of  the  cone*  being  a  diameter  of  the 
section  ;  the  section  being  an  ellipse  ;  when  this  diameter  meets 
the  conical  surface  of  the  cone  twice  ;  a  hyperbola,  wlien  it  meets 
the  opposite  conical  surfaces  ;  and  a  parabola,  when  being. parallel 
to  ajight  line  drawn  from  the  vertex  of  the  cone  to  the  crrctim- 
ference  of  its  base,  it  meets  only  one  of  the  conical  surfaces,  and 
but  once. 

Let  a  cone  ABC,  sec  fig.  1,  2  and  3,  be  cut  by  a  plain  PEP, 
neither  passing  through  its  vertex,  nor  parallel  to  its  base,  nor 
placed  subcontrarily  ;let  HK  be  the  common  section  of  thisphin 
with  the  plain  of  the  base,  D  the  centre  of  the  base,  1)G  a  rit;i:t 
line,  drawn  through  D  perpendicular  to  f!K,  ABC  the  triangu- 
lar section  of  the  cone  with  the  plain  passing  by  the  axis  and 
DG,  and  KG  the  intersection  of  the  plains  PEP  and  ARC  ;  the 
section  PEF  is  an  ellipse,  hyperbola  or  parabola,  of  which  EG" 
is  a  diameter  ;  the  section  being  an  ellipse,  when  the  diameter 
EG  meets  the  conical  surface  of  the  cone  ABC  twice,  as  in  E 
and  L  in  fig  1  ;  a  hyperbola,  when  it  meets  the  opposite  conical 
surfaces,  as  in  E  and  L  in  fig.  2  ;  and  a  parabola,  when  tlte 
diameter  EG,  being  parallel  to  a  right  line  AC,  drawn  from  the 
vertex  A  of  the  cone,  to  the  circumference  of  its  base,  meets  only 
one  of  the  conical  surfaces,  as  in  E  in  fig.  3,  and  but  once. 

**  u      A, 

LiVtfrst  EG  meet  the  conical  sur- 
face of  the  cone  ABC  in  E  and  L, 
and  let  there  be  taken  in  the  section 
any  point  P,  and  draw  PC)  parallel 
to  HK  meeting  EL  in  O,  and  thro* 
O  draw  MX  parallel  to  I$C  ;  the 
plain  passing  by  MX"  ai?d  PO  is 
parallel  to  that  passing  by  HC  and 
liK  (14.  2  SwpO ;  therefore  the  sec- 
tion by  the  plain  POM  is  a  circle 
whose  diameter  is  MX7  (21.  2  and 
Cor.   21.  2  Sup.),  and  because,  tho 


angle  HGII  is  a  right  angle  (/////;.), 
MOP  is  a  right  angle  (12.  2  Sup.)9 
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therefore  the  square  of  PO  is  equal  to  the  rectangle  MON  (S  and 
35.  3  En).  In  like  manner,  if  any  other  point  T  betaken  in  the 
section  PEL,  and  TQ.  be  drawn  to  EL  parallel  to  HK  or  PO, 
and  through  Q,  RS  be  dj-awn  parallel  to  BC,  it  may  be  shewn, 
that  the  square  of  TQ  is  equal  to  the  rectangle  RQ  S ;  therefore 
the  square  of  PO  i#  to  the  square  of  TQ,  as  the  rectangle  EOL 
is  to  the  rectangle  EQL  (Cor.  I.  7.  5  Eu.)  ;  but,  because  of  the 
equiangular  triangles  EMO  and  ERQ,  LON  and  LQS,  MO  is 
to  RQ,  as  EO  is  to  EQ,  and  ON  is  to  QS,  as  OL  to  QL  (4.  6 
and  IS.  5  Eu.),  therefore  the  ratios  of  the  rectangle  MON  to 
the  rectangle  RQS,  and  of  the  rectangle  EOL  to  the  rectangle 
EQL,  being  compounded  of  these  equal  ratios  (S3.  6  Eu.),  are 
equal  (22.  5  Eu.) ;  therefore  the  square  of  PO  is  to  the  square  of 
TQ,  as  the  rectangle  EOL  is  to  the  rectangle  EQL  (II.  5  Eu). 
Let  an  ellipse  be  described  with  the  diameter  EL,  its  vertices 
being  E  and  L,  and  the  ordinate  PO  (85.  1  Sup.),  and  because 
the  square  of  TQ  is  to  the  square  of  PO,  as  the  rectangle  EQL 
is  the  rectangle  EOL,  the  point  T  is  in  the  ellipse  {Cor.  3.  40.  1 
Sup.) :  in  like  manner  it  may  be  shewn  that  any  other  point  in 
tbe  section  PEL  is  in  the  ellipse  ;  and  since  the  section,  being 
neither  a  subcontrary  one,  nor  parallel  to  the  base  of  the  cone 
(ttflj.),  is  not  a  circle  (Cor.  23.  2  Sup.),  it  is  an  ellipse, 
of  which  EL  is  a  diameter.  . 

Secondly  Let  EG  produced  meet 
the  opposite  conical  surface  in  L,  let 
H  and  K  be  the  points  in  which  UK 
meets  the  circumference  of  the  base  of 
the  cone,  from  any  point  P  in  the 
section  HEK,  draw  PO  parallel  to 
HK,  meeting  EG  in  0,  and  through 
©  draw  MN  parallel  In  BC  ;  as  be- 
fore, the  plain  by  PO  and  MO  is  par- 
allel to  that  fay  HG  and  BC,  or  to  the 
base  of  the  cone,  and  the  angle  POM 
equal  to  HGB,  and  therefore  a  right 
angle,  therefore  the  square  of  PO  is 
equal  to  the  rectangle  MON  (3  and  35. 
3  Eu.) ;  in  like  manner  it  may  be 
proved,  that  the  square  of  BG  is  equal 
to  the  rectangle  BGC ;  therefore  the 
Square  of  PO  is  to  the  square  of  HG, 
»s  the  rectangle  MON  is  to  the  rect- 
angle BGC  ,Cor.  I.  7.  5  Eu.)  j  hut, 
because  of  the  equiangular  triangle* 
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MOE  and  DGE,  LON  and  LGC,  MO  is  to  BR,  asEflisto 
EG-,  and  UN  to  GC.  as  LO  to  LG ;  therefore  Hip  ratios  of  the 
rectangle  MON  to  BGC  and  of  EOL  to  EGL,  being  compounded 
of  these  equal  ratios  (23.  6  fin.),  are  equal  (22.  5  Bit  );  there- 
fore the  square*  of  PO  is  to  the  square  of  HG,  as  the  rectangle 
.  EOL  is  to  the  rectangle  EGL  fll,  5  Eu).  •Lot  a  hyperbola  be 
described  with  the  diameter  EL,  its  vertices  being  E  and  L.  and 
the  ordinate  HG  (85.  1  Sup.),  and,  because  the  square  of  PO  is 
to  the  square  of  HG,  as  the  rectangle  EOL  is  to  the  rectangle 
EGL,  the  point  P  is  in  the  hyperbola  (Cor.  S;  40.  1),*  in  like 
manner  it  may  be  shewn,  that  any  other  point  in  the  section 
HER  is  in  the  hyperbola,  and  therefore  that  section  is  a  hyper- 
bola, of  which  EL  is  a  diameter. 

Thirdly.  Let  EG  be  parallel  to  a 
right  line  AC  drawn  from  the  vertex  A 
of  the  cone  to  the  circumference  of  its 
base,  let  H  and  R  he  the  points  in  which 
HK  meets  that  circumference,  from  any 
point  P  in  the  section  HEK  draw  PO 
parallel  to  HK,  meeting  EG  in  O,  and 
through  O  draw  MN  parallel  to  BC  ; 
as  before,  the  plain  by  PO  and  MN  is 
parallel  to  that  by  HG  and  BC,  or  to 
the  base  of  the  cone,  and  the  angle 
POM  equal  to  HGB,  and  therefore  a 
right  angle,  therefore  the  square  of  PO 
is  equal  to  the  rectangle  MON  (3  and 
35.  3  Eu).  In  like  manner  it  may  be 
shewn,  that  the  square  of  HG  is  equal  to  the  rectangle  BGC  J 
therefore  the  square  of  CO  is  to  the  square  of  HG,  as  the  rect- 
angle MON  is  to  the  rectangle  BGC  (C?r.  1.  7.  5  En.),  or,  be- 
cause of  the  equals  ON  and  GC  (34.  i  Eh.),  as  MO  is  to  BG 
(1.  6  Eu.),  or,  which  is,  because  of  the  equiangular  triangles 
MOE  and  RGE,  equal  (4.  6  and  16.  5  Eu.),  as  EO  is  to  EG. 
Let  a  parabola  he  described  with  the  diameter  EG.  its  vertex 
being  E,  and  ordinate  HG  (85.  1  Sup.),  and  because  the  square 
of  PO  is  to  fie  square  of  HG.  as  EO  is  to  EG,  the  point  P  is  in 
the  parabola  {Cor.  3.40-  1  Sup.);  in  like  manner  it  maybe 
shewn,  that  any  other  point  in  the  section  HER  is  in  the  para- 
bola, and  therefore  that  section  is  a  parabola,  of  which  EG  is  a 
diameter. 

Scholium,  From  the  five  preceding  propositions  it  appears, 
that  the  figures  formed  by  the  intersection  of  a  plain  with  a  coni- 
cal surface,  are  the  same,  as  those  defined  in  Det  1  ■  1  Sop. 
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ELEMENTS  OF  SPHERICAL  TRIGONOMETRY* 


Note* — In  Subsequent  citations,  Sph.  Tr<  denotes*  Spherkal 
Trigonometry* 


DEFINITIONS. 


1..  A  great  circle  of  a  sphere,  is  one,  whose  plain  passes 
through  the  centre  of  the  sphere* 

2.  The  pole  of  a  circle  of  a  sphere,  is  a  point  in  the  surface 
of  the  sphere,  from  which  all  right  lines  drawn  to  the  circumfer- 
ence of  the  circle  are  equal* 

3.  A  spherical  angle,  is  an  angle  on  the  surface  of  a  sphere, 
contained  by  the  arches  of  two  great  circles  which  meet  each 
other ;  and  is  the  same*  as  that  which  the  plains  of  these  circles 
make  with  each  other  ;  being  the  angle  contained  by  two  right 
lines,  drawn  in  the  plains  of  these  circles,  perpendicular  to  the 
line  of  common  section,  from  the  same  point  therein. 

4.  A  spherical  triangle,  is  a  figure  on  the  surface  of  a  sphere, 
comprehended  by  the  arches  of  three  great  circles. 


i 
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Ml  great  circles  of  (lie  same  sphere  are  equal;  and  any  two  of  litem 
bisect  each  other. 


Their  radiuses  being  equal,  as  being  each  of  them  equal  to  the 
radius  of  the  sphere,  the  circles  are  equal  (Cor.  2.  24.  3  Eu). 

And  since  any  two  of  them  have  the  same  centre,  namely,  the 
centre  nf  the  sphere,  their  common  section  is  a  diameter  of  both, 
and  therefore  bisects  both  (24.  3  En). 

Cor.  1.  The  arches  of  two  great  circles  of  a  sphere,  being 
less  than  semicircles,  do  not  contain  a  space  ;  for,  by  this  pro- 
position, they  only  meet  in  opposite  points  of  the  circles. 

Cor.  2.  Two  semicircles,  meeting  each  other  in  opposite 
points,  form  equal  angles  at  these  opposite  points,  as  is  manifest 
from  Def.  3.  Sph.  Tr.  the  plains  of  the  circles  forming  these 
angles  being  the  same. 

PROP.  II.  THEOP. 


TJu  arch  of  a  groat  circle,  between  Vie  circumference  of 
great  circle,  and  its  pole,  is  a  quadrant. 

Let  DO  be  an  arch  of  a 
great  circle,  between  the  cir- 
cumference o!'  another  great 
circle  AGB,  and  its  pole  I) ; 
the  arch  DG  is  a  quadrant. 

Let  the  circle,  of  which  DG 
is  an  arch,  meet  the  circle 
AGB  again  in  F.  and  let  FG 
be  the  common  section  of  the 
plains-of  these  circles,  which, 
because  the  circles  Insect  each 
other  (l.  Sph.  tr.).  passes 
through  the  centre  ('  ;  join 
DFaml  DG.  which  are  equal 
{Hyp.  and  lief.  &  Npft.  Tr.-. 
tl  i'lrl'oie  (!ic  arches  OF  and  DG  arecqnsi!  (28.  S  Hit.) ;  whence, 
FDG  being  a  semicircle  ( I  Uph.  Tr.)  ;  the  angle  DG  is  a  quad- 
rant ( Itrf.  3.  J'l.  Tr). 

Cor.  i.     The  point   [D\  wherein  a  right  line  [CD],  drawn 
from  the  centre  [ (Jj  of  it  silicic,  perpendicular  to  the  plain  ol  a 
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great  circle  [AGB],  meets  the  surface  of  the  sphere,  is  a  pole  of 
the  circle. 

To  any  points  G  and  B  in  the  circumference  AGB,  draw  CG, 
CB,  DG  and  DB,  and  because,  in  the  triangles  DCG  and  DCB, 
the  side  DC  is  common,  the  angles  at  C  equal,  being  right 
{Hup.  and  Def  3.  2  Sup%)9  and  CG  equal  to  CB  {Def.  10.  1  Eiu)9 
DG  and  DB  are  equal  (4.  1. En.)  ;  in  like  manner  it  may  be 
proved,  that  all  right  lines  drav/n  from  D  to  the  circumference 
of  the  circle  AGB  are  equal ;  therefore  D  is  the  pole  of  that 
pircfe  {Def.  2.  Splu  Tr). 

Cor.  2.  A  right  line. [DC],  drawn  from  the  pole  [D]  of  any 
great  circle  [AGB]  to  the  centre  [C  J  of  the  sphere,  is  perpendi- 
cular to  the  plain  of  that  circle. 

,  Having  drawn  any  two  diameters  ACB  and  FCG  of  the  circle 

AGB,  and  joined  DA  and  DB,  because  in  the  triangles  DC  A 

and  DCB,  DA  is  equal  to  DB  {Hyp.  and  Def.  2  *ph.  Tr.)9  AC 

to  CB  {Def.  10.  1  Eu.)9  and  DC  common,  the  angles  DC  A  and 

DCB  are  equal   (8.  1  Eu.)9  and  so  DC  perpendicular  to  AB 

(Jtef.  20.  1  <Eu.) ;  in  like  manner  it  may  be  proved,  that  DC  is 

j»erpendicular  to  FG  ;  it  is  therefore  perpendicular  to  the  plain 

passing  by  ABandFG  (2.2  Sup.),  or  the  plain  of  the  circle  AGB. 

Cor.  3.   The  point  [D J,  wherein  a  right  line  [UD]  drawn  from 

tthc  centre  [0]  of  a  less  circle  [II M  KJ  of  a  sphere,  perpendicular 

the  plain  of  the  circle,  meets  the  surface  of  the  sphere,  is  a  pole 

f  the  circle. 

Right  lines  being  supposed  to  be  drawn  from  the  points  0  and 

,  to  any  two  points  M  and  K  in  the  circumference  IIMK,  the 

*1  cmonstration  is  similar  to  that  in  the  1st  cor.  to  this  prop. 

Cor.  4.  A  right  line  [DO],  drawn  from  the  pole  [D]  of  any 
^«?ss  circle  [HMK],  to  its  centre  [O],  is  perpendicular  to  the 
X»lain  of  the  circle. 

Any  two  diameters  HOK  and  LOM  of  the  circle  HMK  being 
drawn,  and  right  lines  being  supposed  to  be  drawn  from  D  to  II 
*«Uid  K,  the  demonstration  is  similar  to  that  in  the  £d  cor.  to  this 
proposition. 

Cor.  5.  Every  circle  of  a  sphere  has  two  poles,  one  to  each 
side  of  its  plain,  namely,  the  extremities  of  the  diameter  of  the 
sphere,  which  is  perpendicular  to  the  plain. 

Cor.  6  A  great  circle,  which  is  at  right  angles  to  another 
great  circle,  passes  through  its  poles  ;  for  a  right  line,  drawn 
through  the  centre  of  the  sphere,  at  right  ai.gles  to  the  latter 
circle,  is  in  the  plain  of  the  former  {Def.  3.  2  Sup.  and  Def.  3. 
Splu  Tr.)  5  whence,  the  pole*  of  the  latter  being  in  that  right 
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line  (Car.  1  to  this  prop.),  the  former  circle  passes  through  these 
poles. 

Cor.  7.  A  great  circle,  which  passes  through  the  poles  Qf 
another,  is  at  right  angles  to  that  other ;  for  right  lines  drawn 
from  these  poles  to  the  cwtnp  of  the  sphere,  are  perpendicular  to 
the  plain  of  the  latter  circle  (Cor*  2  of  this  prop.),  and  therefore 
make  right  angles  with  a  right  line,  drawn  from  that  centre, 
in  the  T.Iain  of  the  wier  circle,  perpendicular  to  the  common 
section  of  the  -jwiiiis  of  the  two  circles  (Def.  3.  2  Sup.)9  which 
angles  ar  l.a>  measures  of  those,  which  these  circles  make  with 
eacu  oiacr  (Def.  S  Sph.  Tr). 

PROP.  III.  TJIEOK. 

If  two  great  circles  (DG  and  DB,  see  fig.  to  free.  prop.)9  meeting 
a  third  (GB),  intersect  each  other  in  the  pole  (Dj  of  that  third; 
the  segment  (  GBJ  of  the  third  circle  between  the  other  two,  is 
the  measure  of  the  spherical  angle,  which  the  same  two  circles 
make  with  each  other. 

From  the  centre  C  of  the  sphere  draw  CD,  CG  and  CB,  and 

sit.ee  D  is  thep^le  of  the  circle  GB  (Hyp.),  the  arches  DGaitfl 
DB  are  quadrants  (2.  Sph.  Tr.),  and  therefore  the  angle*  PCG 
and  DCB  are  right  angles  {Cor.  1.  53.6Eu.),  and  of  course  the 
angle  GCB,  and  therefore  the  arch  GB,  which  is  the  measure 
of  it,  is  the  measure  of  the  spherical  angle  GDB  (Def.  3  Sph* 
Tr). 

Cor.  If  two  arches  of  great  circles  [DG  and  DB],  draw" 
from  the  same  point  [D],  he  each  of  them  quadrants,  their  inter- 
section [D]  is  the  pole  of  the  great  circle  [GB],  which  passes 
through  their  other  extremes  [G  and  B]. 

For,  CD,  CG  and  CB  being  drawn  from  the  centre  C  of thj 
sphere  ;  because  the  arches  DG  and  DB  are  quadrants,  the 
angles  DCG  and  DCB  are  right  angles,  therefore  DC  is'per- 
pendicular  to  the  plain  GCB,  being  the  plain  of  the  circle  AGB 
(2.  2  Sup.),  of  which  circle  therefore  D  is  the  pole  (Cor.  1.2 
Sph.  Tr). 

PROr.  IV.  THJEOH. 

Tf  one  great  circle  of  a  sphere  meet  another,  the  adjacent  angles  an 

together  equal  to  two  right  angles. 
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PROP.  V.  THEOR. 

If  two  great  circles  of  a  sphere  intersect  each  otlier,  the  opposite 

angles  are  equal. 

This  proposition  and  the  preceding,  are  demonstrated  in  like 
manner,  as  the  corresponding  properties  of  right  lines,  in  the  1 3th 
and  15th  prop,  of  the  1st  book  of  Euclid's  Elements.. 

PROP.  VI.  THEOR. 

dny  side  of  a  spherical  triangle  is  less  than  a  semicircle. 

For  if  any  side  of  a  spherical  triangle  were  equal  to  a  semi- 
circle, it  would  meet  another  side  at  both  extremes  ( 1  Sph.  Tr.)9 
and  would  therefore  leave  no  space  for  a  third  side;  a  like  absur- 
dity, would  follow,  if  any  side  were  supposed  to  be  greater  than 
a  semicircle. 

PROP  VII.  THEOR. 

• 

TJie  angles  (CAB  and  CBA)9  at  the  base  (AB)  of  an  isosceles 

spherical  triangle  (ABC)9  are  equal. 

Let  D  be  the  centre  of  the 
sphere  ;  join  DA,  DB  and  DC, 
and  from  any  point  E  in  the 
right  line  DC  drawn  to  the  ver- 
tex C  of  the  triangle,  let  fall 
perpendiculars  EF  and  EG  on 
those  DA  and  DB  drawn  to  the 
extremes  A  and  B  of  its  base  ; 
from  F  arid  G,  in  the  plain 
BAB,  draw  FH  and  GH  at 
right  angles  to  DA  and  DB9 
meeting  each  other  in  H,  and  join  EH. 

Because  the  angles  DFE  and  DFH  are  right  angles  {(banstr.)9 
the  angle  EFH  is  the  angle  which  the  plains  DAB  and  DAC 
make  with  each  otlier,  being  the  measure  of  the  spherical  angle 
CAB  Def.  3.  Spit.  Tr.)  ;  for  tiie  same  reason,  the  angle  EGH 
is  the  measure  of  the  spherical  angle  CBA. 

And  because  DF  is  perpendicular  to  each  of  the  right  lines 
EFandFH  (Constr.),  it  is  perpendicular  to  the  plain  EFH  ( 2, 
2  8up.)9  therefore  every  plain  passing  by  DF,  and  therefore  the 
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plain  DAB,  is  perpendicular  to  the  plain  EFH  (9.  2  Sup.) ;  for 
the  same  reason,  the  plain  DAB  is  perpendicular  to  ihe  plain 
EGH  ;  therefore  the  common  section  EH  of  the  plains  EFH 
and  EGH  is  perpendicular  to  the  plain  DAB  (10.  2  Sup.),  and 
of  course  the  angles  EHF  and  EHG  are  right  angles  (Def. 
5.  2  Sup). 

And  since  the  arches  CA  and  CB  are  equal  (Hyp.),  the  an- 
gles EDF  and  EDG,  of  which  these  arches  are  the  measures 
(Ztef.  2  PL  TV.),  are  also  equal ;  whence,  the  triangles  DEF  and 
DEG  having  the  angles  at  F  and  G  right,  and  DE  common, 
EF  is  equal  to  EG  (26.  1  Eu.);  whence,  the  triangles  EFH  and 
EGH  having  the  angles  at  H  right,  and  EH  common,  the  angles 
EFH  and  EGH  are  equal  (Cor.  7.  6  Eu);  hut  it  hasheen  above 
shewn,  that  the  angles  EFH  and  EGH  are  the  measures  of  the 
spherical  angles  CAB  and  CBA,  therefore  the  spherical  angles 
CAB  and  CBA,  at  the  base  of  the  isosceles  triangle  ABC,  are 
equal. 

PROP.  VIII.  THEOR. 

If  two  angles  (CAB  and  CBJI9  seefg.  to  the  prec.  pr&p.)~,  of  a 
spherical  triangle  J  ABC),  ht  equal ,  the  sides  ( CB  and  CA), 
opposite  to  them,  are  equal. 

The  same  construction,  as  in  the  preceding  proposition,  con- 
sidering the  side  AB  of  the  spherical  triangle  between  the  equal 
angles,  as  base,  remaining,  the  angles  EFH  and  EGH,  may, 
as  in  that  proposition,  be  shewn  to  be  the  measures  of  the  spher- 
ical angles  CAB  and  CBA,  which  spherical  angles  being  equal 
(Hyp.),  the  angles  EFH  and  EGH  are  equal,  and  the  angles 
EHF  and  EHG  may,  as  in  the  same  proposition,  be  shewn  to  be 
right;  whence,  the  triangles  HEF  and  HEG  having  EH  com- 
mon, EF  is  equal  to  EG  (26.  1  Eu.)  ;  and  therefore  the  triangles 
FED  and  GED  having  the  angles  at  F  and  G  right  (Consir.), 
and  DE  common,  the  angles  FDE  and  GDE  are  equal  {Cor. 
7.  6  Eu.)  ;  and  therefore  the  arches  AC  and  BC,  which  arc  the 
pleasures  of  them  (Dejf.  2.  PL  Tr.),  arc  also  equal, 
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PROP.  IX.  THEOR. 

Any  two  ^sides  (as  AB  and  BC9  see  figure  to  the  seventh  propo* 
sitiinj,  of  a  spherical  triangle  (ABC),  are  together  greater 
than  the  third  (AC.) 

Let  D  be  the  centre  of  the  sphere,  and  join  DA,  DB  and  DC. 

Of  the  three  plain  angles  which  contain  the  solid  angle  D,  the 
two  ADB  and  BDC  are  together  greater  than  the  third  ADC 
(17.  2  Sup.)9  and  the  sides  AB,  BC  and  AC  of  the  spherical 
triangle  ABC  are  the  measures  of  the  angles  ADB,  BDC  and 
ADC  (Def.  2  PL  7Y),  therefore  the  sides  AB  and  BC  of  the 
spherical  triangle  ABC  are  together  greater  than  the  third  AC* 


PROP.  X.  THEOR. 

In  any  spherical  triangle  (ACB  J  the  greater  (ACB)  of  two  une- 
qual angles  (ACB  and  CAB  J  is  subtended  by  the  greater  side 

.  fAB);  and  the  greater  (AB)  of  two  unequal  sides  (AB  and 
CBJ  is  subtended  by  the  greater  angle  (ACB). 

Part  1.     From  the  greater  angle  ACB 

tiake  a  part  ACD  equal  to  the  less  A,  and 

the  side  CD  is  equal  to  AD  (8.  Sph.  Tr.) ; 

aiding  to  each  DB,  the  whole  AB  is  equal 

to  CD  and  DB  together,  hut  CD  andDB 

"together  arc  greater  than  CB(9.  Sph*  Tr.)9 

therefore  AB  is  greater  than  CB. 

Part  2.  If  AB  be  greater  than  BC,  the 
angle  ACB  is  greater  than  the  angle  A  ;  for  the  angle  ACB  isf 
not  equal  to  A,  for  if  it  were,  the  side  AB  would  be  equal  to  BC 
(8.  Svh.  Tr.)9  contrary  to  the  supposition ;  and  the  angle  ACB 
is  not  less  than  A,  for  if  it  were  AB  would  be  less  than  BC 
(by  part  1),  which  is  also  contrary  to  the  supposition;  therefore 
the  angle  ACB  being  neither  equal  to  nor  less  than  A,  is  greater 
ban  it. 
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PROP.  XL  THEOR. 

The  three  sides  CAB,  BC  and  AC)9  of  a  spherical  triangle  (ABCJt 

are  together  less  than  a  whole  circle. 


<3> 


Produce  AB  and  AC 
to  meet  each  other  in  D  ; 
the  arches  ABD  and 
ACD  are  each  of  them  j^ 
semicircles  ( 1  Splu  Tr.) ; 
but  in  the  triangle  BDC, 
the  side  BC  is  less  than 
BD    and    DC   together 

(9.  Sph.  Tr.).  adding  to  each  the  arches  AB  and  AC,  the  three 
sides  AB,  BC  and  AC  of  the  triangle  A3C,  are  together  less 
than  the  two  arches  ABD  and  ACD  (Ax.  4.  1  Eu.)9  or,  which  is 
equal,  than  a  whole  circle. 

Otherwise,  see  fig.  to  prop.  7. 

Let  D  be  the  centre  of  the  sphere,  on  which  the  triangle  AB  C 
is  formed  ;  join  DA,  DB  and  DC ;  and,  because  the  three  plain 
angles  ADB,  BDC  and  ADC,  which  contain  the  solid  angle  D, 
are  together  less  than  four  right  angles  (18.  2  8up.)9  the  three 
sides  AB,  BC  and  AC,  which  are  the  measures  of  them  (Def.  2 
VI.  Tr.)9  are  together  less  than  a  whole  circle. 

PROP.  XII.  THEOR. 

In  any  splierical  triangle  (ABC,  see  fig.  to  prec.  prop.),  accord- 
ing as  the  sum  of  the  legs  C  AC  and  CB),  are  equal.to,  or  greater 
or  less  titan,  a  semicircle,  the  sum  of  the  angles  (A  and  ABC  J  at 
the  base,  are  equal  to,  or  greater  or  less  than,  two  right  angles- 

Let  AB  and  AC  be  produced  lo  meet  in  D* 

Part  1.  If  AC  and  CB  be  together  equal  to  a  semicircle  or 
to  ACD,  taking  from  each  the  common  arch  AC,  the  arches  CB 
and  CD  are  equal  {Ax  5.  1  Eu*)9  therefore  the  angle  CBD  is 
equal  to  the  angle  CDB  (7.  Sph.  Tf.)9  or,  which  is  equal  (Cor. 
2.  1  Sph.  Tr.),*  CAB  ;  adding  to  each  the  anglcCBA,  the  two 
angles  at  the  base  CAB  and  CBA  together  are  equal  to  the 
angles  CBD  and  CBA  together,  or  which  is  equal  (4.  Sph.  Tr.)* 
to  two  right  angles. 
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Part  2.  If  AC  and  CB  together,  be  greater  than  a  semicir- 
cle, or  than  ACD,  CB  is  greater  than  CD  ;  and  therefore  the 
angle  D  or  A  is  greater  than  the  angle  CBD  (10.  Sph.  Tr.) ; 
adding  to  each  CBA,  the  angles  CAB  and  CBA  together,  are 
greater  than  CBD  and  CBA  together,  or  than  two  right  angles. 

Part  3.  In  like  manner,  if  AC  and  CB  together,  be  less  than 
a  semicircle,  it  may  be  shewn,  that  the  angle  D  or  A  is  less 
than  CBD,  and  of  course,  the  angles  A  and  CBA  together,  lesa 
than  CBD  and  CBA  together,  or  than  two  right  angles. 

Cor.  It  follows,  that,  according  as  the  sum  of  the  sides  [AC 
and  CB]  is  equal  to,  or  greater  or  less  than,  a  semicircle,  either 
angle  at  the  base  [as  A]  is  equal  to,  or  greater  or  less  than,  the 
external  angle  [CBJPJ  at  the  other  extreme  of  the  base. 
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PROP,  XIU.  THEOR. 


.  ■'v  - 
J)f  a  spherical  triangle  (DEF),  be  formed  by  great  circles,  joining 

the  poles  (F9  D  and  EJ+  of  the  sides  (AB9  BC  and  &C)9  of  a* 

other  spherical  triangle  (ABC)  ;  the  sides  of  the  former  triangle 

(DEF)9  are  complements  of  the  measures  of  the  opposite  angles 

of  the  latter,  to  semidrdes  ;  and  the  measures  of  the  angles  of 

theformer9.are  complements  of  the  opposite  sides  of  the  latter,  to 

semidrdes. 


Let  AB,  produced  as  necessary,  meet 
DF  and  EF  in  G  and  H  ;  BC  meet  DF 
and  DE  in  M  and  N ;  and  AC  meet  ED 
andEFinK  and  L. 

Because  F  is  the  pole  of  the  arch  GAH 
(Hyp.)9  atf  arcn  drawn  from  F  to  B  is  a 
quadrant  (2  Sph.  Tr.),  and,  because  D  is 
flic  pole  of  the  arch  MCN  {Hyp.)9  an  arch 
drawn  from  D  to  B  is  a  quadrant  (2  Sph. 
Tr.)  ;  whence,  DF  being  less  than  a  semi- 
circle (6  Sph.  Tr )9  B  is  the  pole  of  the 
arch  DGMF  'Cor.  3.  Sph.  Tr.),  therefore 
BG  and  BM  are  quadrants  (2  'Sph.  Tr.)9 

and  of  course  GM  is  the  measure  of  the  angle  CBA  (3.  Sph. 
Tr).  In  like  manner  it  may  be  shewn,  that  LH  is  the  measure 
pf  the  angle  CAB  :  ami  KN  of  the  angle  ACB. 

And,  because  F  is  the  pole  of  the  arch  GAH  (Hyp.),  the  arch 
FG  is  a  quadrant  (2  Sph.  Tr.),  and  because  D  is  the  pole  of  the 
circle  MCN  {Hyp.),  the  arch  DM  is  a  quadrant  (2  Spit.  Tr.), 
therefore  FG  and  DM  together,  or  DF  and  GM  together,  are 
equal  to  a  semimircle,  and  so  the  side  FD,  which  is  opposite  the 
angle  CBA,  is  the  complement  of  GM,  which  is  above  shewn  to 
be  the  measure  of  the  angle  CBA,  to  a  simicircle.  In  like  man- 
ner it  may  be  shewn,  that  FE  is  the  complement  of  the  measure 
of  the  angle  CAB,  and  DE,  of  the  measure  of  the  angle  ACB, 
to  semicircles. 
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And,  because  BM  and  CN  are  quadrants,  these  arches  togeth- 
er, or  MN  and  CB  together,  are  equal  to  a  semicircle ;  and 
therefore  MN,  the  measure  of  the  angle  FDE,  is  the  comple- 
ment of  the  opposite  side  CB  of  the  triangle  ACB,  to  a  semicir- 
cle. In  like  manner  it  may  be  demonstrated,  that  KL  the 
measure  of  the  angle  DEF,  is  the  complement  of  the  side  AC, 
and  GH  the  measure  of  the  angle  F,  of  the  side  AB,  to  a 
semicircle. 

,  Scholium.  Although,  in  this  proposition,  the  word  comple- 
ment is  used  in  its  customary  meaning ;  yet  the  complement  of 
an  arch  or  angle,  to  a  semicircle  or  two  right  angles,  is  also 
called  its  supplement,  as  mentioned  in  Def.  5.  PI.  Tr. ;  and 
therefore  one  of  the  triangles  mentioned  in  .this  proposition,  is 
said  to  be  supplemental  of  the  other* 


PROP.  XIV.  THEOR. 


he  three  angles  of  a  spherical  triangle  (ABC,  see  Jig.  to  the  preced- 
ing proposition  J,  are  greater  titan  two  right  angles,  and  iess  thafc 
six. 


For  the  three  measures  of  the  angles  of  tlie  triangle  ABC, 
together  with  the  three  sides  of  its  supplemental  triangle  DEF, 
are  equal  to  three  semicircles  (13.  Sph.  Tr.);  but  the  three  sides 
of  the  triangle  DEF  are  less  than  two  semicircles  (11.  Sph.  Tr.) ; 
therefore  the  three  measures  of  the  angles  of  the  triangle  ABC, 
are  greater  than  a  semicircle,  and  of  course  these  three  angles 
are  together  greater  than  two  right  angles. 

And  these  three  angles  are  less  than  six  right  angles,  for  the 
internal  and  external  angles  together  of  the  triangle  ABC,  are 
equal  to  six  right  angles  (4.  Sph.  Tr.)f  therefore  the  three  inter- 
nal angles  are  less  than  six  right  angles. 
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PROP.  XV.  THEOR, 

Of  all- arches  of  great  circles  fBA,  BE,  BF  and  BB),  whicli  can 
be  drawn  to  a«y  great  circle  (AEB)  of  a  sphere,from  anypoint 
(B)  which  is  not  its  pole,  the  greatest  is  that  (BA)  whicli 
passes  through  the  pale  (H),  and  tlie  continuation  of  it  (DB) 
is  the  least  ;  and  of  others  (BE  and  BFJ,  that  (  BE)  which  is 
nearer  to  the  greatest,  is  greater  (/win  the  more  remote  (.BF)  ; 
and  the  angles  (BEA  and  DEB)  which  any  of  them  fas  BE), 
whicli  does  not  pass  through  its  pole  ■  H),  makes  with  it,  are 
unequal,  tltat  (BEA)  -whicli  is  towards  the  pole,  being  the  ■ 
greater. 

Let  AB  be  the  common  section 
or  the  circles  ADB  anil  AEB, 
from  l>  draw  DG  perpendicular 
to  AB,  and  join  GE,  GF,  DA, 
DM,  DFandDB. 

Bemuse  AB  Is  a  diameter  of 
the  s|.here  (l-  8ph.  Tr.),  its  mid- 
dle point  is  the  centre  of  the 
same,  and  therefore  a  right  lino 
drawn  thereto,  from  the  pole  H 
01  the  circle  AEB,  is  perpendi- 
cular to  the  plain  AEB  (Cor.  2.  2  Sph.  Tr.),  and  therefore  to  AB 
[Bef.  3.  2  Sup.),  and  therefore,  DG  being  perpendicular  to  AB 
(Ctmstr.),  parallel  to  DG  (28.  1  £«.);  whence.,  the  right  line  so 
drawn  from  H  to  the  centre  being  perpendicnlar  to  the  plain 
AEB,  the  right  line  DG  is  perpendicular  to  the  same  plain 
(5.  2  S<ip.)„  and  so  the  angles  DGA,  DGE,  DGF  and  DGB 
are  right  angles  {Bef.  3.  2  Sup). 

And  U/i  is  the  greatest,  and  GB  the  least,  of  all  right  lines, 
which  can  be  drawn  from  G  to  the  circumference  AEB,  and  the 
right  line  Gh  greater  than  GF  (7.  3  Em.)  ;  whence,  the  triangles 
DGA,  UGI'„  DGF  and  DGB  being  right  angled  at  G,  and 
having  the  side  DG  common,  the  square  of  DG  and  GA  together, 
or,  which  is  equal  (47.  1  .En.),  the  square  of  DA.  is  greater  than 
the  squares  of  DG  and  GE  together,  or  whicli  is  equal  {by  tlie 
same),  the  sonarcof  DE  ;  therefore  the  right  line  DA  is  greater 
th  hi  DE.  In  like  manner  it  may  lie  shewn,  that  thc^  right  line 
DE  is  greater  than  DF,  and  DF  than  DB  ;  whence  it  follows, 
thai  tlie  arch  DHA  is  the  greatest,  and  DB  the  least,  of  all  arches 
of  great  circles,  which  can  he  drawn  from  D  to  the  great  cii-cic 
AEti,  anil  the  arch  DE,  which  is  nearer  to  DHA,  greater  than 
the  arch  DF  whicli  is  more  remote. 
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And  an  arch  of  a  great  circle  being  supposed  to  be  drawn  from 
H  to  E,  the  spherical  angle  HE  A  is  a  right  angle  (Cor.  7.  2 
Sph.  Tr.),  therefore  the  spherical  angle  DEA  is  greater,  and  of 
course  (4.  Sph.  Tr.)*  DEB  less  than  aright  angle.  In  like  man- 
ner it  may  he  proved,  that  the  spherical  angle  DFA  is  grcateiy 
and  OFB  less  than  a  right  angle. 

Cor.  1.  Hence  it  follows,  that  to  any  great  circle  [AEB]  of 
ja  sphere,  from  any  point  [D]  which  is  noj  its  pole,  but  two  per- 
pendiculars [DHA  and  OBI  can  be  drawn,  one  [DHA]  passing 
through  its  pole  [H],  and  the  other  [DB]  the  continuation 
thereof,  their  incidences  being  at  the  interval  of  a  semicircle 
from  each  other. 

Car.  2.  If  ft  a  great  circle  [AEB]  of  a  sphere,  from  any  point 
JJD]  without  it  which  is  not  its  pole,  an  arch  [DK]  of  a  great 
circle  be  drawn,  to  the  point  [K.]  in  which  an  arch  [AEB],  inter- 
cepted between  the  perpendiculars  [DHA  and  DB]  let  fall  from 
that  point  on  the  great  circle,  is  bisected;  the  arch  [DK].  so 
drawn  is  a  quadrant. 

For  the  angle  KBD  being  a  right  angle,  and  KB  a  quadrant, 
K  is  the  pole  of  the  circle  BD  (Cor.  6.  2  and  prop.  2  Sph.  Tr.), 
and  therefore  DK  is  a  quadrant  (2.  Sph.  Tr). 


PROP.  XVI.  THEOR. 


Tfht  legs  containing  the  rigid  angle  of  a  right  angled  spherical 
'triangle,  are  of  the  same  affection,  as  the  opposite  angles.     That 
is,  according  to  the  legs  are  equal  to,  or  greater  or  less  tlian,  quad- 
rants, the  angles  opposite  to  them  are  equal  to,  or  greater  or  less 
Hum,  right  angles. 

Part  1.  Let  the  spherical  triangle  HAK  (see  fig.  to  the  prec. 
prop.),  right  angled  at  A,  have  the  leg  AH  equal  to  a  quadrant, 
K  being  supposed  to  he  any  where  in  the  circle  A  KB,  H  is  the 
pole  of  the  arch  AK  (Cor.  6.  2  and  prop.  2  Sph.  Tr.),  therefore 
the  angle HK A  is  a  right  angle  (Cor.  7.  2  Sph.  Try 

Part  2.  Let  the  spherical  triangle  i>EA  or  DFA,  right  an- 
gled at  A,  have  a  leg,  as  AHD,  greater  than  a  quadrant,  and 
the  angle  DEA  or  JJFA,  opposite  that  leg,  is  obtuse  (15, 
8plu  Tr). 

Part  3.  Let  the  spherical  triangle  DFB  or  DKB,  rig1* 
angled  at  B,  have  a  leg.  as  BD.  less  than  a  quadrant,  andtite 
angle  DFB  or  DEB,  opposite  that  leg,  is  acute  (15  Sylu  Try 
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PROP.  XYII.  THEOR. 


If  two  legs  of  a  right  angled  spherical  triangle  be  of  the  same  af- 
fection, (and  consequently  by  tlie  preceding  proposition,  tlie  an- 
gles opposite  to  them)  ;  the  kypothenuse  is  less  than  a  quadrant; 
unless  both  the  legs  be  quadrants,  in  which  case  the  hypothenuse 
is  a  quadrant ;  if  they  be  of  different  affections,  the  hypothenuse 
is  greater  than  a  quadrant. 

♦ 

Part  1.  If  in  the  spherical  triangle  ADF,  see  fig.  toproposi-* 
tion  15,  right  angled  at  A,  the  legs  AD  and  AF  be  both  greater 
than  quadrants,  or  in  the  triangle  BDF,  right  angled  at  B,  the 
legs  BD  and  BF  be  both  less  than  quadrants ;  the  hypothenuse 
DF  is  less  than  a  quadrant. 

For  the  semicircle  AEB  being  bisected  in  K,  the  arch  of  a 
great  circle  DK  being  drawn  is  a  quadrant  {Cor.  2.  15  Sph. 
Tr.)9  and  DF  is  less  than  DK  (15.  Sph.  Tr),  therefore  DF  is 
less  than  a  quadrant. 

Part  2.  If  in  the  spherical  triangle  AHK,  right  angled  at  A, 
the  legs  AH  and  AK  be  quadrants  ;  the  third  side  UK  is  a 
quadrant. 

For  A  is  the  pole  of  the  circle  HK  ( Cor.  3.  Sph.  Tr.)  ;  whence, 
the  spherical  angle  KAH  being  a  right  angle  {Hyp.)9  the  arch 
HK  is  a  quadrant  (3  Sph.  Tr). 

Part  3.  If  in  the  spherical  triangle  ADE,  right  angled  at  A, 
one  of  the  logs  AD  be  greater,  and  the  other  AE  less  than  a 
quadrant ;  DE  is  greater  than  a  quadrant. 

For  the  arch  DK  being  drawn  as  in  part  1,  is  a  quadrant;  and 
DE  is  greater  than  DK  (15  Sph.  Tr.) ;  therefore  DE  is  greater 
than  a  quadrant. 


PROP.  XVIII.  THEOR. 


According  as  the  hypothenuse  of  a  right  angled  spherical  triangle 
is  greater  or  less  than  a  quadrant;  the  legs,  (and  consequently 
by  1 6.  Sph.  Tr.  the  oblique  angles  J,  are  of  different  affections, 
or  of  the  same. 
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Fart  1.  Tf  the  hypothenuse  be  greater  than  a  quadrant,  the 
legs  are  of  different  affections. 

For  if  the  legs  were  of  the  same  affection,  the  hypothenuse 
would  not  be  greater  than  a  quadrant  (17.  Sph.  Tr.)9  contrary 
to  the  supposition. 

Fart  2.  If  the  hypothenuse  be  less  than  a  quadrant,  the  legs 
are  of  th^  same  affection. 

For  if  they  were  of  different  affections,  the  hypothenuse  would 
be  greater  than  a  quadrant  (17  Sph.  Tr.)9  contrary  to  the 
supposition* 

PROP.  XIX.  THEOR. 

Ijf,tn  any  spherical  triangle,  (ABC,  see figure  I  and  2 J,  the  per- 
pendicular (CD)  let  fall  on  the  base  (AB)  from  the  opposite 
angle,  fall  within  the  triangle  fas  infgiv  e  \)  ;  the  angles  at 
the  base  are  of  tlie  same  affection  :  if  the  perpendicular  fdll  with' 
out  the  triangle  (as  in  fig.  2)  ,*  the  angles  at  the  base  are  ef 
•  different  affections* 

Fig.\.  Fig.1L 


Fart  1.  Fig.  1.  Since  the  triangles  ACD  and  BCD  are 
loth  right  angled  at  D,  the  aqgles  A  and  B  are  of  the  same 
affection  with  CD  (16  Sph.  Tr.)9  and  therefore  with  each  other. 

Fart  2.  When  the  perpendicular  CD  falls  without  the  trian- 
gle, as  in  fig.  2*  the  angles  A  and  GBD  are  of  the  same  affection 
with  CD  (16  SpL  Tr.),  and  therefore  witli  each  other,  and  the 
angles  CBA,  and  CBD  are  of  different  affections  (4.  Sph.  Tr.)  ; 
therefore  the  angles  A  and  ARC  are  of  different  affections 

Scliolium.  In  part  2,  it  is  supposed*  that  CD  is  not  equal  to 
a  quadrant,  for  if  it  were,  C  would  be  the  pole  of  the  arch  ABD 
(Cor.  6.  2  and  prop.  2  Sph.  Tr.),  and  all  tiie  angles  CAB,  CBA 
and  C:tD  would  be  right  angles  (Cor.  7  2  ffph.  Tr).  A  like 
observation  is  applicable  to  the  next  proposition,  the  case  being 
excepted,  when  the  vertex  of  the  triangle  is  the  pole  of  the  base 
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PROP.  XX.  THEOR. 

If  the  angles  at  the  base  of  a  spherical  triangle,  be  of  the  same 
affection,  the  perpendicular  let  fall  thereon  from  the  opposite  an- 
gles, falls  within  the  triangle  ;  if  of  different  affections*  the 
perpendicular  falls  without. 

Part  1.  If  the  angles  at  the  base  of  a  spherical  triangle  be 
of  the  same  affection,  the  perpendicular  let  fall  thereon  from  the 
opposite  angle,  falls  within  the  triangle,  as  CD  on  AB  in  figure 
1  preceding  proposition  ;  for  if  it  did  not  fall  within,  the  angles 
A  and  B  at  the  base  would  be  of  different  affections  (19  Sph.  Tr.)9 
contrary  to  the  supposition. 

Part  2.  If  the  angles  at  the  base  be  of  different  affections,  the 
perpendicular  let  fall  thereon  from  the  opposite  angle,  falls  with-" 
out  the  triangle,  as  CD  on  AB  produced  in  fig.  2  ;  for  if  it  did 
not  fall  without,  the  angles  at  the  base  would  be  of  t|*e  same 
affection  (19  Sph.  Tr.),  contrary  to  the  supposition* 

PROP,  XXI.  THEOR. 

In  a  right  angled  spherical  triangle  (ABC,  right  angled  at  B), 
the  rectangle  under  radius  and  the  sine  of  either  leg  (EC),  is 
equal  to  the  rectangle  under  the*ine  of  the  angle  (BJLCJ  oppo- 
site that  leg,  and  the  sine  of  the  hypoihenuse  (AC.) 


Let  D  be  the  centre  of  the 
sphere;  join  DA,  DB  and  DC, 
and  draw  BH  perpendicular  to 
DA  ;  BH  is  the  sine  of  the  arch 
AB,  the  semidiamcter  DA  of  the 
sphere*  being  radius  (Def.  6  PL 
Tr.);  from  H,  draw  HE,  in  the 
plain  DAC,  perpendicular  to 
DA,  meeting  DC  in  E,  and  join 
BE ;  from  C  draw  CF  perpendi- 
cular to  DA ;  from  F  in  the  plain 
DAB,  the  right  line  FG  at  right 
angles  to  DA ;  and  join  CG  :  CF 
is  the  sine  of  the  arch  AC  to  the 
tfame  radius* 


H  j\ 
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And  since  1>H  is  perpendicular  to  both  HB  and  HE,  it  is 
perpendicular  to  the  plain  EHB  (2.  2  Sup.)9  therefore  the  plain 
DAB  which  passes  by  DH  is  perpendicular  to  the  plain  EHB 
(9*  2  Sup.),  and  so  the  plain  EHB  is  perpendicular  to  the  plain 
DAB,  as  is  manifest  from  Def.  4.  2  Snp. ;  but  the  plain  DBC  or 
DBE  is,  because  of  the  spherical  right  angle  at  B,  perpendicu- 
lar to  the  same  plain  DAB  (Def.  3.  Sph.  Tr.) ;  therefore  BE  the 
common  section  of  the  plains  II BE  and  DBE  is  perpendicular 
to  the  plain  DAB  (10.  2  Sup.),  and  EBD  and  EBH  are  right 
angles  {Def.  3.  2  Sup.)  ;  therefore  BE  is  a  tangent  of  the  arch 
BC  to  the  same  radius  (Def.  8  PL  Tr). 

In  like  manner  CG  may  be  shewn  to  be  at  right  angles  to  the 
plain  DAB,  therefore  CGD  and  CGF  are  right  angles,  and 
CG  is  the  sine  of  the  arch  CB  to  the  same  radius. 

And  in  the  triangle  CGF  right  angled  at  G,  CG  is  to  CF,  as 
the  sine  of  the  angle  CFG,  or  (Def.  3  Sph.  Tr.)9  of  the  spherical 
angle  CAB,  is  to  radius  (1.  PL  Tr.) ;  but,  as  has  been  just 
shewn,  CG  is  to  CF,  as  the  sine  of  CB  is  to  the  sine  of  CA  $ 
therefore  (11.  5  Eu.),  the  sine  of  the  angle  CAB  is  to  radius,  as 
the  sine  of  CB  is  to  the  sine  of  CA ;  and  therefore  the  rectangle 
under  radius  and  the  sine  of  CB,  is  equal  to  the  rectangle  under 
-the  sine  of  CAB  and  the  sine  of  CA  (16.  6  Eu). 

PROP.  XXII.  THEOR. 


a  right  angled  Spherical  triangle  (ABC,  right  angled  at  B9  see 

Jig.  toprec  prop.),  the  rectangle  under  radius  and  the  tangent 

of  either  leg  (BC)9  is  equal  to  the  rectangle  under  the  tangent 

of  the  angle  (CAB J  opposite  that  leg9  and  the  sine  of  Hie  other 

leg  (AB). 


The  same  construction  remaining,  as  in  the  preceding  propo- 
rtion, in  the  triangle  EBH  right  angled  at  B,  BE  is  to  BH,  as 
the  tangent  of  the  angle  EHB,  or  {Def.  3  Sph  Tr.)  of  the  spher- 
ical angle  CAB,  is  to  radius  (2.  PL  Fr.) ;  but,  as  has  been  shewn 
in  the  preceding  prop.  BE  is  to  BH,  as  the  tangent  of  BC  is  to 
the  sine  of  BA  ;  therefore  (11.  5  Eu.)9  the  tangent  of  the  angle 
CAB  is  to  radius,  as  the  tangent  of  BC  is  to  the  sine  of  BA,  and 
therefore  the  rectangle  under  radius  and  the  tangent  of  C  -,  is 
equal  to  the  rectangle  under  the  tangent  of  CAB  and  the  sine  of 
AB  (16.  6  En). 

53 
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PROP.  XXIII.  THEOR. 


If  in  a  tight  angled  spherical  triangle,  either  of (lie  legs,  the  comple- 
ment of  ihe  hypothenuse,  or  of  either  of  the  angles,  except  the 
right  angle,  be  taken  as  a  middle  part ;  the  rectangle  under  ra- 
dius and  the  sine  of  that  middle  parU  is  equal  to  the  rectangle 
under  the  cosines  of  those  two  of  the  other  parts,  which,  the  right 
angle  bang  excluded,  are  remote  from  that  middle  part.      •    "... 


Let  ABC  be  a  right  angled  spherical 

triangle,  right  angled  at  B.  and  let  either 

of  the  legs,  AB  or  BC,  the  complement 

of  the  hypothenuse  AC,  or  of  either  of 

the  angles  except  the  right  angle,  name- 
ly, of  the  angle  A  or  ACB,  be  taken  as  a 

middle  part ;  the  rectangle  under  radius 

and  tide  sine  of  that  middle  part,  is  equal 

to   the  rectangle    under  the  cosines  of 

those  two  of  the  other  parts,  which,  the 

right  angle  being  excluded,  are  remote  ' 

from  that  middle  part. 

Let  the  great  circle  DF  be  described  of  which  A  is  the  pole, 
meeting  AB,  AC  and  BC  produced  in  D,  £  and  F ;   and  since 
the  great  circle  AD  passes  through  the  pole  A  of  the  great  circle 
DE,  the  angle  D  is  aright  angle  (Cor.  7.  2  SpK  Tr),  and  there- 
fore DE  passes  through  the  pole  of  tlte  arch  ABU  (Cor.  6.  2 
Sph.  Tr.)  ;  and,  because  the  angle  ABC  is  a  right  angle,  BCF 
passes  also  through  the  pole  of  ABD  (by  the  same);  therefore 
the  arches  AD,  AE,  FB  and  FD  arc  quadrants  (2  Sph.  Tr.)t 
and  the  angle  CEF  is  a  right  angle  (Cor.  7.  2  Sph.  Tr.)  ;  there- 
fore in  the  triangle  CEF  right  angled  at  E,  CE  is  the  comple- 
ment of  the  hypothenuse  AC  of  the  triangle  ABC ;  also  FC  is 
the  complement  of  BC,  EF  of  ED,  the  measure  of  the  angle  A 
(3  Sph.  Tr.),  and  BD,  which  is  the  measure  of  the  angle  F 
{by  the  same),  is  the  complement  of  AB.    These  things  being 
premised. 

Case  1.  When  either  leg,  as  AB,  is  the  middle  part,  and  the 
complements  of  AC  and  ACB,  the  remote  parts. 

The  rectangle  under  radius  and  the  sine  of  AB,  is  equal  to  fk* 
rectangle  under  the  sines  of  the  angle  ACB  and  of  the  hypothe- 
nuse AC  (21  Splu  Tr). 
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Case  2.  When  the  complement  of  either  of  the  oblique  angles, 
a*  A,  is  the  middle  part,  and  BC  and  the  complement  of  ACB, 
the  remote  parts. 

In  the  triangle  CEF,  right  angled  at  E,  the  rectangle  under 
radius  and  the  sine  of  EF  is,  by  21  Sph.  Tr.,  equal  to  the  rect- 
angle under  the  sine  of  ECF,  or  its  equal  (5.  Sph.  Tr.)9  ACB, 
and  the  sine  of  CF ;  and  therefore,  substituting  the  equals  in  the 
triangle  ABC,  the  rectangle  under  radius  and  the  cosine  of  A,  is 
equftl  to  the  rectangle  under  the  sine  of  the  angle  ACB  and  the 
cosine  of  BC. 

Case  3.  When  the  complement  of  the  hypothenuse  AC  is  the 
middle  part,  and  the  legsAB  and  BC,  the  remote  parts. 

In  the  triangle  CEF,  right  angled  at  £,  the  rectangle  under 
radius  and  the  sine  of  CE  is,  by  21.  Sph.  Tr ,  equal  to  the  rect- 
angle under  the  sines  of  F  and  FC ;  and  therefore,  substituting 
the  equals  in  the  triangle  ABC,  the  rectangle  under  radius  and 
the  cosine  of  AC,  is  equal  to  the  rectangle  under  the  cosines  of 
AB  and  AC. 

PROP.  XXIV.  THEOR. 

The  same  things  being  supposed,  the  rectangle  under  radius  and 
the  sine  of  the  middle  j)art9  is  equal  to  the  rectangle  under  the 
tangents  of  the  parts*  which,  the  right  angle  befoig  excluded,  are 
adjacent  to  the  middle  part. 

The  same  construction  remaining,  as  in  the  preceding  pro- 
position. 

Case  1.  When  either  leg,  as  AB,  is  the  middle  part,  and  BC 
and  the  complement  of  A,  adjacent  parts. 

The  rectangle  nnffir  radius  and  the  tangent  of  BC,  is  equal  to 
the  rectangle  under  the  tangent  of  A  and  sine  of  AB  (22  Sph. 
IV.),  therefore  the  sine  of  AB  is  to  radius,  as  the  tangent  of  BC 
is  to  the  tangent  of  A  (16.  6  Eu.) ;  but  radius  is  to  the  cotangent 
of  A,  as  the  tangent  of  A  is  to  the  radius  (Cor.  4  Def.  Fl.  Tr. 
and  Tlieor.  3.  1 5.  5  En.) ;  therefore,  by  equality,  the  sine  of  AB 
is  to  the  cotangent  of  A,  as  the  tangent  of  BC  is  to  radius  (22.  5 
Eu.) ;  therefore  the  rectangle  under  radius  and  the  sine  of  AB,  is 
equal  to  the  rectangle  under  the  cotangent  of  A  and  the  tangent 
of  BC  (16.  6Eu). 

tost  2.  When  the  complement  of  either  of  the  oblique  angles, 
as  A,  is  the  middle  part,  and  AB  and  the  complement  of  AC, 
adjacent  parts. 
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In  the  triangle  CEF,  right  angled  at  E,  the  rectangle  under 
radius  and  the  tangent  of  CE,  is  equal  to  the  rectangle  under 
the  tangent  of  V  and  the  sine  of  EF  (22  Sph.  Tr.)9  therefore  the 
sine  of  EK  is  to  radius,  as  the  tangent  of  CE  is  to  the  tangent 
of  F  "16.  6  Eu.) ;  and  therefore,  substituting  the  equals  in  the 
triangle  ABC,  the  cosine  of  A  is  to  radius,  as  the  cotangent  of 
AC  is  to  the  cotangent  of  AB,  or,  tangents  being  reciprocally  as 
their  cotangents  (Cor.  5  Def.  PL  7V.),  as  the  tangent  of  AB  is  to 
the  tangent  of  AC  $  and  radius  is  to  the  cotangent  of  AC,  as  the 
tangent  of  AC  is  to  radius  ( Cor.  4  Def.  PL  Tr.  and  Iheor.  3. 
15.  5  Eu.) ;  therefore,  by  equality,  the  cosine  of  A  is  to, the  cotan- 
gent of  AC,  as  the  tangent  of  AB  is  to  radius  (22.  5  Eu.  ;  and 
therefore  the  rectangle  under  radius  and  the  cosine  of  A,  is  equal 
to  the  rectangle  undev  the  cotangent  of  AC  and  the  tangent  of 
'AB(\6.6En). 

Case  3.  When  the  complement  of  the  hypothenuse  AC  is  the 
middle  part,  and  the  complements  of  the  angles  A  and  ACB, 
adjacent  parts. 

Jn  the  triangle  CEF,  right-angled  at  E,  the  rectangle  under 
radius  and  the  tangent  of  EF,  is  equal  to  the  rectangle  under 
the  tangent  of  ECF  and  the  sine  of  CE  (22.  Sph.  Tr),  or  sub- 
stituting the  equals  in  the  triangle  ABC,  the  rectangle  under 
radius  and  the  cotangent  of  A,  is  equal  to  the  rectangle  under 
the  tangent  of  ACB  and  the  cosine  of  AC;  therefore  the  cosine 
of  AC  is  to  radius,  as  the  cotangent  of  A  is  to  the  tangent  of 
ACB  (16.  6  Eu.)  ;  and  radius  is  to  the  cotangent  of  ACB,  as 
the  tangent  of  ACB  is  to  radius  (Cor.  4  Def.  PL  Tr.  and  Theor. 
3.  15.  5  Eu.)  ;  therefore,  by  equality,  the  cosine  of  AC  is  to  the 
cotangent  of  ACB,  as  the  cotangent  of  A  is  to  radius  (22.  5. 
Eu.),  and  of  course  the  rectangle  under  radius  and  the  cosine  of 
AC,  is  equal  to  the  rectangle  under  the  cotangents  of  A  and 
ACB  (16.  6  Eu).  * 

Sclwlium. — In  any  right  angled  spherfcal  triangle,  the  five 
parts  mentioned  in  this  proposition  and  the  preceding,  namely, 
the  two  legs,  and  the  complements  of  the  hypothenuse  and  ob- 
lique angles,  are  called,  circular  parts  ;  of  which,  anyone  being 
considered  as  a  middle  part9  those,  which,  the  right  angle  being 
excluded,  are  adjacent  thereto,  are  called  adjacent  parts ,  and  the 
other  two,  remote  parts,  as  in  these  propositions  ;  both  the  ad- 
jacent and  remote  parts  being  called  by  a  common  name,  extreme 
parts. 
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PROP.  XXV,  THEOR. 


jgf  in  an  oblique  anged  spherical  triangle  (ABC J,  two  right  angled 
spherical  triangles  (ADC  and  BDC  J  be  formed,  by  letting  fall 
a  perpendicular  (CD),  on  any  side  (AB)  considered  as  thebase9 
from  the  opposite  angle,  and  the  perpendicular  (CD J  be  assumed 
as  the  middle  part  in  each  of  the  right  angled  triangles  ;  the 
rectangle  under  the  cosines  of  the  remote  parts  in  one  of  the  right 
angled  triangles,  is  equal  to  that  under  the  cosines  of  the  remote 
parts  in  the  other  ;  and  the  rectangle  under  the  tangents  of  the 
adjacent  parts  in  one,  is  equal  to  that  under  the  tangents  of  the 
adjacent  parts  in  the  oilier. 


For  the  rectangles  under  the  cosines  of  the  remote  parts  in 
the  triangle  ADC,  which  are  the  complements  of  A  and  AC, 
and  in  the  triangle  BDC,  which  are  the  complements  of  CBD 
and  BC,  are  each  of  them  equal  to  the  rectangle  under  radius  and 
the  sine  of  the  middle  part  CD  (23  8ph.  Tr.),  and  therefore  to 
each  other. 

And  the  rectangle  under  the  tangents  of  the  adjacent  parts  in 
the  triangle  ADC,  which  arc  AD  and  the  complement  of  ACD, 
and  in  the  triangle  BDC,  which  are  BD  and  the  complement  of 
BCD,  are  each  of  them  equal  to  the  rectangle  under  radius  and 
the  sine  of  the  middle  part  CD  (24.  Sph.  Tr.),  and  therefore  to 

-  each  other. 

.  Cor.  The  tangents  of  the  segments  of  the  base  [AD  and  DB] 
are  to  each  other,  as  the  tangents  of  the  vertical  angles  [ACD 
and  BCD]. 

For,  by  this  proposition,  the  rectangle  under  the  tangent  of 

-  AD  and  cotangent  of  ACD  is  equal  to  the  rectangle  under  the 
tangent  of  DB  and  cotangent  of  BCD  ;  therefore  the  tangent  of 
AD  is  to  the  tangent  of  DB,  as  the  cotangent  of  BCD  is  to  the 
cotangent  of  ACD  (16,  6  En.),  or,  the  tangents  of  any  two  arches 
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or  angles  being  reciprocally  as  their  cotangents  ( Cor.  5  Def.  H. 
Tr.)f  as  the  tangent  of  ACD  is  to  the  tangent  of  BCD. 

PROP.  XXVI.  THEOR. 

The  same  things  being  supposed,  except  that  a  middle  part  be  so  as- 
sumed in  each  of  the  right  angled  triangles,  that  the  perpendicu- 
lar may  have  a  similar  situation  with  respect  to  both  these  mid- 
die  parts,  and  of  course  may  be  an  extreme  part  of  the  same 
name,  in  both  the  fight  angled  triangles  ;  the  sines  of  the  middle 
parts  are  to  each  other,  as  the  cosines  of  the  remote,  or  as  the  tan- 
gents of  the  adjacent  parts,  which  are  peculiar  to  each  of  the 
right  angled  triangles,  according  as  the  perpendicular  becomes  a 
remote  or  an  adjacent  part 

Case  1.  "When  the  perpendicular  CD,  see  fig.  to  prec  prop., 
is  a  remote  part. 

The  rectangle  under  radius  and  the  sine  of  the  part  assumed 
as  a  middle  part  in  the  triangle  ADC,  is  «qual  to  the  rectangle 
under  the  cosines  of  CD  and  the  other  remote  part  in  the  same 
triangle  (23.  Sph.  Tr.) ;  and  the  like  being  true  with  respect  to 
the  triangle  BDC  ;  the  rectangle  under  radius  and  the  sine  of 
the  middle  part  in  the  triangle  ADC,  is  to  the  rectangle  under 
radius  and  the  sine  of  the  middle  part  in  the  triangle  BDC,  as 
rectangle  under  the  cosines  of  CD  and  the  other  remote  part  in 
the  triangle  ADC,  is  to  the  rectangle  under  the  cosines  of  CD 
and  the  other  remote partin  the  triangle  BDC  (Cor.  1.  7.  5  Eu.)$ 
whence,  the  two  first  terms  of  these  proportionals  having  a  com- 
mon side,  namely,  radius,  and  also  the  two  latter,  namely,  the 
cosine  of  CD,  by  omitting  these  common  sides,  the  sines  of  the 
middle  parts  are  to  each  other,  as  the  cosines  of  the  remote  parts 
which  are  peculiar  to  the  triangles  ADCand  BDC  (1.  6  and  11. 
5  Eu). 

Case  2.    When  the  perpendicular  CD  is  an  adjacent  part. 

The  rectangle  under  radius  and  the  sine  of  the  part  assumed 
as  a  middle  part  in  the  triangle  ADC,  is  equal  to  the  rectangle 
Under  the  tangents  of  CD  and  the  other  adjacent  part  in  the  same 
triangle  (24  Sph.  Tr.) ;  and  the  like  being  true  \? ith  respect  to 
the  triangle  BDC ;  the  rectangle  under  radius  and  the  sine  of  tho 
middle  part  in  the  triangle  ADC,  is  to  the  rectangle  under  radius 
and  the  sine  of  the  middle  part  in  the  triangle  BDC,  as  the 
rectangle  under  the  tangents  of  CD  and  the  other  adjacent  part 
in  the  triangle  ADC,  is  to  the  rectangle  under  the  tangents  of 
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CD  and  the  other  adjacent  part  in  the  triangle  BDC  {Cor.  1.7.  5 
Eu.) ;  whence,  the  two  first  terms  of  these  proportionals  having  a 
common  side,  namely,  radius,  and  also  the  two  latter,  namely, 
the  tangent  of  CD,  by  omitting  these  common  sides,  the  sines  of 
the  middle  parts  are  to  each  other,  as  the  tangents  of  the  adjacent 
parts  whicli  are  peculiar  to  the  triangles  ADC  and  BDC  (1.  6 
and  11.  5  Eu). 

Cor.  1.  If  in  a  right  angled  spherical  triangle  [ABC,  see  fig* 
to  prop.  25],  a  perpendicular  [CD]  be  let  fall  on  any  side[AB1 
considered  as  the  base,  from  the  opposite  angle  ;  the  cosines  of 
angles  at  the  base  [A  and  ABC]  are  to  each  other,  as  the  sines 
of  the  vertical  angles  [ACD  and  BCD]. 

In  the  right  angled  triangles  ADC  and  BDC,  the  complement! 
of  A  and  CBD  being  assumed  as  middle  parts,  CD  and  the  com- 
plements of  the  angles  ACD  and  BCD  are  remote  parts ;  there- 
fore, by  case  1  of  this  proposition,  the  cosine  of  A  is  to  the  co- 
sine of  CBD,  or,  by  Cor.  1  Dcf.  PL  Tr.,  in  fig.  2,  of  CBA,  as 
>  the  sine  of  ACD  is  to  the  sine  of  BCD. 

Cor.  2.  The  same  thing  being  supposed  ;  the  cosines  of  the 
sides  [AC  and  BCJ  are  to  each  otiicr,  as  the  cosines  of  the  seg- 
ments of  the  base  [AD  and  BD]. 

In  the  same  right  angled  triangles,  assuming  the  complements 
of  AC  and  CB  as  middle  parts,  CD  and  the  segments  of  the 
base  AD  and  BD  are  remote  parts ;  therefore,  by  case  1  of  this 
proposition,  the  cosines  of  AC  and  CB  are  to  each  other,  as  the 
cosines  of  AD  and  BD. 

Cor.  3.    The  same  thing  being  supposed  ;  the  sines  of  the 

3tnents  of  the  base  [AD  and  BD]  are  to  each  other,  recipro- 
ly  as  the  tangents  of  the  angles  at  the  base  [A  and  ABC]. 
In  the  same  right  angled  triangles,  assuming  AD  and  BD  as 
middle  parts,  CD  and  the  complements  of  the  angles  A  and  CBD 
become  adjacent  parts ;  therefore,  by  case  2  of  this  proposition, 
the  sines  of  AD  and  BD  are  to  each  other,  as  the  cotangents  of 
the  angles  A  and  CBD,  or  by  Cor.  1  Dcf.  PI.  Tr.,  in  fig.  g, 
CBA,  or,  the  tangents  of  any  two  angles  being  inyersely  as  their 
cotangents  (Cor.  5  Def.  PL  Tr.)9  reciprocally  as  the  tangents  of 
the  same  angles. 

Cor  4.  The  same  thing  being  supposed ;  the  cosines  of  the 
vertical  angles  [ACD  and  BCD]  arc  to  each  other,  reciprocally 
as  the  tangents  of  the  sides  [AC  and  BC]. 

In  the  same  right  angled  triangles,  the  complements  of  the 
angles  ACB  and  BCD  being  assumed  as  middle  parts,  CD  and 
the  com  (dements  of  AC  and  CB  are  adjacent  parts  ;  therefore, 
by  case  2  of  this  proposition,  the  cosines  of  ACB  and  BCD  are 
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to'each  other,  as  the  cotangent  of  AC  and  CB,  or,  the  tangents 
of  any  two  arches  being  inversely  as  their  cotangents  {Cor.  5  Def* 
PL  TV.),  reciprocally  as  the  tangents  of  the  same  arches. 


PROP.  XXVII.  THEOR. 


The  sines  of  the  sides  of  spherical  triangles,  are  to  each  other,  as 

the  sines  of  the  opposite  angles. 


In  the  case  of  right  angled  spherical  triangles,  (lie  proposition 
is  manifest  from  £1  Sph.  Tr.,  16.  6  Eu.  and  Cor.  2  Def.  PL  Tr. 

But  if  the  spherical  triangle  be  oblique  angled,  as  ABC,  see 
the  figures  to  proposition  25,  the  sines  of  any  two  sides,  as  AC 
and  BC,  are  to  each  other,  as  the  sines  of  the  opposite  angles 
CBA  and  CAB. 

Let  fall  on  the  third  side  AB,  produced  if  necessary,  the  per- 
pendicular CD,  which  perpendicular  being  assumed  as  a  middle, 
part  in  each  of  the  right  angled  triangles  ADC  and  BDC,  the 
complements  of  AC  and  of  the  angle  A  become  the  remote  parts 
in  the  former  triangle,  and  the  complements  of  BC  and  the  angle 
DBC,  the  remote  parts  in  the  latter ;  therefore  the  rectangle  un- 
der the  sines  of  AC  and  the  angle  A,   is  equal  to  the  rectangle 
under  the  sines  of  BC  and  the  angle  DBC  (25  Sph.  Tr.) ;  there- 
fore the  sine  of  AC  is  to  the  sine  of  BC,  as  the  sine  of  the  angle 
BBC,  or,  which  is  equal  in  fig.  2  {Cor.  1  Def.  PL  Tr.),  of  ABC, 
is  to  the  sine  of  the  angle  A  (16.  6  Eu). 
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PROP.  XXVIII.  THEOR. 

If  on  any  side  of  a  spherical  triangle,  considered  at  its  base*  a  per- 
])endicular  be  let  fall  from  the  opposite  angle  ;  the  rectangle  un- 
der the  tangents  of  the  half  sum  and  lialj'  difference  of  the  legs9 
is  equal  to  the  rectangle  under  the  tangents  of  the  lialf  sum  and 
half  difference  of  the  segments  of  the  base,  between  its  extremes 
and  the  perpendicular. 

Fig.  t.  Fig.  2. 


Let  ABC  be  a  spherical  triangle,  and  CD  a  perpendicular 
let  fall  on  the  base  AH  from  the  opposite  angle  ACB  ;  the  rect- 
angle under  the  tangents  of  the  half  sum  and  half  difference  of 
AC  and  BC,  is  equal  to  the  rectangle  under  the  tangents  of 
the  half  sum  and  half  difference  of  AD  andBD. 

For  the  cosine  of  AC  is  to  the  cosine  of  BC,  as  the  cosine  of 
AD  is  to  the  cosine  BD  (Cor.  2.  26  Sph.  Tr.)  j  therefore,  by 
comparing  the  sums  and  differences  of  the  terms,  the  sum  of  the 
cosines  of  AC  and  BC  is  to  their  difference,  as  the  sum  of  the 
cosines  of  AD  and  BD  is  to  their  difference  (17.  18  and  22.  5 
Eu.) ;  but  the  sum  of  the  cosines  of  any  two  arches  is  to  their 
difference,  as  the  cotangent  of  half  their  sum  is  to  the  tangent  of 
half  their  difference  (5  PL  Tr.) ;  therefore,  substituting  the  latter 
ratios  for  the  former,  the  cotangent  of  half  the  sum  of  AC  and 
BC  is  to  the  tangent  of  half  their  difference,  as  the  cotangent  of 
half  the  sum  of  AD  and  BD  is  to  the  tangent  of  half  their  differ- 
ence ;  and,  forming  rectangles  from  the  two  first  terms,  with  a 
common  side  of  the  tangent  of  the  half  sum  of  AC  and  BC,  and 
from  the  two  last,  with  a  common  side  of  the  tangent  of  the  half 
sum  of  AD  and  BD.  the  rectangle  under  the  tangent  and  cotan- 
gent of  the  half  sum  of  AC  and  BC,  is  to  the  rectangle 
under  the  tangents  of  the  half  sum  and  half  diffi  mice  of 
AC  and  BC,  as  the  rectangle  under  the  tangent  and  c>f:tn- 
gent   of  the    half  sum    of  AO  and  BD,  is  to  the   rectangle 

54 
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under  the  tangents  of  the  half  sum  and  half  difference  of 
AD  and  BD  (1.  6  and  11.  5  En.) ;  but  the  first  and  third  terras 
of  these  proportionals  are  equal,  being  each  equal  to  the  square 
of  radius  {Cor.  4  Def.  PL  Tr.  and  16.  6  Eu.)9  therefore  the  se- 
co»i»t  and  fourth  terms  arc  equal  (14.  5  Eu.\  namely,  the  rectan- 
gles under  the  tangents  of  the  half  sum  and  half  difference  of  AG 
and  BC,  and  under  the  tangents  of  the  half  sum  and  half  differ- 
ence of  AD  and  BD. 

PROP.  XXIX.  THE  OR. 

The  same  things  being  supposed,  the  rectangle  under  the  tangents 
of  the  half  sum  and  half  difference  of  the  angles  at  the  base,  is 
equal  to  the  rectangle  under  the  cotangent  of  the  half  sum  and 
tangent  of  the  half  difference  of  the  segments  of  the  vertical  an- 
gle, made  by  the  legs  with  the  perpendicular. 

The  same  figure  and  construction  remaining  as  in  the  pre- 
ceding proposition,  the  rectangle  under  the  tangents  of  the  half 
sum  and  half  difference  of  the  angles  A  and  ABC,  is  equal  to 
the  rectangle  under  the  cotangent  of  the  half  sum  and  tangent  of 
the  half  difference  of  the  angles  ACD  and  BCD. 

For  the  cosine  of  the  angle  A  is  to  the  cosine  of  the  angle 
ABC,  as  the  sine  of  the  angle  ACD  is  to  the  sine  of  the  angle 
BCD  (Cor.  l.  26  Sph.  Tr.);  therefore,  by  comparing  the  suras 
and  differences  of  the  terms,  the  sum  of  the  cosines  of  the  angles 
A  and  ABC  is  to  their  difference,  as  the  sum  of  the  sines  of  ACD 
and  BCD  is  to  their  difference  (17.  18  and  22.  5  Eu.);  but  the 
sum  of  the  cosines  of  the  angles  A  and  ABC  is  to  their  difference, 
as  the  cotangent  of  half  their  sum  is  to  the  tangent  of  half  their 
difference  (5  PL  Tr.)9  and  the  sum  of  the  sines  of  the  angles  ACD 
and  BCD  is  *o  their  difference,  as  the  tangent  of  half  their  sura 
is  to  the  tangent  of  half  their  difference  (4  PL  Tr  ) ;  therefore 
substituting  the  latter  ratios  for  the  former,  the  cotangent  of  the 
half  sum  of  the  angles  A  and  ABC  is  to  the  tangent  of  half  their 
difference,  as  the  tangent  of  the  half  sum  of  the  angles  ACD  and 
BCD  is  to  the  tangent  of  half  their  difference;  and,  forming 
rectangles  from  the  two  first  terms,  with  a  common  side  of  the 
tangent  of  the  half  sum  of  the  angles  A  and  ABC,  and  from  the 
1*o  last,  with  a  common  side  of  the  cotangent  of  the  half  sum  of 
the  angles  ACD  and  BCD,  the  rectangle  under  the  tangent  and 
cotangent  of  the  half  sum  of  the  angles  A  and  ABC,  is  to  the 
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rectangle  under  the  tangents  of  their  half  sum  and  half  differ- 
ence, as  the  rectangle  under  the  tangent  and  cotangent  of  the 
half  sum  of  the  angles  ACD  and  BCD,  is  to  the  rectangle  under 
the  cotangent  of  the  half  sum  of  these  angles  and  the  tangent  of 
half  their  difference  (1.  6  and  11.  5  Eu)  ;  but  the  first  and  third 
of  these  four  proportionals  are  equal,  being  each  equal  tw  the 
square  of  radius  {Cor.  4  Def.  PL  Tr.avd  16.  6  Eu.),  there? 
fore  the  second  and  fourth  terms  are  equal  (14.  5  Eu.),  namely, 
the  rectangles  under  the  tangents  of  the  half  sum  and  half  differ- 
ence of  the  angles  A  and  ABC,  and  under  the  cotangent  of  the 
half  sum  and  tangent  of  the  half  difference  of  the  angles  ACD  and 
BCD. 

LEMMA  I. 


The  rectangle  under  half  Ute  radius  and  the  difference  of  the  versed 
sines  of  any  two  arches,  is  equal  to  the  rectangle  under  the  sines 
of  half  the  mm  and  half  the  difference  of  t/ie  same  arches. 

Let  AB  and  AD  be  two  unequal  arch- 
es, and  let  their  difference  UD'be  bisect- 
ed in  E  ;  AE  is  equal  to  half  the  sum, 
and  DE  to  half  the  difference  of  those 
arches.  Let  C  be  the  centre  of  the  cir- 
cle, and  let  ABF  be  taken  equal  to  a 
quadrant ;  join  CF,  CE,  CB,  CA  and 
DB,  diawDII,  EL  arid  BK  at  right 
angles  to  CA,  BG  to  DB,  and  DM  to 
CB,  and  let  DB  meet  CE  in  I.  GB 
or  UK  is  the  difference  of  their  versed 
sines  BA  and  KA,  and  SI  is  the  sine 

of  half  their  difference.  And  since  the  trianglekjCLB  andDGB 
are  equiangular,  because  of  the  right  angles  at  L  and  G,  and  the 
angle  BDG  at  the  circumference  insisting  on  an  ardi  eqiia*  to 
the  two  arches  AB  and  A  D  taken  together,  and  of  course  double 
to  that  AE  which  subtends  the  angle  KCL  at  the  centre*  EL  is 
toGB  orBK,  as  CE  is  to  DB  (4. 6  and  16.  5  Eu,),  or  (15.  5 
Bu.),  as  the  half  of  CE  or  the  half  of  radius,  is  to  the  half  of  DB, 
or,  which  is  equal,  to  1)1  :  theiefore  the  rectangle  under  half  the 
radius,  and  UK  the  difference  of  the  versed  sines  of  the  arches 
AB  and  AD,  is  equal  to  the  rectangle  under  EL  the  sine  of  the 
half  sum.  and  Ul  the  sine  of  the  half  difference  of  the  same  arch- 
'    cs(lG,  G  En). 
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LEMMA  II. 

Tlie  rectangle  under  half  the  radins9  and  the  versed  sine  CMB*  see 
Jig.  to  prec.  prop.  J,  or  any  ardi  (BD)9  is  equal  to  tlit  square  of 
th(  sine  (Blj  of  half  the  same  arch. 

For  tiie  triangles  GBI  and  D*MB  are,  because  of  the  right  an- 
gles at  I  and  M,  and  the  common  angle  at  B9  equiangular— 
Therefore  MB  Is  to  BD,  as  BI  is  to  BC  or  radius  (4.  6  JSu.)9 
and,  halving  the  consequents,  MB  is  to  the  half  of  BD  or  to  BI, 
as  BT  is  to  the  half  of  radius  ( Theor.  2.  1 5.  5  En.)  $  therefore  the 
rectangle  under  half  the  radius  and  MB,  is  equal  to  the  square  of 
Bl(17-6Eu). 

PROP  XXX.  THEOR. 

•  .     *  -  .  * 

The  rectangle  under  the  sines  of  the  legs  of  any  spherical  triangle^ 
is  to  the  rectangle  under  the  sines  of  the  excesses  of  the  half  sum 
of  all  the  sides  above  each  of  the  legs9  in  a  duplicate  ratio  of  radi- 
us to  the  sine  of  half  th$  vertical  angle. 

Let  ABC  be  a  spherical 
triangle,   of  which  AB  is 
the  base ;  the  rectangle  un- 
der the  sines  of  the  legs  C  A 
and  CB,  is  to  the  rectan- 
gle under  the  sines  of   the 
excesses  of  the  half  sum  of 
A3,  BC   and    AC  above 
C  V  and  CB,  in  a  duplicate 
ratio  of  radius  to  the  sine 
of  the  vertical  angle  ACBW 
tJLct  AC  be  the  greater  of 
th*  irgs  AC  and  J3C,  and  D  the  centre  of  the  sphere.     On  CA 
produced,  take  CP  equal  to  »  quadrant,  and  on  CB  produced, 
take  CM  equal  to  CA,  and  CN  equal  to  a  quadrant.     From  the 

Va  Xm\  i  thM  a,.'ch  of  a  Sreat  cirr]c  PKN  and  of  the  less  one 
AsfM  be  described,  join  DC,  DB,  ON  and  DP  ;  let  FM  he  the 
common  section  of  the  plares  DCN  and  AQM,  uhich  let  DB 
nieet  in  O,  and  join  FA  ;  let  fall  th  perpendiculars  PG  arid  AH 
on  DN  and  FM,  andBF  on  DC  ;  let  fall  the  perpendiculars 
HI  and  ML  on  DB,  and  join  AL 
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Because  the  plains  DPN  and  FAM  are  perpendicular  to  the 
right  line  DC  drawn  from  their  pole  C  to  the  centre  D  of  the 
sphere  (Cor.  2  and  4.  2  Sph.  Tr.  and  19.  2  Sup.),  they  are  per- 

gmdicular  to  the  plain  DCN  (9.  2  Sup.) ;  and  because  the  plain 
PN  is  perpendicular  to  the  plain  D  CN,  and  PG  perpendicular  to 
their  common  section  DN  (Constr.),  PG  is  perpendicular  to  a 
right  line  drawn  from  Gin  the  plain  DCN  perpendicular  to  DN 
(Def.  4  and  3.  2  Sup.),  and  therefore  to  the  plain  DCN  (2.  2 
Sup.) ;  in  like  manner,  AH  may  be  proved  to  be  perpendicular  to 
the  plain  DCN ;  whence,  H 1  being  perpendicular  to  DB  ( Constr.), 
PB  is  perpendicular  to  IA  (Cor! 9.  2  Sup.) ;  therefore  IB  is  the 
versed  sine  of  the  arch  AB,  as  LB  is  of  the  arch  MB,  the  semidi- 
ameter  of  the  sphere  being  radius  (Def.  7.  PL  Ir). 

And  because  the  arches  AM  and  PN  are  circular,  having  the 
centres  at  F  and  D  in  the  right  line  DC  (19.  2  Sup.),  the  trian- 
gles FAM  and  DPN  are  isosceles,  and,  because  their  vertical 
angles  at  F  and  D  arc  equal  (15  and  12.  2  Sup.),  equiangular; 
and  AH  being  perpendicnlar  to  FM  and  PG  to  DN  {Constr.), 
the  triangles  into  which  these  perpendiculars  divide  them  are 
similar,  therefore  FM  is  to  DN,  as  HM  is  to  GN  (4.  6  and  16 
and  22.  5  Eu.);  and,  BE  being  drawn  at  right  angles  to  DC, 
because  the  triangles  DEB,  HIO  and  MLO  arc  equiangular, 
EB  is  to  DB,  as  IL  is  to  HM  (4.  6  and  19.  5  Eu.),  and  com- 
pounding  these  two  ratios,  the  rectangle  under  FM  the  sine  of 
CM  or  CA,  and  EB  the  sine  of  CB,  is  to  the  rectangle  under 
DN  and  DB,  or  the  square  of  radius,  as  the  rectangle  under 
HM  and  IL  is  to  the  rectangle  under  HM  and  GN  (23.  6  and 
22.  5  En.),  or,  which  is  equal  (1.6  En.),  as  IL  is  to  GN.  or, 
which  is  equal  (by  the  same),  as  the  rectangle  under  the half  of 
radius  and  IL,  is  to  the  rectangle  under  the  half  of  radius  and 
GN. 

But  the  rectangle  under  the  half  of  radius  and  IL,  the  differ- 
ence of  the  versed  sines  of  the  arches  AB  and  BM,  is  equal  to  the 
rectangle  under  the  sines  of  the  half  sum  and  half  difference  of 
the  arches  AB  and  BM  (Lcm.  1  to  this  prop);  and  because  CA 
is  equal  to  CM,  the  half  sum  of  AB  and  BM  is  equal  to  the  excess 
of  the  half  sum  of  AB  and  AC  above  the  half  of  BC,  or,  to  the 
excess  of  the  half  sum  of  the  sides  AB,  AC  and  BC  above  BC ; 
and  the  half  difference  of  AB  and  BM  is  equal  to  the  excess  of 
the  half  sum  of  AB  and  BC  above  the  half  of  AC,  or,  to  the  ex* 
cess  of  the  half  sum  of  the  sides  AB,  BC  and  AC  above  AC  ;  also 
the  rcctauglo  under  the  half  of  radius  and  GN,  the  versed  sine  of 
the  arch  PN,  is  equal  to  the  square  of  the  sine  of  half  the  same 


426  ELEMENTS  0* 

arch  PN  {Lent*  2  fo  ttts  prop.),  or,  of  half  the  angle  ACB,  of 
which  PN  is  the  measure  (3  Sph,  Tr.) ;  therefore  the  rectangle 
under  the  sines  of  CA  and  CB,  is  to  the  square  of  radius,  as  the 
rectangle  under  the  sines  of  the  excesses  of  the  half  sum  of  all  the 
sides  AB,  BC  and  AC  above  each  of  the  legs  AC  and  BC,  is  to 
the  square  of  the  sine  of  half  the  vertical  angle  ACB,  and  by  al- 
ternating, the  rectangle  under  the  sines  of  AC  and  CB,  is  to  the 
rectangle  under  the  sines  of  the  excesses  of  the  half  sum  of  AJJ, 
BC  and  AC  above  AC,  and  of  the  same  half  sum  above  BC,  as 
the  square  of  radius,  is  to  the  square  of  the  sine  of  half  the  angle 
ACB  (16,  5  Eu.)  ;  or,  which  is  equal  (20.  6  Eu.)9  in  a  duplicate 
ratio  of  radius  to  the  sine  of  half  the  angle  ACB. 


) 
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SOLUTIONS  OF  THE  SEVERAL 


CASES  OF  SPHERICAL  TRIGONOMETRY. 


PROBLEM   L 


Of  the  three  sides'  and  three  angles  of  a  right  angled  spherical  tri- 
angle, any  two  being  given,  besides  the  right  angle,  to  find  the 
rest 


All  the  cases  of  this  problem  are  solvible  by  prop.  23  and  34 
Sph.  Tr.,  for  two  of  the  five  parts  there  mentioned  being  always 
given,  and  a  third  sought,  these  three  parts  must  either  be  all 
contiguous,  or  one  of  them  is  not  contiguous  to  either  of  the  other 
two  ;  in  the  first  case,  the  part  which  is  between  the  other  two 
becomes  the  middle  part,  and  the  solution  is  made  by  prop. 
24  and  16.  6  Eu. ;  in  the  other  case,  the  part  which  is  not  con- 
tiguous to  either  of  the  other  two  becomes  the  middle  part,  and 
the  solution  is  made  by  prop  23  and  16.  6  Eu.  If  a  middle  part 
be  sought,  you  should  begin  with  radius,  if  one  of  the  extreme 
parts,  with  the  other. 

The  solutions  of  the  several  cases  of  right  angled  spherical 
trigonometry  are  exhibited  in  the  following  table. 
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Case. 


Part. 


1. 


Given,  besides 
the  right  angle. 


Sought 


The  hypothe- 
nuse  and  one  leg 
AC  and  AB. 


The  same. 


ther  leg. 
BC. 


Solutions. 


1 


The  o-  By  23  Sph.  Tr.  and 
16. 6  Eu.,  making  the 
complement  of  AC 
the  middle  part,  Cos. 
AB  :  R  :  .  Cos.  AC  : 
Cos.  BC.  According 
as  AC  is  less  or  great- 
er than  a  quadrant, 
AB  and  BC  arc  of 
the  same  or  different 
affections,  by  18  Sph. 
tTr. 


The  ob- 
lique an- 
gle adja- 
cent to  the 
given  leg. 

A. 


By  24  Sph.  Tr.  and| 
16.  6  Eu.,  making  tin 
complement  of  Amid-I 
die  part,  R  :  T.  AB 
: :  Cot.  AC  :  Cos.  A.I 
According  as  AC  is; 
less  or  greater  than  a 
quadrant,     AB     and 
BC,     and    therefore! 
A-B  and  A  are  of  the! 
same  or  different  af- 
fections, by  18   Sph.  J 
Tr. 
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Case. 


Part. 


3. 


2. 


1. 


Given,  besides;  0       ,, 
the  right  angle.     Sou5ht* 


The  same. 


The  ob- 
lique an- 
gle oppo- 
site the 
given  leg 

C 


The  hypothe- 
nuse  and  one  ob- 
lique angle. 

AC  and  A. 


1 


2. 


Th 


e  same. 


The  same. 


The  leg 
adjacent 
to  the  giv 
en  obi.  an 
gle. 

AB. 


Solutions. 


By  23  Sph.  Tr.  and 
16.  6  Eu.,  making  A  B 
the  middle  part,  S. 
AC  :•:  :  S.  AB  :  S. 
C  of  the  same  affec 
tion  as  AB,  by  16. 
Sph.  Tr. 


The  leg 
opp.  the 
given  obi. 
angle. 

BC. 


By  24.  Sph.  Tr. 
and  16.  6  Eu.,  mak- 
ing  the  complement  of 
A  middle  part,  Cot. 
AC  :  R :  :  Cos.  A 
T.  AB.  According 
as  AC  is  less  or  great- 
er than  a  quadrant,  A 
and  C,  and  of  course 
A  and  AB,  are  of  the 
same  or  different  af- 
fections, by  18  and 
16  Sph.  Tr. 


By  23  Sph.  Tr. 
and  16.  6  Eu.,  mak- 
ing BC  the  middle 
part,  R  :  S.  A  :  :  S. 
AC  :  S-  BC,  of  the 
same  affection  as  A, 
by  16  Sph.  Tr. 

The  o-I     By 


ther   obi. 
angle. 
C. 


24  Sph  Tr. 
and  16.  6  Eu.,  mak* 
ing  the  comp.  of  AC 
middle  part,  Cot.  A  : 
R:  :  Cos.  AC  :  Cot. 
C.  According  as  AC 
is  less  or  greater  than 
a  quadrant,  A  and  C 
are  of  the  same  or 
different  affections,  by 
1 8  Sph.  Tr, 
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Case* 


Part 


Given,  besides 
the  right  angle. 


3. 


1.         One  leg   and 
Jadj.  obi.  angle. 
%l    ABandA. 


Sought. 


S. 


4. 


1. 


The  o- 


Solutions. 


By  23   Sph.    Tr. 
ther  oblJand  16.  6  Eu.,  mak- 
angle.       ing  the  comp.  of  C 
C.         middle  part.  R  :  Cos. 
AB  : :  S.  A  :  Cos.  C, 
of  the  same  affection 
as  AB,  by  16.  Sph. 
Tr. 


The  same. 


-  r  *m 


The  same. 


The  o- 
ther  leg. 
BC. 


By  24  Sph.  Tr. 
and  16.  6  Eu.,  mak- 
ing AB  middle  part, 
Cot.  A  :  R  :  :  S.  AB 
:  T.  BC.  of  the  same 
affection  as  A,  by  16 
Sph.  Tr. 


The  hy- 
pothe- 
nuse. 
AC. 


By  24  Sph.  Tr.  and 
16.  6  Eu.,  making  the 
comp.  of  A  middle 
part,  T.  AB  :  R  : : 
Cos.  A  :  Cot.  AC- 
According  as  AB  and 
A  are  of  the  same  or 
different  affections, 
AC  is  less  or  greater 
than  a  quadrant,  by  17 
|Sph.  Tr. 


One    leg  and 
the  opp.  angle. 
AB  and  C. 


The  o- 
ther  obi' 
angle. 

A. 


By  23  Sph.  Tr. 
and  1 6.  6  Eu.,  mak- 
ing the  comp.  of  C 
middle  part,  Cos.  AB 
:  R  :  :  Cos.  C  :  S.  A, 
which  is  ambiguous* 
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• 

Case. 

Part. 

Given,  besides 
the  right  angle. 

Sought. 

Solutions. 

4. 

2. 

The  same. 

The  o- 
thcr  leg. 
BC. 

By  24  Sph.  .  Tr. 
and  1 6.  6  Etu,  mak- 
ing BC  middle  part, 
R  :  T.  AB  :  :  Cot 
C  :  S.  BC,  ambigu- 
ous. 

3.    ' 

The  same. 

The  hy- 
pothenusc 
AC. 

By  23.  Sph.  Tr, 
and  16.  6Eu.,  mak- 
ing AB  middle  part, 
S.  C  :  R  :  :  S.  AB  : 
S.   AC,    ambiguous. 

5. 

1. 

Both  legs. 
AB  and  BC. 

Thehy- 
pothenuse 
AC. 

By  23  Sph.  Tr. 
and  16.  6  Eu.,  mak- 
ing the  comp.  of  AC 
middle  part,  R  :  Co& 
AB  :  :  Cos.  BC  : 
Cos.  AC,  which  is 
less  or  greater  than  a 
quadrant,  according, 
as  AB  and  BC  are  of 
the  same  or  different 
affections,  by  17  Sf  h. 
Tr. 

2. 

The  same. 

Either 
obi.  angle 
A. 

By  24  Sph.  Tr. 
and  16.  6  Eu.,  mak- 
ing AB  middle  part, 
T.BC-.R::  S.AB: 
Cot.  A,  of  the  same 
affection,  as  BC,  bv 
16  Sph.  Tr.              1 

45* 


xusmirrs  of 


Case* 


6. 


Part. 


1. 


2. 


Given,  besides 
the  right  angle. 


Both  obi.  an 
gles. 
A  and  C. 


The  same. 


Sought. 


Solutions. 


Thehy-     By  24    Sph.    Tr. 
pothenUseand  16.  6  Eu  ,  mak- 


AC. 


Either! 
leg. 
AB. 


ing  the  comp.  of  AC 
middle  part,  R  :  Cot. 
A  :  :  Cot.  C  :  Cos. 
AC,  which  is  less  or 
greater  than  a  quad- 
rant* according  as  A 
and  C  are  of  the  same 
or  different  affections* 
by  17  Sph.  Tr. 


By  23  Sph.  Tr. 
and  16.  6  Eu.*  mak- 
ing the  comp.  of  C 
middle  part*  S.  A  : 
Cos*  C  :  :  R  :  Cos. 
AB,  of  the  same  af- 
fection as  the  angle 
C,  by  16  Sph.  Tr°  J 


PROBLEM  II. 


Of  the  three  sides  and  three  angles  of  an  oblique  angled  spherical 
triangle,  any  three  being  given,  to  find  the  rest. 


The  cases  of  oblique  spherical  trigonometry,  with  their  so* 
lutions,  are  as  follow, 

Wg.l*  Pig  %* 

c  € 


- .  ._ii 
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1 


Given. 


1. 


1. 


Sought. 


Two    The  re- 
sales    maining 


and  an 
angle 
oppo- 
site 
one  of 
them. 

;  ac, 

CB  & 


side. 
AB. 


Solutions. 


2 


3. 


A. 


The 
same. 


The  perpendicular  CD  being,  in  both 
figures,  let  fall  from  C  on  AB  ;  in  the 
triangle  ADC,  right  angled  atD>  AC 
fend  A  being  given,  to  fiiid  AD,  by  24 
Sph.  Tr.  taking  the  complement  of  A,  as 
middle  part,  Cot.  AC  :  R :  :  Cos.  A  :  T. 
AD  ;  and  by  Cor.  2.  26  Sph.  Tr.  Cos. 
AC  :  Cos.  CB  :  :  Cos.  AD  :  Cos.  DB  ;| 
and  AB  is  the  sum  or  different  of  ABU 
and  DB. 


The  an- 
gle  oppo- 
site the  o- 
tlier  giv- 
en  side. 

ABC. 


2. 


The    Thean- 
same.    gle  inclu- 
ded by  the 
given 
sides. 
ACB. 


l. 


Two 
sides  & 
the  in- 
cluded 
angle. 

AC, 
AB  & 
A. 


The  o- 
ther  side. 
CB. 


By  27  Sph.  Tr.  S.  BC  :  S.  AC  :  :  S. 
A  :  S.  ABC. 


In  the  triangle  ADC,  right  angled  at 
D,  AC  and  A  being  given,  to  find  the 
angle,  ACD.  By  24.  Sph.  Tr.  taking 
the  complement  of  AC  as  middle  part, 
Cot  A  :  R :  :  Cos.  AC  :  Cot.  ACD,  and 
by  Cor.  4.  26  Sph.  Tr.  T.  BC  :  T.  AC 
:  Cos.  ACD  :  Cos.  BCD,  and  the  angle 
ACB  is  equal  to  the  sum  or  difference  of 
the  angles  ACD  and  BCD. 


In  the  triangle  ADC,  right  angled  at 
D,  AC  and  A  being  given,  find  AD,  as 
in  case  1  part  1  above,  and  by  Cor.  2. 
26  Sph.  Tr.  Cos.  AD  :  Cos.  DB  :  :  Cos. 
AC  :  Cos.  BC.  According  as  BD  and 
DC  are  of  the  same  or  different  affec- 
tions, BC  is  less  or  greater  than  a  quad- 
rant, by  17.  Sph.  Tr.     ___ 


Sought 


Solutions. 


The  '  An  an-     In  the  triangle  ADC,  right  angled  at 
same,    gle  nppo-  D,  AC  and  A  being  given,  find  AD.  i 
site  one  of  in  case  l  part  1  above;  and  by  Cor. 
the  given  M   Sph.  Tr.  S.  DB  :  S.  AD  :  :  T.  A  ;| 
aides.        T.  B.     According  as  AB  is  greater  or 
ABC.   less  than  AD,  the  angles  A  and  B  art  of) 
the  same  or  different  affections  (19.  Spb.i 
TrA  V 


Two      The  o-     In  the  triangle  ADC,  right  angled  at 
angles  ther    an-D,  AC  and  A  being  given,  And  the  angle] 
gle.  'ACD  as  in  case  1  part  3  above ;  and  by 

sideop-     ACB.    Cor.  1.  26  Sph.  Tr.  Cos.  A  -.  Cos.  B  ■ : 
poaite  S.  ACD  :  S.  BCD  ;  and  ACB  is  the  sun 

of  or  difference  of  ACD  and  BCD,  accord- 

them.  ingas  the  perpendicular  CJ)  falls  within 

A,  or  without   the  triangle  ACB,  or  (IS. 

ABC  Sph.  Tr.),  according  as  the  angle  A  amJ 

&  AC.  ABC  are  of  the  same  or  different  affec- 

tions, j 


The   Thesiile     In  tlie  triangle  ADC,  right  angled  at 
same,    between    D,  AC  and  A  being  given,  hurt  AD,  as  in 
the  given  rase  1  part  1  above  ;  and  bj-  Cor.  3.  M 
angles.      Sph.  Tr.  T.  B  :  TA  :  ;  S.  AD  :  S.  DB  j 
AB.       aud  AB  i8  the  sum  or  difference  of  All' 
and  DB. 


By  27.  Sph.  Tr.  S.  B  :  S.  A  :  :  S.  AC 
S.BC. 
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o 

CD 


4. 


1. 


Given. 


Sought. 


Solution*. 


Two*     A  side 
angles  opp.    one 


and  the 
Jside  be- 
tween 
them. 

A, 
ACB 
&AC. 


of     the 
given  an- 
gles. 
BC. 


2. 


The! 
same. 


In  the  triangle  ADC,  right  angled  at 
D,  AC  and  A  being  given,  find  the  an-] 
gle  ACD,  as  in  case  1  part  3  above;  and 
by  Cor.  4.  26  Sph.Tr.  Cos.  BCD  :  Cos. 
ACD  :  :  T.  AC  :  T .  BC.  If  BCD  and 
A,  (and  therefore,  by  16.  Sph.  Tr.  DB 
and  DC),  be  of  the  same  affection,  BC 
is  less  than  a  quadrant ;  if  BCD  and  A, 
and  therefore  DB  and  DC,  be  of  different 
affections,  BC  is  greater  than  a  quadrant 
(17  Sph.  Tr). 


Theo- 
ther  an- 
gle. 

ABC. 


In  the  triangle  ADC,  right  angled  at 
D,  AC  and  A  being  given,  find  the  angle 
ACD,  as  in  case  1  part  3  above  ;  and  by 
Cor.  1.  26  Sph.  Tr.  S.  ACD  :  S.  BCD 
:  :  Cos.  A  :  Cos.  B.  According  as  the 
angle  ACB  is  greater  or  less  than  ACD, 
the  perpendicular  CD  falls  within  or 
without  the  triangle  ACB,  and  therefore 
the  angles  A  and  ABC  are  of  the  same 
or  different  affections  (19  Sph.  Tr). 
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rj 


^ 

p 


5. 


Given. 


All 
the 
sides, 

AB, 
BO  «d 
AC. 


Any  an- 
gle. 
A. 


Sought. 


Solutions. 


From  one  of  the  angles  liot  sought,  as 
ACB,  let  fall  the  perpendicular  CD  on 
the  opposite  side  AB  ;  let  AC  be  the 
greater  of  the  two  sides  AC  and  CB  ;  and 
if  the  perpendicular  fall  within  the  trian- 
gle, AB  is  the  sum,  if  without,  the  differ- 
ence, of  the  segments  AD  and  DB  ;  in 
.  either  case,  find  an  arch,  whose  tangent 

AR 

is    a  fourth    proportional    to   T  -— 

T.    AC+CB     and  T.    AC~CB     '« 


AB  be  the  sum  of  AD  and  DB,  the  arch 
so  found  is  half  their  difference,  if  AB  be 
their  difference,  that  arch  is  half  their 
sum  (28  Sph.  Tr.  and  16.  6  Eu.) ;  in  di- 
ther case,  the  sum  of  that  arch  and  the 
half  of  AB,  is  equal  to  the  greater  of  the 
two  AD  and  DB,  and  their  difference,  to 
the  less  (7  PL  Tr.) ;  and  AD  and  DB 
being  found ;  in  the  triangle  AD  C,  right 
angled  at  D,  AD  and  AC  being  given, 
the  angle  A  may  be  found  by  Prob.  1. 
solutions  Sph.  Tr. 

Otherwise. 

The  rectangle  under  the  shies  of  AB 
and  AC  :  the  rectangle  under  the  sines 
of  the  arches    AB+BC+AC_Afl  apd 

AB+BC+AC     Ar         ,  , 

! — — At  :  :   the  square  of 


radius  :  the  square  of  the  sine  of  half  the 
angle  A  (30  Sph.  Tr.  and  20,  6  Eu). 
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r 

'S 
-$ 


6. 


J. 


S  .Given. 


Sought. 


Solutions, 


All 
the  an- 
gles. 

CAB, 
ABC 
and 
ACB. 


Any 
side. 
AC. 


On  one  of  the  sides  not  sought,  as  AB, 
let  fall  a  perdendicular  CD  from  the  op- 
posite angle  ;  let  ABC  be  the  greater  of 
the  two  angles  A  and  ABC ;  the  perpen- 
dicular falls  either  within  or  without  the 
triangle,  according  as  the  angles  A  and 
ABC  are  of  the  same  or  different  affec- 
tions (20  Sph.  TV.) ;  in  the  former  case, 
the  angle  ACB  is  the  sum,  in  the  latter, 
the  difference,  of  the  vertical  angles  ACD 
and  BCD  ;  in  the  former  case,  find  an 
angle,  whose  tangent  is  a  fourth  propor- 
tional to  Cot.  AE*    T.  ABC+A  and 


T. 


ABC— A 


in  the  latter,  an  angle, 


whose  cotangent  is  a  fourth  proportional 
to   T     ACB     T     ABC+A    and  T# 

IZ— ;  the  angle  so  found  is,  in  the 

former  case,  half  the  difference,  and  in 
latter,  half  the  sum  of  ACD  and  BCD 
(29  Sph.  Tr.  and  16.  6  Eu.) ;  in  either 
case,  the  sum  of  the  angle  so  found  and 
the  half  of  ACB,  is  equal  to  the  greater 
of  the  two  ACD  and  BCD,  and  their 
difference  to  the  less  {7  PL  Tr.)  $  and 
ACD  and  BCD  being  found  ;  in  the  tri- 
angle ADC,  right  angled  at  D,  the  an- 
gles A  and  ACD  being  given,  AC  may 
be  found  by  prob.  1  solutions  Spb.  Tr- 
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O  "0 


6. 


Given. 


AH 
the  an- 
gles. 

CAB, 
ABC 
and 
ACB. 


Sought. 


Solutions* 


Any* 
side. 
AC. 


Otherwise. 


Let  DEF,  see  fig.  to  prop.  13  Sph. 
Tr.,  be  the  supplemental  triangle  to  the 
triangle  ABC  ;  the  arch  DE  is  the  com- 
plement of  the  angle  ACB,  EF  of  the 
angle  BAC,  and  DF  of  the  angle  ABC, 
to  semicircles  ;  the  sides  of  the  triangle 
DEF  are  therefore  given  ;  from  which, 
by  ease  5,  find  the  angle  DEF  which  is 
opposite  the  sought  side  AC ;  which  side 
may  of  course  be  found,  being  the  com- 
plement of  the  measure  of  the  angle 
DEF  to  a  semicircle  (13  Sph.  Tr). 


In  the  preceding  solutions  of  the  several  cases  of  oblique  an* 
gled  spherical  triangles,  the  rules  are  given  for  ascertaining  the 
affections  of  the  arches  or  angles  sought,  and  removing  ambigu- 
ities, where  it  could  be  conveniently  done.  For  farther  remarks 
on  this  subject,  and  particularly  on  the  first  solutions  of  the  fifth 
and  sixth  cases,  deduced  from  prop.  28  and  29  Sph.  Tr.  see  note 
on  Problem  2  Spherical  Trigonometry. 
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NATURAL  PHILOSOPHY, 


As  far  as  it  relates  to  Astronomy,  according  to  the  Newtonian  System. 


Philosophy,  which  signifies  a  knowledge  of  things,  is  a  word 
of  Greek  origin,  and  in  that  language  means,  a  love  of  know* 
ledge.  It  is  divided  into  Moral  and  Natural.  Moral  Philosophy^ 
which  is  also  called  Etticks,  and  by  some  Metaphyskks,  treats  of 
the  duties  and  conduct  of  man,  considered  as  a  rational  being. 
Natural  Philosophy,  called  also  Phy  sicks,  treats  of  the  properties 
of  natural  things,  the  causes  of  the  different  phenomena  or  ap- 
pearances, and  the  law3,  by  which  the  various  operations,  which 
we  observe  in  natural  things,  are  regulated  ;  and  of  such 
natural  laws,  as  may  be  applied  to  various  useful  purposes. 

The  assemblage  of  natural  bodies  or  things,  is  called  the 
Universe. 

Though  it  is  by  no  means  the  intention  of  this  little  tract  to 
enter  into  the  business  of  Natural  Philosophy,  farther  than  may 
be  necessary  to  explain  the  motions  of  the  heavenly  bodies,  and 
the  laws  by  which  these  motions  are  regulated,  deduced  from 
the  laws  of  motion ;  yet  it  seems  not  unimportant,  previously  to 
mention  some  of  the  principal  axioms  of  philosophy,  which  have 
been  deduced  from  common  and  constant  experience ;  which  are 
so  evident,  and  so  generally  known,  that  a  recital  of  a  few  of 
them  will  be  sufficient. 

1.  Nothing  has  no  property.    Hence, 

2.  No  substance  or  being  can  be  produced  from  nothing  by  any 
created  being. 

3.  Matter  cannot  naturally  be  annihilated,  or  reduced  to  noth- 
ing ;  and  though  things  may  appear  to  be  utterly  destroyed,  as,  for 
instance,  by  the  action  of  fire,  by  evaporation,  8fc,  yet  in  such 
cases  the  substances  are  not  annihilated,  but  they  are  only  dispersed, 
or  divided  into  particles,  so  minute  as  to  elude  our  senses. 

4.  Every  qfect  has,  or  is  produced  by,  a  cause,  and  is  propor- 
tionate to  it. 
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The  rvles  of  reasoning  in  Philosophy,  which  have  been  form- 
ed after  mature  deliberation,  are  as  follow: 

Rule  1.  That  more  causes  of  natural  things  ought  not  to  be 
admitted,  than  are  both  true,  and  sufficient  to  explain  tlieir  ap- 
pearances. 

Philosophers  say,  Nature  does  nothing  in  vain  ;  and  that  is 

done  in  vain  by  more  causes,  which  can  be  done  by  fewer. 

For  nature  is  simple,  and  abounds  not  in  superfluous  causes  of 
things. 

Rule  2. '  Therefore  of  natural  effects  of  the  same  kind,  the  same 
causes  are,  as  far  as  possible,  to  be  assigned. 

As  of  respiration  in  a  man,  and  in  a  beast ;  of  the  descent  of 
stones  in  Europe  and  in  America  ;  of  the  light  of  a  culinary  fire 
and  of  the  sun  ;  of  the  reflection  of  light  in  the  earth  and  in  the 
planets. 

Rule  3.  The  qualities  of  bodies  which  can  neither  be  increased 
or  diminished,  and  which  are  found  in  all  bodies  on  which  we  can 
make  experiments,  are  to  be  reputed  qualities  of  all  bodies  what- 
ever. 

Such  as  the  extension,  hardiness,  impenetrability,  mobility 
and  vis  inertiae  of  matter.  And  if  it  appear  from  experiments  and 
astronomical  observations,  that  all  bodies  about  the  earth  gra- 
vitate towards  the  earth,  and  that,  in  proportion  to  the  quantity 
of  matter  in  each  ;  that  the  moon,  according  to  its  quantity  of 
matter,  gravitates  towards  the  earth,  and  our  sea  towards  the 
moon  ;  and  all  the  planets  and  comets  towards  each  other  and 
the  sun ;  we  must  by  this  rule  affirm,  that  all  bodies  whatever 
gravitate  towards  each  other.  Indeed  the  argument  from  the 
appearances,  for  the  universal  gravitation  of  bodies,  is  stronger 
than  for  their  impenetrability,  of  which  we  can  have  no  experi- 
ment or  observation  in  the  celestial  bodies. 

Rule  4.  In  experimental  philosophy,  we  should  consider  propo- 
sitions collected  by  general  induction  from  phenomena,  as  accurately 
or  very  nearly  true,  notwithstanding  any  contrary  hypotheses 
vthich  may  be  imagined,  till  other  phenomena  occur,  by  which  tliet) 
may  bemade  more  accurate,  or  liable  to  exceptions. 

This  rule  should  be  followed,  that  the  argument  of  induction 
may  not  be  evaded  by  hypotheses. 

These  rules  are  evidently  formed,  in  order  that  in  our  enqui- 
ries about  the  nature  of  bodies,  we  may  be  rather  directed  by 
experiment,  than  by  hypotheses  not  founded  on  experiment,  as 
appears  to  have  heen  often  done,  to  the  evident  danger  of  being 
led  into  errors  ;  and  as  the  object  of  research  in  these  elements, 
is  the  system  of  the  world,  and  to  investigate  the  causes,  from 
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whence  motions  so  accurate  and  beneficial  are  produced  ;  it 
seems  proper  to  mentiou  previously,  some  of  the  principal  laws 
of  the  planetary  motions,  discovered  by  that  eminent  astrono- 
mer, John  Kepler,  from  actual  observations?  according  to  the 
Copernican  hypothesis,  among  which  are  the  following  : 

1st.  The  areas,  which  the  planets,  which  revolve  round  tht 
sun,  describe  by  right  lines  drawn  to  it,  are  proportional  to  the 
times. 

2nd.  The  orbits,  which  they  describe,  are  not  circles,  as  was 
before  generally  supposed,  but  ellipses,  the  sun  being  in  one  of 
the  focuses. 

3rd.  The  cubes  of  their  mean  distances  from  the  sun  are.  to 
each  other,  as  the  squares  of  their  periodick  times. 

The  two  first  laws  being  applicable  to  the  moon's  motion 
round  the  earth,  and  all  three  to  the  motion  of  Jupiter  and  Sa- 
turn's satellites  round  their  primarie*s.  It  remained  for  the 
great  Newton  to  deduce  these  and  other  laws  of  the  system  of 
the  world,  from  the  laws  of  motion,  by  mathematical  reasoning. 
Some  of  his  principal  discoveries  on  this  subject  are  delivered  in 
the  following  elements, 


"•*..> 
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DEFINITIONS. 


1  •  The  quantity  of  matter  9  is  a  measure  thereof,  arising  from 
its  density  and  magnitude  jointly. 

The  air,  for  instance,  its  density  being  doubled,  in  a  double 
space  is  four-fold,  in  a  triple,  six-fold.  This  quantity  may  be 
ascertained  by  its  weight,  especially  in  an  exhausted  receiver. 

2.  The  quantity  of  motion^  is  a  measure  thereof,  arising  from 
the-velocity  and  quantity  of  matter  jointly. 

The  motion  of  the  whole,  is  the  sum  of  the  motions  of  all  the 
parts,  and  therefore  in  a  body  of  double  the  quantity  of  matter, 
with  an  equal  velocity,  is  double,  and  with  a  double  velocity, 
four-fold.  And  ever  so  small  a  power  may  be  made  to  move 
ever  so  great  a  weight ;  namely,  by  making  the  velocity  of  the 
power  compared  with  that  of  the  weight  such,  that  the  product 
of  the  quantity  of  matter  of  the  power  multiplied  by  its  velocity, 
may  be  greater  than  the  product  of  the  quantity  of  matter  of  the 
weight  by  its  velocity,  arid  so  much  greater  as  to  overcome  such 
resistance  as  may  arise  from  friction,  &c. 


\ 
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3.  The  force  of  inertness,  or  vis  inertias*  or  vis  insita  of  mat* 
ter,  is  the  power  of  resisting,  by  which  every  body,  as  much  as 
is  in  it,  perseveres  in  its  state  of,rest,  or  of  uniform  motion  in  a 
right  line. 

This  force  is  proportional  to  the  quantity  of  matter. 

4.  An  impressed  force,  is  an  action  exercised  on  a  body,  to 
change  its  state  of  rest,  or  uniform  motion  in  a  right  line. 

This  force  consists  in  the  action  alone,  nor  does  it  remain  in 
the  body  after  the  action.  For  the  body  perseveres  in  every  new 
state  by  its  force  of  inertness  alone.  But  the  impressed  force  is 
of  different  origins,  as  from  a  stroke,  a  pressure,  a  centripetal  or 
centrifugal  force. 

5.  A  centripetal  force9  is  that,  by  which  bodies  are  drawn, 
impelled,  or  any  how  tend  towards  any  point  as  a  centre. 

Of  this  kind  is  gravity,  by  which  bodies  tend  to  the  centre  of 
the  earth ;  magnetism,* by  which  iron  is  attracted  towards  a 
magnet ;  and  that  force,  whatever  it  be,  by  which  the  planets 
are  perpetually  drawn  from  rectilineal  motions,  and  caused  to 
be  revolved  in  curve  lines. '  A  stone,  whirled  about  in  a  sling, 
endeavours  to  recede  from  the  hand  which  turns  it •  and  by  that 
endeavour,  distends  the  sling,  and  with  so  much  the  greater 
force,  as  it  is  revolved  with  the  greater  velocity ;  and  as  soon  as 
it  is  let  go,  flies  away.  That  force  which  opposes  itself  to  this 
endeavour,  and  by  which  the  sling  perpetually  draws  back  the 
stone  towards  the  hand,  and  retains  it  in  its  orbit,  because  it  is 
directed  towards  the  hand  as  the  centre  of  the  orbit,  may  be 
called  the  centripetal  force.  And  the  same  thing  is  to  be  under- 
stood of  all  bodies  revolved  in  any  orbits.  They  all  endeavour 
to  recede  from  the  centres  of  their  orbits,  and  were  it  not  for  the 
opposition  of  a  contrary  force,  by  which  they  are  retained  in 
their  orbits,  sluA  which  may  therefore  be  called  centripetal, 
would  go  off  in  right  lines  with  a  uniform  motion.  A  projectile, 
if  it  were  not  for  the  force  of  gravity,  would  not  deviate  towards 
the  earth,  but  would  go  off  in  a  right  line,  and  with  a  uniform 
motion,  if  the  resistance  of  the  air  were  taken  away.  By  its 
gravity  it  is  perpetually  drawn  aside  from  its  rectilineal  course, 
and  made  to  deviate  towards  the  earth  more  or  less,  according 
to  the  force  of  its  gravity,  and  the  velocity  of  its  motion.— By 
how  much  the  less  the  force  of  gravity  is,  and  the  greater  the 
velocity,  with  which  it  is  projected,  by  so  much  the  less  it  will 
deviate  from  a  rectilineal  course,  and  the  farther  it  will  go.  If 
a  leaden  ball,  projected  from  the  top  of  a  mountain,  by  the  force 
of  gun-powder,  with  a  given  velocity,  in  a  horizontal  direction, 
be  carried  to  the  distance  of  two  miles  before  it  falls  to  the 
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ground ;  the  same,  with  a  double  or  ten-fold  velocity,  wouljl  go 
about  double  or  ten  times  as  far,  provided  the  resistance  of  the 
air  was  taken  away.  And,  by  increasing  the  velocity,  we  may 
at  pleasure  increase  the  distance  to  which  it  might  be  projected, 
and  diminish  the  curvature  of  the  line  described  by  it,  till  at 
length  it  might  describe  ten,  twenty,  or  ninety  degrees,  or  even 
go  round  the  whole  earth,  before  it  would  fall ;  or  finally  might 
never  fall,  but  njfght  go  off  into  the  celestial  spaces,  and  by  the 
motion  of  going  off,  might  proceed  in  infinitum.  And  in  the 
same  manner,  as  a  projectile  may,  by  the  force  of  gravity,  be 
made  to  revolve  in  an  orbit,  and  go  round  the  whole  earth  ;  the 
moon  also  may,  either  by  the  force  of  gravity,  if  it  have  gravity, 
or  by  any  other  force,  by  which  it  may  be  urged  towards  the 
earth,  be  perpetually  drawn  from  a  rectilineal  course  towards 
the  earth,  and  made  to  revolve  in  its  orbit :  and  without  such  a 
force  the  moon  could  not  be  retained  in.  its  orbit.  If  this  force 
were  too  small,  it  would  not  sufficiently  turn  the  moon  from  a 
rectilineal  course  ;  if  too  great,  it  would  turn  it  too  much,  and 
draw  it  down  from  its  orbit  towards  the  earth.  It  is  requisite, 
that  the  force  be  of  a  just  quantity,  and  it  belongs  to  mathema- 
ticians to  find  the  force,  by  which  a  body  may  be  accurately  re- 
tained in  any  given  orbit,"  with  a  given  velocity ;  and  again,  to 
find  the  curvilineal  path,  into  which  a  body  going  from  a  given 
place,  with  a  given  velocity,  would  be  turned,  by  a  given  force. 

Scholium. 


When  the  word  centripetal  force,  attraction,  impulse  or 
propension  is  used,  the  reader  is  to  be  aware,  that,  by  these 
words,  it  is  not  meant,  to  determine  the  species  or  mode  of  ac- 
tion, or  the  physical  cause  or  reason  of  it ;  or  to  ascribe  these 
forces  truly  and  physically  to  the  centres,  which  are  mathema- 
tical points,  when  the  centres  are  said  to  attract,  or  forces  are 
called  centripetal ;  these  forces  being  in  this  tract  considered, 
not  physically,  but  mathematically. 

The  terms,  time,  space,  place  and  motion,  are  not  explained 
in  the  above  definitions,  as  being  well  known  to  all.  But  in 
order  to  avoid  certain  prejudices  which  may  arise  from  the  com- 
mon conceptions  of  these  things,  it  seems  proper  to  distinguish 
them  info  absolute  and  relative,  true  and  apparent,  mathemati- 
cal and  common.  In  explaining  the  distinction  between  these, 
which  appears  extremely  obvious,  I  shall  be  very  brief. 
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1*  Absolute,  true,  and  mathematical  time,  in  itself  and  its 
nature,  flows  equably,  without  relation  to  any  thing  external ; 
and  by  another  name  is  called,  duration  :  Relative,  apparent 
and  common  time,  is  some  sensible  and  external  measure  of 
duration,  by  motion,  whether  accurate  or  inequable,  commonly 
used  for  a  true  measure  of  time,  as  a  day,  a  month,  a  year. 
Natural  days  are  unequal,  and  astronomers  correct  the  inequal- 
ity, for  the  purpose  of  calculating  the  celestiaJ  motions.  It  is 
possible  there  may  be  no  perfectly  equable  measure  of  time. 
All  motions  may  be  accelerated  or  retarded,  but  the  flow  of 
absolute  time  cannot  be  changed,  and  is  the  same,  whether 
motions  be  swift  or  slow  or  none. 

2.  Absolute  space,  in  its  own  nature,  without  relation  to  any 
thing  external,  remains  always  the  same  and  immoveable. 
Relative  space,  is  some  moveable  measure  or  dimension  of  this 
space,  which  is  determined  by  our  senses  from  its  situation  with 
respect  to  bodies,  and  is  commonly  reckoned  immoveable  :  as 
the  dimension  of  a  subterraneous,  aerial  or  celestial  space  deter- 
mined by  its  situation  with  respect  to  the  earth  ;  and  if  tbs 
earth  be  moved,  a  space  of  our  air,  which,  relatively  and  with 
respect  to  the  earth,  always  remains  the  same,  becomes  at  one 
time,  one  part  of  absolute  space,  and,*  at  another  time,  another, 
and  so  its  portion  of  absolute  space  is  continually  changed. 

3.  Place,  is  the  part  of  space  which  a  body  occupies,  and  is, 
according  to  the  nature  of  the  space,  either  absolute  or  relative. 
Thus  a  body  on  this  earth,  which,  apparently  and  with  respect 
to  the  earth,  remains  in  the  same  place,  if  the  earth  move,  is 
continually  changing  its  place  or  situation  with  respect  to  abso- 
lute or  immoveable  space ;  but  situations,  properly  speaking, 
have  not  quantity,  and  are  not  so  much  places,  as  affections  of 
places. 

4.  Absolute  motion,  is  the  translation  of  a  body  from  an 
absolute  place  to  an  absolute  place ;  Relative  from  a  relative  one 
to  another.  Thus  if  the  earth  move,  a  body  on  it  may  be  rela- 
tively at  rest,  that  is,  with  respect  to  the  earth,  and  yet,  witk 
respect  to  absolute  space,  be  in  motion. 

Hence  it  appears,  that  relative  quantities  are  not  the  quanti- 
ties themselves,  whose  names  they  bear,  but  those  sensible  mea- 
sures of  them,  accurate  or  inaccurate,  which  are  commonly  used 
instead  of  the  measured  quantities  themselves ;  and,  if  the  mean- 
ing of  words  is  to  be  determined  by  their  use,  by  those  names 
of  time,  space,  place  and  motion,  these  measures  are  to  be  under* 
stood  ;  and  the  language  will  be  unusual,  though  purely  mathc- 
matical,    if  the  measured  quantities  themselves  be  meant— 
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Therefore  they  do  violence  to  the  sacred  writings,  who  there 
interpret  these  terms  for  the  measured  quantities  themselves. 
Nor  do  they  less  contaminate  mathematicks  and  philosophy, 
who  confound  the  true  quantities,  with  their  relations  and  com- 
mon measures. 

To  discover  indeed  the  true  motions  of  particular  bodies,  pnd 
actually  to  discriminate  them,  from  those  which  are  apparent* 
is  a  matter  of  no  little  difficulty  ;  because  the  parts  of  that 
immoveable  space,  in  which  bodies  are  really  moved  do  not  strike 
our  senses.  Yet  the  cause  is  not  entirely  desperate.  For  argu- 
ments arc  within  our  reach,  partly  from  the  apparent  motions, 
which  arc  the  differences  of  true  ones,  and  partly  from  the  forces, 
which  are  the  causes  of  the  true  motions. 


AXIOMS,  OR  LAWS  OF  MOTION. 


Law  1.  That  every  body  perseveres  in  its  state  of  rest9  or  of 
moving  uniformly  in  a  right  line9  unless  so  far  as  it  is  compelled, 
by  forces  impressed  thereon,  to  change  that  state. 

^Projectiles  persevere  in  their  motions,  unless  so  far  as  they 
are  retarded  by  the  resistance  of  the  air,  and  impelled  downward 
by  the  force  of  gravity.  But  the  greater  bodies  of  the  planets 
and  comets  preserve  their  progressive  and  rotatory  motions,  in 
less  resisting  spaces,  for  a  very  long  time. 

Law  2.  That  a  change  of  motion  is  proportional  to  the  force 
impressed,  and  according  to  tlie  right  line,  in  which  that  force  is 
impressed. 

If  any  force  generate  a  motion,  a  double  force  will  generate  a 
double  motion,  a  triple  force,  a  triple  one,  whether  the  force  be 
impressed  together  and  at  once,  or  gradually  and  successively. 
And  if  the  impressed  body  were  previously  in  motion,  and  the 
impressed  force  be  in  the  same  direction,  as  that  previous  motion, 
the.  impressed  motion  is  added  to,  or  taken  from,  the  previous 
motion,  according  as  the  two  motions  conspire  with,  or  arc 
contrary  to  each  other.  But  if  the  impressed  force  be  in  an 
oblique  direction,  with  respect  to  the  previous  motion,  a  new 
motion  will  arise  compounded  of  the  determination  of  both. 

Law  3.  That  reaction  is  always  equal  and  contrary  to  action : 
or,  t/tat  the  actions  of  two  bodies  on  each  other  are  always  equal, 
and  directed  to  contrary  parts* 
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Whatever  presses  or  draws  another,  is  as  much  pressed  or 
drawn  by  that  other.  If  any  one,  with  his  finger  press  a  stone, 
his  finger  is  also  pressed  by  the  stone.  If  a  horse  draw  a  stone 
tied  to  a  rope,  the  horse,  if  I  may  so  speak,  will  be  equally 
drawn  back  towards  the  stone  :  for  the  stretched  rope,  by  the 
endeavour  of  relaxing  itself,  will  urge  the  horse  towards  the 
stone,  and  the  stone  towards  the  horse,  and  will  as  much  im- 
pede the  progress  of  one,  as  it  advances  that  of  the  other.  If  a 
globular  body,  as  an  ivory  ball,  impinging  on  another  similar 
one,  by  its  force  change  in  any  way  the  motion  of  that  other, 
the  same  will  also  by  the  force  of  that  other,  on  account  of  the 
equality  of  the  mutual  pressure,  undergo  an  equal  change  in  its 
motion,  to  the  contrary  part.  By  these  actions,  if  the  bodies 
be  unequal,  equal  changes  are  made,  not  of  velocities,  but  of 
motions  ;  namely,  in  bodies  not  otherwise  obstructed :  for  the 
changes  of  velocities,  made  towards  contrary  parts,  because  the 
motions  are  equally  changed,  are  reciprocally  proportional  to 
the  magnitudes  of  the  bodies. 

In  attractions,  which  are 
the  principal  object  of  this 
tract,  the  truth  of  this  law  may 
be  thus  shewn.  Between  any 
two  bodies  A  and  B,  mutually 
attracting  each  other,  conceive 
any  obstacle  to  be  placed,  by 
which  their  coming  together 
may  be  hindered.  If  either  bo- 
dy A  be  more  attracted  towards 
the  other  B,  than  that  other  B 
towards  the  former  A,  the  ob- 
stacle would  be  more  urged  by 
the  pressure  of  the  body  A, 
than  by  that  of  B,  and  therefore  would  not  remain  in  an  equili- 
brium. The  stronger  pressure  would  prevail,  and  cause,  that 
the  system  of  the  two  bodies  and  the  obstacle  would  be  moved 
directly  towards  the  part,  on  which  B  lies,  and  in  free  spaces 
would  go  forward  in  infinitum,  with  a  motion  continually  acce- 
lerated ;  which  is  absurd  and  contrary  to  the  first  law.  For,  by 
the  first  law,  the  system  ought  to  persevere  in  its  state  of  rest,  or 
of  moving  uniformly  forward  in  a  right  line;  therefore  the  bodies 
must  equally  press  the  obstacle,  and  arc  equally  attracted  by 
each  other.  The  truth  of  this  may  be  shewn  by  experiment,  in 
the  attraction  between  a  magnet  and  iron.  If  these,  placed 
apart  in  proper  vessels  touching  each  other,  float  near  each  other 
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in  still  water,  neither  will  propel  the  other,  but,  by  the  equality 
of  attraction  both  ways,  they  will  sustain  each  other's  pressure, 
and  at  length  rest  in  an  equilibrium. 

So  also  the  gravity  between  the  earth  and  its  parts  is  mutual. 
Let  the  earth  EH  be  cut  by  any  plain  DF  into  two  unequal 
parts  DEF  and  DHF ;  their  weights  towards  each  other  are 
mutually  equal.  For  if  the  greater  part  DHF  be,  by  another 
plane  GK  parallel  to  the  former  DF,  cut  into  two  parte  DFKG 
and  GHK,  of  which  the  exterior  part  GHK  is  equal  to  the  less 
part  first  cut  off  DEF  ;  it  is  manifest,  that  the  middle  part 
DFKG  will,  by  its  own  weight,  tend  to  neither  of  the  extreme 
parts,  but  will,  if  I  may  so  speak,  be  suspended,  and  rest  in  an 
equilibrium  between  both.  But  the  extreme  part  GHK  would 
press  with  all  its  weight  on  the  middle  part,  and  urge  it  towards 
the  other  extreme  part  DEF  ;  therefore  the  force  with  which 
the  sum  of  the  parts  GHK  and  DFKG  tends  towards  the  third 
part  DEF  is  equal  to  the  weight  of  the  part  GHK,  or,  to  the 
weight  of  the  third  part  DEF,  Therefore  the  weights  of  the 
two  parts  DEF  and  DHF  towards  each  other  are  equal,  as  was 
proposed  to  be  proved.  And  unless  these  weights  were  equal,  the 
whole  earth,  floating  in  a  free  ether,  would  yield  to  the  greater 
weight,  and,  in  going  from  it,  would  be  carried  off  in  injinitujnt 


\ 
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Cor.  A  body,  by  two  conjoined  forces,  describes  the  diagonal  of 
a  prrallelogram,  in  the  same  time,  in  which  it  would  describe 
the  tides,  by  them  separately. 

If  a  body,  in  a  given  time, 
by  the  force  M  alone,  im- 
pressed on  it  in  the  place  A, 
be  borne  with  a  uniform  mo- 
tion from  A.  to  B  ;-and  by 
the  force  N  alone,  impressed 
on  it  in  the  same  place,  be 
borne,  in  the  same  time,  from 
A  to   C  ;   the  parallelogram 

ABDC  being  completed,  and  the  diagonal  AD  drawn,  the  body 
by  both  forces  acting  together,  would,  in  the  same  time,  be  borne, 
with  a  uniform  motion,  in  the  diagonal  AD. 

For  because  the  force  N  acts  in  a  direction  AC  parallel  to 
BD,  this  force,  by  law  2,  will  nothing  alter  the  velocity  of  ap- 
proaching to  the  right  line  BD,  generated  by  the  other  force;, 
the  bo;Iy  will  therefore  arrive  at  the  right  line  BD,  in  the  same 
time,  whether  the  force  N  be  impressed  on  it,  or  not ;  and  there- 
fore, at  the  end  of  that  time,  will  be  found  somewhere  in  the  right 
line  B  D.  By  a  similar  argument,  it  will,  at  the  end  of  the  same 
time,  he  found  somewhere  in  the  right  line  CD,  and  therefore  in 
the  concourse  D  of  BD  and  CD.  And  since,  if  through  any 
point  whatever  in  AD,   right  lines  be  drawn  to  AC  and  AB, 

1)arallel  to  AB  and  AC,  proportional  parts  would  be  cut  off 
irom  AB,  AC  and  AD  ;  it  may  by  a  like  argument  be  proved, 
that  in  any  part  of  the  given  time,  the  body  would  describe  a 
part  of  AD,  having  the  same  ratio  to  AD,  as  the  part  of  the  time 
to  the  whole,  therefore  the  body  is  borne  with  a  uniform  motion  in 
AD. 

Scholium.  From  this  corollary  follows,  the  composition  of 
a  direct  force  AD,  from  two  oblique  ones  AB  and  BD  ;  and  on 
the  contrary,  the  resolution  of  any  direct  force  AD,  into  two 
oblique  ones  AB  and  BD  ;  which  composition  and  resolution  s 
abundantly  confirmed  from  mechanicks. 

LEMMA  I See  Note. 

Quantities  and  the  ratios  of  quantities,  which  tend  continually  to 
equality,  so  as  at  length  to  differ  from  each  other  less,  than  bij 
any  given  difference,  are  ultimately  equal. 

If  not,  let  them  be  ultimately  unequal,  and  let  their  ultimate 
difference  be  D.  Therefore  they  cannot  approach  nearer  to  equali- 
ty, than  by  the  given  difference  D  ;  contrary  to  the  supposition. 
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LEMMA  II. 


If  in  any  figure  JlucE  bounded  by  two  right  Una  Jla  and  JtE  at 
right  angles  to  each  other,  and  a  curve  line  acE,  any  number  of 
rectangles  Jib,  Be,  Cd,  Sfc  be  inscribed,  contained  under  equal 
bases  JIB,  BC,  CO,  #e.  and  sides  Bb,  Cc,  Dd,  fc  parallel  to 
the  side  Jla  of  the  figure,  and  the  parallelograms  aKbl,  bLcm, 
cJttdn,  §c.  be  completed,  andifthe  breadth  of these  parallelograms 
be  diminished,  and  their  number  increased  in  infinitum ;  the 
ultimate  ratios,  which  the  inscribed  figure  JlKbLcMdD,  the  cir- 
cumscribed figure  JlalbmcndoE,  and  the  mrvUincal  figure 
JtabcdE,  have  to  each  other,  are  ratios  of  equality. 


For  the  difference  of  the  inscribed 
and  circumscribed  figures  is  the  sum  of 
the  parallelograms  Kl,  Lm,  Mn,  Do, 
or,  which  is,  because  of  the  equal  bases 
of  all,  equal,  the  rectangle  under  the 
base  Kb  of  one,  and  the  sum  of  the  alti- 
tudes Aa,  or  the  rectangle  ABla ;  but 
this  rectangle,  because  its  breadth  AB 
is  supposed  to  be  diminished  in  infini- 
tum, becomes  less  than  any  given 
space;  therefore,  (fry  Lemma  1,)  the  in- 
scribed and  circumscribed  figures,  and 
much  more  the  intermediate  curvilinea! 
figure,  become  ultimately  equal. 
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The  same  ultimate  ratios,  are  also  ratios  of  equality,  when  the 
breadths  JiB,  BC,  CD,  #c.  are  unequal,  and  are  all  diminished 
in  infinitum. 


For  let  AF  be  equal  to  the  greatest  breadth,  and  let  the  par- 
allelogram AFfa  be  completed  ;  this  is  greater  than  the  differ- 
ence of  the  inscribed  and  circumscribed  figures ;  but  its  breadth 
being  diminished  in  infinitum,  it  becomes  at  length  less  than  any 
given  rectangle. 

Cor.  1.  Hence  the  ultimate  sum  of  these  evanescent  parallelo- 
grams, coincides  in  every  part  with  the  curvilineal  figure. 
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Cor.  2.  And  much  more,  the  rectilineal  figure,  which  is  com- 
prehended under  the,  chords  of  the  evanescent  arches  ab,  be,  cd, 
&c.  coincides  ultimately  with  the  curvilineaj  figure. 

Cor.  3.  As  also  the  circumscribed  rectilineal  figure,  compre- 
hended under  the  tangents  of  the  same  arches. 

Cor.  4.  And  therefore  these  ultimate  figures,  (as  to  their 
perimeters  acE,)  are  not  rectilineal,  but  curvilineal  limits  of 
rectilineal  figures. 


LJEMMA  IV, 


If  in  two  figures  there  be  inscribed,  as  in  the  preceding  lemma,  two 
ranks  of  parallelograms,  an  equal  number  in  each  figure,  and, 
when  their  breadths  are  diminished  in  infinitum,  the  ultimate 
ratios  of  the  parallelograms  in  one  figure  to  those  in  the  other, 
each  to  each,  be  the  same  ;  these  two  figures  are  to  each  other,  in 
the  same  ratio* 


For  as  the  parallelograms  in  one  figure  are  to  those  in  the 
other,  each  to  each,  so  is  the  sum  of  all  the  parallelograms  in  the 
former  to  the  sum  of  all  in  the  other  (12.  5  Eu.),  and  so  is  the 
former  figure  to  the  other,  the  former  figure  being  to  the  former 
sum,  and  the  latter  figure  to  the  latter  sum,  in  the  ratio  of  equali- 
ty (by  Lemma  3). 

Cm\  Hence  if  two  quantities  of  any  kind,  be  any  how  divided 
into  an  equal  number  of  parts,  and  these  parts,  when  their  num- 
ber is  increased,  and  magnitude  diminished  in  infinitum,  have  a 
given  ratio  to  each  other,  the  first  to  the  first,  the  second  to  the 
second,  and  the  others  in  their  order  to  the  others;  the  whole 
quantities  are  to  each  other  in  the  same  given  ratio.  For  if,  in 
two  such  figures,  as  those  mentioned  in  this  lemma,  parallelo- 
grams be  taken,  which  are  to  each  other  as  the  parts,  the  sum  of 
the  parts  are  always  as  the  sum  of  the  parallelograms  (12  and 
11.  5  Eu.),  and  therefore,  when  the  number  of  the  parts  and 
parallelograms  is  increased  and  their  magnitude  diminished  in 
infinitum,  in  the  ultimate  ratio  of  a  parallelogram  to  its  corres- 
pondent one,  or  which  is  equal  (Hyp.),  of  one  of  the  parts  to  its 
correspondent  one. 
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LEMMA  V. 

tsponding  sides  of  similar  figures,  as  well  curvilineal,  as 
need,  are  proportional ;  and  the  areas  are  in  a  duplicate 
if  the  corresponding  sides. 

LEMMA  VI. 

rc/i  (AB)  given  by  position,  be  subtended  by  a  cliord  (AR), 
in  any  point  CJi)  in  the  middle  of  the  continual  cnrva- 
be  toucJied  by  aright  line  (JiB), produced  both  ways,  and  its 
ne  points  CA  and  B)  approach  each  other  and  come  togeth- 
le  angle  (BAD)  contained  by  the  cliord 'and  tangent  will 
linished  in  infinitum,  and  tdlimately  vanish. 


'  that  angle  should  not  van- 
arch  AB  would  contain, 
e  tangent  AD,  an  angle 
*  a  rectilineal  one,  and 
c  the  curvature  at  the  point 
1  not  be  continual,  contra- 
le  supposition. 


LEMMA  VII. 

ne  things  being  supposed  ;  the  ultimate  ratio  of  the  arch, 
rd,  and  tangent  to  each  other,  is  the  ratio  of  equality. 

rvhile  the  point  B,  see  fig.  to  prec.  lemma,  approaches 
)int  A,  let  the  right  lines  A  B  and  AD  be  always  undcr- 
be  produced  to  distant  points  b  and  d,  and  to  the  secant 
rig  line  BD,  let  bd  be  drawn  parallel,  and  let  the  arch 
I  ways  similar  to  the  arch  A  B.  And,  the  points  A  and  1$ 
ng,  the  angle  dAb,  by  the  preceding  lemma,  vanishes, 
•efore  the  right  lines  Ab  and  Ad,  which  are  always  finite, 
intermediate  arch  Ab,  coincide  and  are  therefore  equal, 
also  the  right  lines  AB  and  AD.  always  proportional 
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to  the  right  lines  Ab  and  Ad  (4.  6  Eu.) ;  and  the  intermediate 
arch  AB,  have  to  each  other,  an  ultimate  ratio  of  equality. 

Cor.  1.  Whence  if  through  B, 
a  right  line  BF  be  drawn  paral- 
lel to  the  tangent,  always  cutting 
any  right  line  AP  passing  thro9 
A,  in  F ;  this  right  line  BF,  has 
ultimately  to  the  evanescent  arch 
AB,  a  ratio  of  equality  ;  because, 

the  parallelogram  AFBD  being  completed,  it  has  always  a  ratio 
of  equality  to  AD, 

Cor.  2.  And  if  through  B  and  A,  there  be  drawn  more  right 
lines  BE,  BD,  AG  and  AF,  cutting  the  tangent  AD  and  its 
parallel  BF  ;  the  ultimate  ratio  of  all  the  abscissas  or  right  lines 
cut  off  AD,  AE,  BF,  BG,  and  of  the  chord  and  arch  AB,  to 
each  other,  is  the  ratio  of  equality. 

Cor.  3.  And  therefore  all  these  lines,  in  all  reasoning  about 
ultimate  ratios,  may  be  used  for  each  other. 


LEMMA  VIII. 


If  the  two  right  lines  AR  and  BR,  see  the  figure  to  lemma  6,  with 
the  arch  AB9  the  cJiord  AB9  and  the  tangent  AD,  from  three  tri- 
angles ARB,  ARB  and  ARD9  and  the  points  A  and  B  approach 
and  come  togetlier  ;  the  ultimate  form  of  the  evanescent  trian- 
gles, is  tliat  of  similitude,  and  the  ultimate  ratio,  that  of  equality. 

For  while  the  point  B  approaches  to  the  point  A,  let  AB,  AD 
and  AR  be  always  understood  to  be  produced  to  distant  points 
b,  d  and  r,  the  right  line  rbd  to  be  drawn  parallel  to  RD,  and 
let  the  arch  Ab  be  always  similar  to  the  arch  AB.  And  the 
points  A  and  B  coinciding,  the  angle  dAb,  by  lemma  6,  vanishes, 
and  therefore  the  three  triangles  rAb,  rAb  and  rAd,  which  are 
always  finite,  coincide,  and  are  therefore  similar  and  equal. 
Whence  also  the  triangles  RAB,  RAB  and  RAD,  which  arc 
always  similar  and  proportional  to  these,  become  ultimately 
similar  and  equal  to  each  other. 

Cor.  And  hence,  these  triangles,  in  all  reasoning  about  ulti- 
mate ratios,  may  be  used  for  each  other. 
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Tf  a  right  line  AE,  and  a  carve  ABC,  given  by  position,  cut  each 
other  in  a  given  angle  at  A,  and  to  that  right  line,  in  another 
given  angle,  SD  and  CE  be  ordinately  applied,  meeting  the 
curve  in  B  and  C,  and  the  points  B  and  C  approach  and  come 
together  to  the  point  A  ;  the  areas  of  the  triangles  ABD  and 
ACE  are  to  each  other -ultimately,  in  a  duplicate  ratio  of  the 
sides. 


,  For  while  tlic  points  B  and 
C  approach  to  the  point  A, 
let  the  right  line  AD  be  under- 
stood to  be  produced  to  distant 
points  d  and  e,  so  that  Ad 
and  Ae  may  be  proportional'to 
AD  and  AE,  and  let  the  ordi- 
nates  db  and  ec  be  drawn  par- 
allel to  DB  and  EC,  which 
may  meet  the  right  lines  AB 
and  AC  produced  in  b  and  c. 
l>ct  there  be  understood  to  be 
drawn,  both  the  curve  Abe 
similar  to  ABC,  and'  the  right  line  AG,  which  may  touch  both.  - 
curves  in  A,  and  cut  the  ordinates  DB,  EC,  db  and  ec  in  F,  G, 
fandg.  And,  the  length  Ae  remaining  the  same,  let  the  points 
B  and  C  come  together  to  the  point  A,  and,  the  angle  cAg 
Tanishing,  the  curvilineal  areas  Abd  and  Ace  will  coincide  with 
the  rectilineal  ones  Afd  and  Age,  and  therefore,  by  lemma  5, 
will  be  in  a  duplicate  ratio  of  the  sides  Ad  and  Ae  (19.  6  En.) ; 
but  to  these  areas,  the  areas  ABD  and  ACE,  and  to  these  sides, 
the  sides  AD  and  AE  are  always  proportional ;  therefore  the 
areas  ABD  and  ACE  are  to  each  other  ultimately  in  a  duplicate 
ratio  of  the  sides  AD  and  AE. 
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LEMMA  X. 


The  spaces,  which  a  body  describes,  by  any  finite  force  urging  it, 
"whether  that  force  be  determined  and  immutable,  or  be  continually 
increased  orctmtinuatty  diminished,  are,  in  the  very  beginning  of 
the  motion,  in  a  duplicate  ratio  of  the  times. 

Let  the  times  be  represented  by  the  right  lines  AD  and  AE, 
see  figure  to  the  preceding  lemma,  and  the  velocities  generated, 
by  the  ordinates  DB  and  EC;  the  spaces  described  by  thest 
velocities,  are  as  the  areas  ABD  and  ACE  described  by  thes* 
ordinates,  or,  which  is  equal  by  the  precediug  lemma,  in  a  dupli- 
cate ratio  of  the  times  AD  and  AE. 

LEMMA  XI. 

The  evanescent  subtense  of  the  angle  of  contact,  in  all  curves  hav- 
ing a  finite  curvature  at  the  point  of  contact,  is  ultimately  in  a 
duplicate  ratio  of  the  subtense  of  the  conterminous  arch. 

Case  1.  Let  that  arch  be  AB,  its  tangent  j^ 
AD,  the  subtense  of  the  angle  of  contact  BD, 
and  the  subtense  or  chord  of  the  contermi- 
nous  arch  or  the  arch  having  the  same  ex-  C 
tremes,  the  right  line  AB ;  and  first,  let  the 
subtense  BD  of  the  angle  of  contact  be  per- 
pendicular to  the  tangent  AD.  To  the  sub-, 
tense  AB  and  tangent  AD,  erect  the  perpen- 
diculars BG  and  AG,  meeting  each  other  in 
G,  and  let  the  points  D,  B  and  G  approach  j 
to  the  points  d,  b  and  g,  and  Jet  j  be  the  in-  v 
terseetion  of  the  right  lines  BG  and  AG,  p 
made  ultimately,  when  the  points  D  and  B 
come  to  A.  It  is  manifest  that  the  distance  G  J 
may  be  less  than  any  given  right  line.  But,  because'  of  the  right 
angled  triangle  ABG,  the  square  of  AB  is  equal  to  the  rectangle 
GAC  {Cor.  1.  8  6  anil  17.  6  En.),  or,  AC  and  BD  being  equal, 
to  the  rectangle  under  Aft  and  BD;  for  the  same  reason,  the 
square  of  the  right  line  Ab  is  equal  to  the  rectangle  under  Ag 
and  bd  ;  therefore  the  square  of  AB  is  to  the  square  of  Ab,  in 
a  ratio  compounded  of  the  ratios  of  AG  to  Agand  of  BD  to  bd 
(23.  6  En).  But  because  GJ  maybe  assumed  less  than  any 
given  length,  the  ratio  of  AG  to  Ag  may  be  such,  as  to  differ 
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from  the  ratio  of  equality  less  than  hy  any  given  difference,  and 
theiefore  the  ratio  of  the  square  of  AB  to  the  square  of  Ab  may 
be  such,  as  to  differ  from  the  ratio  of  BD  to  bd  less  than  hy  any 
given  difference  ;  and  therefore,  by  lemma  1,  the  ultimate  ratio 
of  the  square  of  AB  to  the  square  of  Ab  is  equal  to  the  ultimate 
ratio  of  bD  to  Bd,  and  so  bD  is  to  bd  ultimately  in  a  duplicate 
ratio  of  the  subtenses  AB  and  Ab  (20.  6  Eu). 

Case  2.  Let  now  BD  be  inclined  to  AD  in  any  given  angle, 
and  the  ultimate  ratio  of  BD  to  bd  will  still  be  the  same  as  before 
(4.  6  Eu.),  and  therefore  in  a  duplicate  ratio  of  the  subtenses  AB 
and  Ab. 

Cnse  3.  And  though  the  angle  D  should  not  be  given,  but  be 
formed  by  the  right  line  BD  converging  to  a  given  point,  or  by 
any  other  law ;  yet  the  angles  D  and  d,  constituted  by  a  com- 
mon law,  always  tend  to  equality,  and  approach  nearer  to  each 
other,  than  by  any  given  difference,  and  are  therefore  ultimately 
equal,  by  lemma  1  ;  and  therefore  the  lines  BD  and  bd  are  to 
each  other,  in  the  same  ratio  as  before* 

Cor.  1.  Since  the  tangents  AD  and  Ad,  the  arches  AB  and 
Ab,  and  their  sines  BC  and  be,  become  ultimately  equal  to  the 
chords  AB  and  Ab ;  their  squares  are  ultimately,  as  the  subten- 
ses BD  and  bd. 

Cor.  2.  Their  squares  are  also  ultimately  as  the  sagittas  or 
versed  sines  of  the  arches,  bisecting  the  chords,  and  tending  to  a 
given  point.  For  these  sagittas  arc  as  the  subtenses  BD  and  bd. 
Cor.  3.  And  therefore  the  sagitta  is  in  a  duplicate  ratio  of  the 
time,  in  which  a  body  with  a  given  velocity  describes  an  arch ; 
the  arch  described  with  a  given  velocity  being  as  the  time. 

Cor.  4.  The  rectilineal  triangles  ADC  and  Adb  are  ultimately 
in  a  triplicate  ratio  of  the  sides  AD  and  Ad,  and  in  a  sesquipli- 
cate  of  the  sides  DB  and  db,  as  being  in  a  ratio,  compounded  of 
the  ratios  of  the  sides  AD  and  DB  to  Ad  and  db  {Cor.  1.  23.  6 
Eu).  So  also  the  rectilineal  triangles  ABC  and  Abe  are  to 
each  other  ultimately  in  a  triplicate  ratio  of  the  sides  BC  and 
be  (See  Def.  14.  5  Eu). 

Cor.  6.  And  because  DB  and  db  are  ultimately  parallel,  and 
in  a  duplicate  ratio  of  AD  and  Ad,  and  therefore  AC  and  Ac 
ultimately  in  a  duplicate  ratio  of  BC  and  be,  which  is  the  nature 
of  the  parabola  (Cor.  2,  40.  1  Sup.);  the  ultimate  curvilincal 
areas  ADB  and  Adb  arc  two  thirds  parts  of  the  rectilineal  tri- 
angles ADB  and  Adb  (Cor.  81.  1  Sup.) ;  and  therefore  the  ulti- 
mate segments  AB  and  Ab  third  parts  of  the  same  triangles. 
And  therefore  these  areas  and  segments  are  in  a  triplicate  ratio 
both  of  the  tangents  AD  and  Ad,  and  of  the  chords  of  the  arches 
AB  and  Ab. 
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In  suhsfqwnt  citations,  Nat.  Fh.  denotes,  Natural  Philosophy. 
PROP.  I.  THEOR. 

The  areas,  which  revolving  bodies  describe,  by  radiuses  drawn  to  an 
immoveable  centre  of  force,  are  in  immoveable  plains,  and  pro- 
portional to  the  times. 


Let  the  time  be  divided 
into  equal  parts,  and,  in 
the  first  part  of  time,  let 
the  body  describe,  by  its 
innate  force,  the  right 
line  AB.  The  same 
would,  in  the  second  part 
of  time,  if  nothing  kin- 
dred, go  on  directly  to  c, 
describing  the  right  line 
Be  equal  to  AB  (by  law 
1),  so  that  the  radiuses 
AS,  BS  and  cS  being 
drawn  to  the  centre  S, 
there  would  be  described 
equal  areas  ASB  and 
BSc  (38.  1  En.)  :  but, 
when  the  body  comes  to  B,  let  a  centripetal  force  act  with  a 
single  but  great  impulse,  and  cause  that  the  body  deviate  from 
the  right  line  Be,  and  go  on  in  the  right  line  BC.  Through  c 
draw  cC  parallel  to  BS,  meeting  BC  in  C;  and,  the  second 
part  of  time  being  completed,  the  body  {by  cor.  to  the  laws), 
will  be  found  in  C,  in  the  same  plain  with  the  triangle  ASB  : 
join  SC,  and  the  triangle  SBC,  because  of  the  parallels  SB  and 
Cc,  is  equal  to  the  triangle  SBc  (37.  1  En.),  and  therefore  to  the 
triangle  SAB.  By  a  like  reasoning  if  the  centripetal  force 
act  successively  in  C,  D,  E,  &c.  causing  that  the  body,  in  the 
several  particles  of  time,  describe  the  several  right  lines  CD, 
DE,  EF,  &c.  all  these  will  he  in  the  same  plain,  and  the  triangle 
SCD  will  be  equal  to  the  triangle  SBC,  the  triangle  SDK  to 
SCD,  and  SKF  to  SDK  ;  therefore  equal  areas  arc  described 
in  equal  times  in  an  immoveable  plain,  therefore  any  sums  of 
the  areas  SADS  and  SAFS  arc  to  each  other,  as  the  times  of 
their  description  {Theor.  2.  15.  5  Kit).    Let  now  the  number  of 
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thepe  triangles  be  increased,  and  their  breadth  diminished  in 
infinitum,  and  their  ultimate  perimeter  ADF  {by  cor.  4  lent.  3), 
will  be  a  curve  line,  as  must  be  the  case,  since  the  centripetal 
force,  by  which  the  body  is  perpetually  drawn  from  the  tangent, 
is  supposed  to  act  unceasingly  $  and  any  described  areas  SADS 
and  SAFS,  which  have  been  shewn  to  be  always  to  each  other, 
as  the  times  of  their  description,  are,  in  this  case  also,  to,  each 
other,  as  the  times  of  their  description. 

Cor.  1.  The  velocity  of  a  body,  attracted  towards  an  im- 
moveable centre,  in  non-resisting  spaces,  is  inversely  ,as  the 
perpendicular  let  fall  from  that  centre,  on  a  rectilineal  tangent 
of  the  orbit.  For  the  velocity  in  the  places  A,  B,.  C,  D  and  E, 
are  as  the  bas^s  of  equal  triangles,  namely,  AB,  BC,  CD,  DE 
and  EF,  and  these  bases  are  reciprocally  as  the  perpendiculars  ' 
let  fall  on  them,  as  is  manifest  from  15.  6  Eu. 

Cor.  2.  If  the  chords  AB  and  BC,  of  two  arches  successively 
described  in  equal  times,  in  non-resisting  spaces,  by  the  same 
body,  be  completed  into  a  parallelogram  ABCG,  and  its  diagonal 
BG,  in  that  position,  which  it  has  ultimately  when  these  arches 
are  diminished  in  infinitum,  be  produced  both  ways ;  it  will  pass 
through  the  centre  of  force. 

Cor.  3.  If  the  chords  AB  andBC,  DE  and  EF,  of  arches 
described  in  equal  times  in  non-resisting  spaces  be  completed 
into  parallelograms  ABCG  and  DEFH  ;  the  forces  inB  andE 
are  to  each  other  in  the  ultimate  ratio  of  the  diagonals  BG  and 
EH,  when  these  arches  are  diminished  in  infinitum.  For  the 
motions  of  the  body  BC  and  EF  (by  cor.  to  the  laws),  are  com- 
pounded of  the  motions  Be  and  BG,  Ef  and  EH ;  and  BG  and 
EH,  equal  to  Cc  and  Ff,  in  the  demonstration  of  this  proposition, 
were  generated  from  the  impulses  of  the  centripetal  force  in  B. 
and  E,  and  are  therefore  proportional  to  these  impulses. 

Cot.  4.  The  forces,  with  which,  any  bodies,  in  non-resisting 
spaces,  are  drawn  from  rectilineal  motions,  and  turned  into 
curvilincal  orbits,  are  to  each  other,  as  those  sagittas  of  arches, 
described  in  equal  times,  which  tend  to  the  centre  of  force,  and 
bisect  the  chords,  when  these  arches  are  diminished  in  infinitum. 
For  the  sagittas  BK  and  EL,  when  these  arches  are  so  diminish- 
ed, are  halves  of  the  diagonals,  mentioned  in  the  preceding 
corollary  (Schol.  3.  13.  2  Eu). 

Cor.  5.    And  therefore,  the  same  forces)  are  to  the  forced 

fravity,  as  these  sagittas,  are  to  sagittas,  perpendicular  to  the 
orizon,  of  the  parabolick  arches,  which  projectiles  describe  in 
the  same  time. 
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PROP-  II.  THEOIL 


Every  body,  which  is  moved  in  any  curve  line  described  in  a  plain, 
and  by  a  radius  drawn  to  an  immoveable  point,  describes  areas 
about  that  point,  proportional  to  the  times,  is  urged  by  a  ccntri- 
petal  force  tending  to  the  same  point 


For  every  body,  which  is  moved  in  a  curve  line,  is  turned 
from  is  rectilineal  course,  by  some  force  acting  on  it  (by  law 
1)  I  and  that  force,  by  which  a  body  is  turned  from  a  rectilineal 
course,  and  is  made  to  describe  the  equal  least  possible  triangles 
SAB,  SBC,  SCD,  &c.  see  fig.  to  prec  prop.,  about  an  immove- 
able point  S,  in  equal  times,  acts,  in  the  place  B,  according  to  a 
line  parallel  to  -cC  (40.  1  Eu.  and  Law  2),  or,  according  to  the 
line  BS;  and,  in  the  place  C,  according  to  a  line  parallel  to 
dD,  or,  according  to  the  line  CS,  &c.  Therefore  it  always  acts 
according  to  lines  tending  to  that  immoveable  point  S. 

Cor.  1.  In  non-resisting  spaces  or  mediums,  if  the  areas  be 
not  proportional  to  the  times,  the  forces  do  not  tend  to  the  con- 
course of  the  radius,  but  deviate  therefrom,  in  consequently  or 
towards  the  part  to  which  the  motion  is  directed,  if  the  descrip- 
tion of  the  areas  be  accelerated ;  but  in  antecedentia,  if  retarded. 

Cor.  2.  Even  in  resisting  mediums,  if  the  description  of  areas 
be  accelerated,  the  directions  of  the  forces  deviate  from  the  con- 
course of  the  radiuses,  towards  the  part,  to  which  the  motion 
is  made. 

Scholium. — A  body  may  be  urged  by  a  centripetal  force 
compounded  of  several  forces.  In  this  case,  the  sense  of  the 
proposition  is,  that  the  force,  which  is  compounded  of  all,  tends 
to  the  point  S.  Moreover,  if  any  force  act  according  to  a  line 
perpendicular  to  the  described  surface,  this  will  cause,  that  the 
body  deviate  from  the  plain  of  its  motion,  but  will  neither  in- 
crease nor  diminish  the  quantity  of  the  described  surface,  and  is 
therefore  to  be  neglected  in  the  composition  offerees. 

And  since  the  equable  description  of  areas  is  an  index  of  the 
centre,  which  that  force  respects,  by  which  a  body  is  most  affect- 
•ecl,  and  by  which  it  is  drawn  from  a  rectilineal  motion,  a 
retained  in  its  orbit ;  the  equable  description  of  areas,  is  used  in 
this  tract,  as  the  index  of  the  centre,  about  which,  all  curvilincal 
motion  is  performed  m  free  spaces. 
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PROP.  III.  THEOK See  Note. 

The  centripetal  forces,  of  bodies,  which  describe  different  circles 
with  an  equable  motion,  tend  to  the  centres  of  the  circles,  and 
are  to  each  other,  as  the  squares  of  arches  described  together, 
applied  to  the  radiuses  of  the  circles. 

These  forces  tend  to  the  centres  of  the  circles,  by  prop.  2  and 
cor.  2  prop.  1  Nat.  Ph. ;  and  are  to  each  other,  as  the  versed 
sines  of  the  least  possible  arches,  described  in  equal  times  {Cor. 
4.  1  Nat.  Ph.),  or,  which  is  equal  (Lent.  7  Nat.  Ph.  31.  3,  Cor. 
1  to  8.  6  $*  17.  6  Eu.),  as  the  squares  of  the  same  arches  applied 
to  the  diameters  of  the  circles;  and  therefore,  since  these  arches, 
are  as  arches  described  in  any  equal  times,  and  the  diameters 
of  circles,  are  as  their  radiuses,  these  forces  are  to  each  other,  as 
the  squares  of  any  arches  described  together,  applied  to  the  ra- 
diuses of  the  circles. 

Cor.  1.  Therefore,  since  these  arches,  are  as  the  velocities  of 
the  bodies,  the  centripetal  forces  are  as  the  squares  of  the  velo- 
cities, applied  to  ttie  radiuses  of  the  circles  i  or,  in  the  language 
of  geometers,  in  a  ratio  compounded  of  the  duplicate  ratio  of  the 
velocities  and  the  inverse  simple  ratio  of  the  radiuses. 

Cor.  St.  And,  since  the  periodick  times,  are  in  a  ratio  com- 
pounded of  the  direct  ratio  of  the  radiuses  and  the  inverse  one  of 
the  velocities ;  the  Centripetal  forces  are  inversely  as  the  squares 
of  the  periodick  times  applied  to  the  radiuses  of  the  circles ;  that 
is;  in  a  ratio,  compounded  of  the  direct  ratio  of  the  radiuses  and 
the  inverse  duplicate  one  of  the  periodick  times. 

Cor.  3.  Whence,  if  the  periodick  times  be  equal,  and  there- 
fore the  velocities  be  as  the  radiuses ;  the  centripetal  forces  are 
as  the  radiuses :  and  the  contrary. 

Cor.  4.  If  the  periodick  times,  and  therefore  the  velocities,  be 
in  a  subduplicate  ratio  of  the  radiuses ;  the  centripetal  forces  are 
equal :  and  the  contrary. 

Cor.  5.  If  the  periodick  times  be  as  the  radiuses,  and  there- 
fore the  velocities  equal ;  the  centripetal  forces  are  inversely  as 
the  radiuses  :  and  the  contrary. 

Cor.  6.  If  the  periodick  times  be  in  a  sesquiplicate  ratio  of 
the  radiuses,  and  therefore  the  velocities  in  an  inverse  subdupli- 
cate ratio  of  the  radiuses ;  the  centripetal  forces  are  inversely  as 
the  squares  of  the  radiuses  :  and  the  contrary. 

Cor.  7.  And  universally,  if  the  periodick  time  be  as  any  pow- 
er R*  of  the  radius  R,  and  therefore  the  velocity  inversely  as 
R""1 ;  the  centripetal  force  is  inversely  as  R**"1 :  and  the  con- 
trary. 
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Cor.  8.  All  the  same  things,  concerning  the  times,  velocities, 
and  forces,  with  which  bodies  describe  similar  parts  of  any  simi- 
lar figures,  having  their  centres  similarly  posited  in  those  figures, 
follow  from  the  demonstration  of  this  proposition  and  its  corol- 
laries, applied  to  these  cases.  And  it*  is  applied,  by  substituting 
the  equable  description  of  areas,  for  equable  motion,  and  the 
distances  of  the  bodies  from  the  centres,  for  the  radiuses. 

Cor.  9.  From  the  same  demonstration,  it  follows  also  ;  that 
the  arch,  which  a  body,  by  revolving  uniformly  in  a  circle  with 
a  given  centripetal  force?,  describes  in  any  time,  is  a  mean  pro- 
portional between  the  diameter  of  the  circle,  and  the  descent  of 
the  body  performed  in  the  same  time  by  falling  with  the  same 
given  force. 

Scholium.  The  case  of  the  sixth  corollary  of  this  proposition, 
namely,  that  of  the  periodick  times  being  in  a  sesquiplicate 
ratio  of  the  distances,  or,  which  is  the  same,  of  the  squares  of 
the  periodick  times  being  as  the  cubes  of  the  distances,  obtains 
in  the  planetary  bodies,  as  has  been  observed  by  Kepler,  see  the 
third  law  disco vered  by  him,  mentioned  in  these  elements  of 
Natural  Philosophy,  in  the  preparatory  observations;  and 
therefore  those  things,  which  relate  to  a  centripetal  force,  do- 
creasing  in  a  duplicate  ratio  of  the  distances  from  the  centres, 
are  more  particularly  explained  in  these  elements. 


PROP.  IV.  THEOR. 

If  a  tody  in  a  non-resisting  space,  be  revolved  in  any  orbit,  about 
an  immoveable  centre,  and  describe  any  arch  just  nascent  in 
the  least  possible  time,  and  thi  sagitta  be  understood  to  be  drawn, 
which  may  bisect  the  chord,  and,  being  produced,  may  pass 
through  the  centre  of  force  ;  the  centripetal  force  in  the  middle  of 
the  arch,  is  as  the  sagitta  directly,  and  the  square  of  the  time 
inversely. 

For  the  sagitta  in  a  given  time  is  as  the  force  {Cor.  4.  1  Nat. 
Ph.),  and  by  increasing  the  time  in  any  ratio,  because  the  arch 
is  increased  in  the  same  ratio,  the  sagitta  is  increased  in  a  ratio 
which  is  duplicate  of  that  ratio  (Cor.  2  and  3  Lem.  11  Nat.  Ph.), 
and  therefore  is  as  the  force  and  square  of  the  time  jointly. — 
Taking  from  each  the  duplicate  ratio  of  the  time,  the  force  is,  as 
the  sagitta  directly,  and  the  square  of  the  time  inversely. 
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Tiie  same  may  also  be  demonstrated  from  Lem.  10.  Nat.  Ph* 
thus  : 

The  spaces,  which  a  body  describes,  by  any  finite  force  urg- 
ing it,  whether  that  force  be  immutable  or  continually  increased 
or  diminished,  are,  in  the  very  beginning  of  the  motion,  in  a 
duplicate  ratio  of  the  times  (Lem.  10.  Nat.  PA.),  and  therefore* 
the  forces  being  varied,  as  the  forces  and  squares  of  the  times 
jointly*  Taking  from  each  the  duplicate  ratio  of  the  times,  the 
forces  are,  as  the  spaces  described  directly,  and  the  squares  of 
the  times  inversely,  and  these  spaces  are  as  the  sagittas  mention- 
ed in  this  proposition,  as  is  manifest  from  Cor.  4.  1  Nat.  Ph. 

Cor  1.  ^If  a  body  P,  in  re-  ^^  «, 

volving  round  a  centre  S,  des-  ^r^^^LV 

cribe  a  curve  line  APQ  and  a  yS[  /^S^^^jst 

right  line  RPN  touch  that  curve  X  j /y^^     ^^\^ 

in  any  point   P,  and  from  any  /     l^^^^  \ 

other  point  of  the  curve  Q,   a         ^Ss^S     \  "  '        A 

right  line  QR  be  drawn  parallel 
to  the  distance  SP,  and  a  perpen- 
dicular QT  be  drawn  to  that  Stance  SP :  the  centripetal  force 

fcP»XQT 

is  inversely  as  the  solid ,  if  that  quantity  of  this 

QR 

solid  be  always  taken,  which  it  has  ultimately  when  the  points 
P  and  Q  coincide. 

For  QR  is  equal  to  the  sagitta  of  double  the  arch  QP,  in  the 
middle  of  which  is  P ;  and  double  the  triangle  SQ   ,  or  SP  xQ T9\ 
is  proportional  to  the  time  in  which  that  double  arch  is  described 
(]  Nat.  PA.),  and  therefore  may  be  used,  as  an  exponent  of  the 
time. 

Cor.  2.  By  a  similar  reasoning,  a  perpendicular  ST  being 
let  fall,  from  the  centre  of  the  force  S,  on  a  tangent  of  the  orbit 

SY'xQP9 
PR*  the  centripetal  force  is  inversely  as  the  solid  — -— — — f 

QR 

for  the  rectangles  SYxQP  and  SPxQT  are  equal,  being  each 
equal  to  double  the  triangle  SQP. 

Cor.  3.  If  the  orbit  be  a  circle,  or  contains  the  least  possible 
angle  of  contact  with  a  circle,  having  the  same  curvature,  and 
the  same  radius  of  curvature  at  the  point  of  contact  P,  and  if 
PX  be  the  chord  of  this  circle,  drawn  from  the  body  through 
the  centre  of  force;  the  centripetal  force  is  inversely  as  the  solid 

59  " 
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SY'xPX.    For  QP  is  equal  to  the  rectangle  PXxQR  (Schrt. 

QP* 

Theor.  5.  4  Eu.)9  and  therefore  PX  is  equal  to ,  and  may 

QR 
be  substituted  for  it,  in  expressing  the  quantity  of  the  solid, 
mentioned  in  the  preceding  corollary. 

Cor.  4.  The  same  things  being  supposed,  the  centripetal 
force  is,  as  the  square  of  the  velocity  directly,  and  that  chord 
inversely.  For  the  velocity  is  inversely  as  the  perpendicular 
SY  (Cor.  1.  1  Jfat.  PA). 

Cor.  5.  Hence,  if  any  curvilineal  figure  APQ  be  given,  and 
in  it  a  point  S  be  also  given,  to  which  the  centripetal  force  is 
continually  directed ;  the  law  of  the  centripetal  force  may  be 
found,  by  which,  any  body  P,  being  continually  drawn  off  from 
a,  rectilineal  course,  will  be  detained  in  the  perimeter  of  that 
figure,  and,  in  revolving,  describe  it.  Namely,  either  the  solid 
SP»*QT9 

— ,  or  the  solid  SYflxPX,  should  be  computed,  as 

QR 
'inversely  proportional  to  this  force. 

Scholium.  Although  the  method  of  investigating  centripetal 
forces,  given  in  the  preceding  corollary,  being  the  fifth  of  this 
proposition,  is  general,  extending  itself  to  any  given  curvilineal 
figure,  and  any  point  therein ;  yet  as  the  principal  object  of 
these  elements,  is  the  investigation  of  those  laws,  which  actually 
prevail  in  nature;  and  as  *  epler  has,  from  actual  observation, 
ascertained,  that  the  primary  planets  in  their  revolutions  about 
the  sun,  describe  ellipses,  the  sun  being  in  one  of  the  focuses  ; 
see  the  second  law  discovered  by  him,  mentioned  in  these  ele- 
ments of  natural  philosophy,  in  the  preparatory  observations ; 
and  as  the  same  law  has  been  found,  as  far  as  observations  have 
been  made,  to  prevail  in  the  motions  of  the  secondary  planets 
round  their  primaries.  The  investigation  of  the  law  producing 
a  motion  in  an  ellipse,  round  a  focus,  as  the  centre  of  force,  is 
given  in  the  next  proposition  ;  the  like  investigation,  as  respects 
a  motion  in  a  hyperbola  or  parabola,  round  a  focus,  as  the  cen- 
tre of  force,  being  given  in  the  two  following  propositions. 
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PROP.  V.  PROB. 

Let  a  body  revolve  in  an  ellipse  ;  the  law  of  the  centripetal  force, 

tending  to  its  focus,  is  required. 

Let  S  be  the  focus  of 
the  ellipse,  to  which  the 
centripetal  force  tends,  H 
the  other  focus,  C  the 
centre,  CA  and  CB  semi-  « 
axes,    GP  the  diameter 

fassing  through  the  body 
\  DK  the  diameter  con- 
jugate thereto,  Q  a  point 
in  the  perimeter  APQ  at 
the  least  possible  distance 
from  P,  Qz  an  ordinate 
to  the  diameter  GP,  RPN 
a  right  line  touching  the 
ellipse  in  P ;    draw  SP 

meeting  DK  in  £  and  Qz  in  x,  to  the  tangent  RPN  draw  QR 
parallel  to  SP,  on  SP  and  DK  let  fall  the  perpendiculars  QT 
and  PF,  and  draw  HI  parallel  to  DK,  meeting  SP  in  I. 

Because  of  the  equals  SC  and  CH,  and  the  parallels  EC  and 
HI,  SE  is  equal  to  EI  (2.  6  Eu.)9  and  because  the  angles  I  PR 
and  HPN  are  equal  (11.  1  Sup.  and  15.  1  Eu.)9  and  HI  being 
parallel  to  RN  (Def.  14.  1  Sup.  and  SO.  1  Eu.),  and  therefore 
the  angles  PIH  and  PHI  equal  to  their  alternates  IPR  and  HPN 
(29.  1  Eu.)f  the  angles  PIH  and  PHI  are  equal,  and  therefore 
the  right  lines  PH  and  PI  (6.  1  Eu  ) ;  therefore  EI  is  the  half 
of  SI,  and  IP  of  IP  and  PH  together,  and  therefore  EP  is  the- 
half  of  SP  and  PH  together,  and  therefore  equal  to  the  greater 
semi  axis  CA  (1.  1  Sup). 

The  principal  parameter  of  the  ellipse  being  called  L ;  Lx 
QR  is  to  LxPz,  as  QR,  or  its  equal  (34.  1  Eu.)9  Px  is  to  Pz 
(1.  6  Eu.)9  or,  which  is  equal  (2.  6  Eu.),  as  PEor  AC  is  to 
PC ;  and  LxPz  is  to  the  rectangle  GzP,  as  L  is  to  Gz  (i.  6 
2fo.);and  the  rectangle  GzPis  to  the  square  of  Qz,  as  the  square 
of  CP  is  to  the  square  of  CD  (40.  1  Sup.) ;  and  the  ratio  of  the 
square  of  Qz  to  the  square  of  Qx,  the  points  Q  and  P  coming 
together,  is  the  ratio  of  equality  (Cor.  2  Lem.  7  Nat.  Ph.)  ,•  and 
the  triangles  QxT  and  PEF  being,  because  of  the  right  angles  at 
T  and  F,  and  the  angles  at  x  and  E  equal,  being  alternate  an- 
gles (29*  1  -Em.),  equiangular,  the  square  of  Qx,  or  of  its  equal 
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Qz  is  the  square  of  QT,  as  the  square  of  PE  or  AC  is  to  the 
square  of  PF  (4  and  22.  6  Eu.)9  or,  which  is  equal  (5*.  1  Sup. 
$5.  i9  and  16  and  22.  6  Eu.)9  as  the  square  of  CD  is  to  the  square 
of  CB  ;  and,  compounding  all  these  ratios,  LxQR  is  to  the 
square  of  QT,  as  ACxLxPC8xCD%  or,  ACxL  being  equal  to 
2CB  {l)ef.  15  and  17.  1  Sup.  and  17.  6  Eu.),  as  2CBxPC*x 
CD*  is  to  PCxGzxCiJ  xCB*  (22.  5  Eu.),  or,  applying  each  to 
CB'xPCxCD",  which  is  common  to  both,  as  2PC  is  to  Gz ;  but, 
the  points  Q  and  P  coming  together,  2 PC  and  Gz  are  equal; 
therefore  LxQR  and  QT%  which  are'proportional  to  these,    are 

SP» 
equal  (Cor.  IS.  5  Eu).    Let  these  equals  be  drawn  into » 

QR 
SP"xQT> 
and  LxSP1  is  equal  to  ,  or  (Cor.  1.  4  JVW.  Ph.),  in* 

QK 
versely  as  the  centripetal  force ;  whence,  L  being  a  given  quan- 
tity, the  centripetal  force  is  inversely  as  SP%  or  in  an  inverse 
duplicate  ratio  of  the  distance  SP. 


PROP.  VI.  PROB. 

Let  a  body  be  moved  in  a  hyperbola  ;  the  law  of  tlie  centripetal 

force,  tending  to  its  focus,  is  required. 
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Let  S  be  the  focus  of  the  hy- 
perbola, to  which  the  centripe- 
tal force  tends,  H  the  other  fo- 
cus, C  the  centre,  CA  and  CB 
semiaxes,     GP   the    diameter 
passing  through   the  body  P, 
KD   the    diameter    conjugate 
thereto,  Q  a  point  in  the  peri- 
meter AQP  at  the  least  possible 
distance  from  P,  Qz  an  ordi- 
nate to  the  diameter  GP,  RPN 
a  right  line  touching  the  hyper- 
bola in  P;  draw  SP  meeting 
and  QZ   in  x  and  KD  in  E, 
to  the  tangent  RPN  draw  QR 
parallel  to  SP,  on  SP  and  KD 
let  fall  the  perpendiculars  QT 
and  PF,  and  draw  HI  parallel 
■'  to  KD  meeting  SP  produced 
in  I. 

Because  of  the  equals  HC  and  CS,  and  the  parallels  CE  and 
HI,  SE  is  equal  to  EI  2.  6  Eu.),  therefore  PE  is  equal  to  half 
the  difference  of  PI  and  PS,  or,  the  angles  HPR  and  IPN  being 
equal  (11.  1  Sup.  and  15.  1  Eu.),  and  therefore,  RN  and  HI 
being  parallel  {Def.  14.  1  Sup.  and  30.  1  Eu.),  their  alternates 
PHI  and  PIH  (29.  1  Eu.),  and  therefore  the  right  lines  PI  and 
PH  (6.  1  Eu.),  PE  is  equal  to  half  the  difference  of  HP  and  PS, 
and  therefore  to  the  transverse  semiaxis  CA  (l.  1  Sup). 

The  principal  parameter  of  the  hyperbola  being  called  L  ; 
LxQR  is  to  LxPz,  as  QR,  or  its  equal  (34.  1  Eu.),  Px  is  to 
Pz  (1.  6  Eu.),  or,  which  is  equal  (2.  6  Eu.),  as  PE  or  AC  is  to 
PC ;  and  LxPz  is  to  the  rectangle  GzP,  as  L  is  to  Gz  (1.  6 
Eu.) ;  and  the  rectangle  GzP  is  to  the  square  of  Qz,  as  the 
square  of  CP  is  to  the  square  of  CD  (40.  1  Sup.) ;  and  the  ratio 
of  the  square  of  Qz  to  the  square  of  Qx,  the  points  Q  and  P 
coming  together,  is  the  ratio  of  equality  (Cor.  &Lem.7  NaU 
Ph.);  and  the  triangles  QxTand  PEF  being,  because  of  the  right 
angles  at  T  and  F,  and  the  angles  at  x  and  E  equal,  the  exter- 
nal to  the  internal  remote  on  the  same  side  (29.  1  Eu.),  equian- 
gular, the  square  of  Qx,  or  of  its  equal  Qz  is  to  the  square  of 
QT,  as  the  square  of  PE  or  AC  is  to  the  square  of  PF  (4  and 
22.  6  Eu.),  or,  which  is  equal  (53.  1  Sup.  35.  1,  and  16  and  22, 
6  Eu.),  as  the  square  of  CD  is  to  the  square  of  CB  ;  and,  com- 
pounding all  these  tatios,  LxQR  is  to  the  square  of  QT,  an 
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ACxLxPC^CD9,  or,  ACxL  being  equal  to    SCBa   (Def.  15 

and  17.  1  Sup.  and  17.  6  Eu.),  as  2CB9xPC9xCD9  is  to  I*Cx 
GzxCD*xCB9  (22.  5  ISto.)*  or,  applying  each  to  CBsxPCxCD% 
which  is  common  to  both,  as  2PC  is  to  Gz  ,•  but  the  points  Q  and 
P  coming  together,  2PC  and  Gz  are  equal ;  therefore  LxQR 
and  QT%  which  are  proportional  to  them,  are  equal  (Cor.  13.  5 

SP9 
Eu).     Let  these  equals  be  drawn  into  -«— ,    and  LxSP*  is 

QR 
SF'xQT' 

equal  to  — — ,  or  {Cor.  1.  4  JVtof.  Ph.),  inversely  as  the 

QR 
centripetal  force ;  whence,  L  being  a  given  quantity,  the  cen- 
tripetal force  is  inversely  as  SP9,  or  in  an  inverse  duplicate  ra- 
tio of  the  distance  SP. 

PROP.  VII.  PROB. 

Let  a  body  be  moved  in  a  parabola  ;  the  law  of  the  centripetal 

force,  tending  to  its  focus,  is  required. 

Let  AQP  be  the  parabola, 
S  its  focus,  A  the  principal 
vertex,  Yz  the  diameter  pass- 
ing through  the  body  P,Qa 
point  in  the  perimeter  AQP 
at  the  least  possible  distance 
from  P,  Qz  an  ordinate  to 
the  diameter  Yz,  MPa  right 
line  touching  the  parabola  in 
P,  and  meeting  the  axis  in 
M ;  join  SP  meeting  Qz  in 

x,  draw  QR  to  the  tangent  MP  parallel  to  SP,  and  on  SP  and 
MP  let  fall  the  perpendiculars  QT  aiftl  SN. 

Because  the  angle  SPM  is  equal  to  the  angle  YPM  (11.  1 
Sup.),  or,  which  is  equal  (29.  1  Eu.),  SMP,  which  is  alternate 
to  it,  SP  and  SM  are  equal  (6.  1  Eu.),  whence,  the  triangles 
Pxz  and  SPM  being  equiangular,  Px,  or  its  equal  (34.  1  Eu.), 
QR,  is  equal  to  Pz  ;  but  the  square  of  Qz  is  equal  to  the  rectan- 
gle under  Pz  and  the  parameter  of  the  diameter  Yz  (40.  1  Sup.), 
or,  that  parameter  being  equal  to  4PS  {Def  16.  1  Sup.),  to  the 
rectangle  under  Pz  and  4PS,  orto  that  under  QR  and  4PS;  but 
the  points  P  and  Q  coming  together,  the  ratio  Qz  to  Qx  is  the 
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ratio  of  equality  ( Cor.  2  Ltm.  7  NaL  Pfu) ;  therefore  the  square 
of  Qx  is,  in  that  case,  equal  to  the  rectangle  under  QR  and 
4PS.  And  since  the  triangles  QxT  and  SPN,  having  the  angles 
at  T  and  N  right,  and  the  angles  QxT  and  SPN  equal,  the 
external  to  the  internal  remote  on  the  same  side  (29.  1  Eu.)9  are 
equiangular,  the  square  of  Qx  is  to  the  square  of  QT,  as  the 
square  of  PS  is  to  the  square  of  SN  (4  and  22.  6  En.),  or  which 
is  equal  (62.  1  Sup.  and  Cor.  2.  20.  6  Eu.),  as  PS  is  to  SA,  or, 
which  is  equal  (l.  6  Eu.)9  as  4PSxQR  is  to  4SAxQR  ;  but  the 
square  of  Qx  is  above  shewn  to  foe  equal  to  4PSxQR,  therefore 
the  square  of  QT  is  equal  to  4SAxQR  (14.  5  Eu.);  let  these 

SP8  SP9xQTa 

equals  be  drawn  into  ,  and is  equal  to  SP*x 

QR  QR 

4SA,  and  therefore,  by  Cor.  1  •  4  Nat.  Ph.,  the  centripetal  force 
is  inversely  as  SP3x4SA,  or,  4SA  being  a  given  quantity,  the 
centripetal  force  is  inversely  as  SP ,  or  in  an  inverse  duplicate 
ratio  of  the  distance  SP. 

fJor.  1.  From  this  and  the  two  preceding  propositions  it  fol- 
lows, that  if  any  body  P,  go  from  a  place  P,  in  the  direction  of 
any  right  line  PR,  with  any  velocity,  and  be  at  the  same  time 
urged  by  a  centripetal  force,  which  is  inversely  proportional  to 
the  square  of  the  distance  of  the  places  from  the  centre  ;  this 
body  will  be  moved  in  one  of  the  conick  sections,  having  a  focus 
in  the  centre  of  force ;  and  the  contrary.  For  a  focus,  the  point 
bf  contact  and  position  of  the  tangent  being  given,  a  conick 
section  may  be  described,  having  a  given  curvature  at  that 
point.  But  the  curvature  is  given,  from  the  given  velocity  and 
centripetal  force  ;  and  two  orbits  touching  each  other,  cannot  be 
described  by  the  same  centripetal  force  and  the  same  velocity. 

Cor.  2.  If  the  velocity,  with  which  a  body  goes  from  its  place 
P,  be  that,  by  which,  in  any  least  possible  particle  of  time,  the 
lineola  PR  may  be  described,  and  the  centripetal  force  be  such, 
as  in  the  same  time  to  move  the  same  body  through  the  space 
QR ;  this  body  will  be  moved  in  some  conick  section,  whose 

QT9 

principal  parameter  is  that  quantity ,  which  is  made  ulti- 

QH 
mately,  when  the  lineolas  PR  and  QR  are  diminished  in  infini- 
tum.    In  these  corollaries,  the  circle  is  referred  to  the  ellipse, 
and  the  case  excepted,  when  a  body  descends  in  a  right  line  to 
the  centre. 
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PROP.  VIII.  THE  OR. 


If  many  bodies  be  revolved  about  a  common  centre,  and  the  centri- 
petal force  he  in  a  reciprocal  duplicate  ratio  of  the  distance  of  the 
places  from  the  centre ;  the*  principal  parameters  of  the  orbits, 
are  in  a  duplicate  ratio  of  the  areas,  which  bodies,  by  radiuses 
drawn  to  the  centre,  describe  in  the  same  time. 

For,  by  Cor.  2. 7  Nat.  Ph.  tbe  principal  parameter  is  equal  to 
QT- 
the  quantity  — ,  which  is  made  ultimately,  when  the  points  P 

QR 
and  Q  come  together ;  but  the  very  little  line  QR,  in  a  given 
time  is  as  the  generating  centripetal  force,  or,  which  is  equal 

QT» 

{Hyp.),   reciprocally  as  SP*;  therefore is  as  QT*x8P"; 

QR 
therefore  the  principal  parameter  Is  in  a  duplicate  ratio  of  the 
area  QTxSP,  and  therefore  in  a  duplicate  ratio  of  the  areas 
described  in  the  same  time. 

Cor.  Hence,  the  whole  area  of  an  ellipse,  and  that  which  is 
proportional  to  it  (Cor.  1.  78.  1  &up.)9  the  rectangle  under  its 
axes,  is  in  a  ratio,  compounded  of  the  subduplicate  ratio  of  the 
principal  parameter,  and  the  ratio  of  the  periodick  time.  For 
the  whole  area  is  as  the  area  QTxSP  drawn  into  the  periodick 
time. 

PROP.  IX. 


The  same  things  being  supposed  ;  the  periodick  times  in  ellipses,  are 
in  a  sesquiplicate  ratio  qf  the  greater  axes* 

For  the  less  axis  is  a  mean  proportional  between  the  greater 
axis  and  the  principal  parameter  [Def.  15  and  17.  1  Sup.)9  and 
therefore  the  square  of  the  less  axis  is  equal  to  the  rectangle 
under  the  greater  axis  and  that  parameter  (17.  6  Eu.),  and 
therefore  the  less  axis  is  in  a  subduplicate  ratio  of  that  rectangle ; 
let  there  be  added  on  each  side,  the  ratio  of  the  greater  axis,  and 
the  rectangle  under  the  axes  is  in  a  ratio,  compounded  of  the 
subduplicate  ratio  of  that  parameter,  and  the  susquipUcate  of  the 
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greater  axis  ;  but  this  rectangle  {by  Cor.  8  JVaf.  PA,),  is  in  a 
ratio,  compounded  of  the  subduplicate  ratio  of  the  principal 
parameter,  and  the  ratio  of  the  periodick  time  ;  therefore  the 
ratio  compounded  of  the  subduplicate  ratio  of  the  principal 
parameter,  and  the  sesquiplicate  of  the  greater  axis,  is  equal  to 
that  which  is  compounded  of  the  subduplicate  ratio  of  the  same 
parameter,  and  the  ratio  of  the  periodick  time ;  let  there  be  taken 
away  from  each  the  subduplicate  ratio  of  the  principal  parame- 
ter, and  there  remains  the  sesquiplicate  ratio  of  the  greater  axis, 
equal  to  the  ratio  of  the  periodick  time* 

Cor.  1.  Therefore  the  periodick  times  in  ellipses,  are  the 
same,  as  in  circles,  whose  diameters  are  equal  to  the  greater  axee 
of  the  ellipses. 

Cor.  2.  And  the  periodick  times  in  ellipses,  are  in  a  sesqui- 
plicate ratio  of  the  mean  distances  of  the  revolving  bodied  from 
the  centre  of  motion ;  for  these  mean  distances  are  equal  to  the 
greater  semiaxes. 


PROP.  X.  THEOR. 


The  same  things  being  supposed,  and  right  lines  being  drawn* . 
touching  the  orbits  at  the  bodies,  and  perpendiculars  being  let  fall 
from  the  common  focus  on  these  tangents  ;  the  velocities  of  the 
bodies  are  in  a  ratio,  compounded  of  the  inverse  ratio  of  the  per- 
pendiculars, and  the  direct  subduplicate  rati§  of  the,  principal 
parameters. 
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SUBHENTS  01 


From  fthe  focus    9,  to  ' 
tangent  PR,    let  fall  the 
perpendicular  SY. 

The  velocity  of  the  body 
P>  is  as  the  least  possible 
arch  PQ  described  in  a 
given  particle  of  time,  or 
which  is  equal  {Lent.  7 
Nat.  Ph.),  as  the  tangent 
PR,  or  which  is  equal 
(because  of  the  proportion- 
als PR  to  QT  and  SP  to 
SY  by  34.  1  and  4.  6  Eu., 
SPxQT 

us ,  or,  as  SY 

8Y  .  ■ 

reciprocally  and  SP'QT 

directly,  and  SPvQT  is  as  the  area  described  in  a  given 
time,  or,  which  is  equal  (8  Nat  Ph.),  in  a  subduplicate  ratio  of 
the  principal  parameter. 

Cor.  1.  The  principal  parameters,  are  in  a  ratio,  compound- 
ed of  the  duplicate  ratio  of  the  perpendiculars  and  the  duplicate 
ratio  or  the  velocities. 

Cor.  2.  The  velocities  of  bodies,  in  their  greatest  and  least 
distances  from  the  common  focus,  are  in  a  ratio,  compounded  of 
the  inverse  ratio  of  the  distances,  and  the  direct  subduplicate 
ratio  of  the  principal  parameters.  For  the  perpendiculars  are 
then  the  distances. 

Co.  3.  And  therefore  the  velocity  in  a  conick  section,  in  the 
greatest  or  least  distance  from  the  focus,  is  to  the  velocity  in  a 
circle  at  the  same  distance  from  the  centre,  in  a  subduplicate 
ratio  of  the  principal  parameter  of  the  section  to  double  that  dis- 
tance.    For  that  doiible  is  the  principal  parameter  of  the  circle. 

Cor.  4.  The  velocities  of  bodies  revolving  in  ellipses,  in  their 
mean  distances  from  the  common  focus,  are  the  same,  as  of 
bodies  revolving  in  circles  at  the  same  distances ;  or,  (by  Cor. 
6.  3  Nat.  Ph.),  in  an  inverse  subduplicate  ratio  of  the  distances. 
For  the  perpendiculars  then  are  the  less  semiaxes  $  and  these 
are  as  mean  proportionals  between  the  distances,  which  then 
become  equal  to  the  greater  semiaxes,  and  the  principal  parame- 
ters. Let  this  ratio  inversely,  be  compounded  with  the  subdu- 
plicate ratio  of  the  principal  parameters  directly,  and  it  becomes 
the  subduplicate  ratio  of  the  distances  inversely. 
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Cor*  5*    In  the  same  figure,  or  even  in  different  figures,  whose 

i principal  parameters  are  equal,  the  velocity  of  a  body  is  inverse- 
y  as  the  perpendicular  let  fall  from  the  focus  on  the  tangent 

Cor.  6.  In  a  parabola,  the  velocity  is  in  an  inverse  subdupli- 
cate ratio  of  the  distance  of  the  body  from  the  focus  of  the  figure ; 
in  the  ellipse,  it  is  more  varied,  in  the  hyperbola,  less,  than  in 
this  ratio.     For  the  perpendicular  let  fall,  from  the  focus  of  a 

farabola,  on  a  tangent,  is  in  a  subduplicate  ratio  of  the  distance 
Cor.  1.  63.  1  Sup.  and  Co  1.  20.  6  En).  In  the  ellipse,  the 
perpendicular  is  more  varied,  in  the  hyperbola,  less  {Cor.  2.  63. 
1  Sup). 

Cor.  7.  In  a  parabola,  the  velocity  of  a  body  at  any  distance 
from  the  focus,  is  to  the  velocity  of  a  body  revolving  in  a  circle 
at  the  same  distance  from  the  centre,  in  a  subduplicate  ratio  of 
the  number  two  to  unity ;  in  an  ellipse,  it  is  less,  in  a  hyper- 
bola, greater,  than  in  this  ratio  ;  for,  by  Cor.  2  of  this  proposi- 
tion and  Def.  15.  and  17.  1  Sup.,  the  velocity  in  the  vertex  ol 
the  parabola  is  in  this  ratio,  and  by  Cor.  6  of  this,  and  Cor.  6. 
3  Nat.  Ph.,  the  same  ratio  is  kept  in  all  distances.  Hence  also, 
since,  in  circles,  under  the  law  of  the  centripetal  force  here 
supposed,  the  velocities  are  in  an  inverse  subduplicate  ratio  of 
the  distances  {Cor  6.  3  Nat.  PA.),  the  velocity  in  a  parabola,  is 
every  where  equal  to  that  of  a  body  revolving  in  a  circle  at  half 
the  distance;  in  an  ellipse,  it  is  less  ;  in  a  hyperbola  greater. 

Cor.  8.  The  velocity  of  a  body  revolving  in  any  conick  sec- 
tion, is  to  the  velocity  of  a  body  revolving  in  a  circle  at  the  dis- 
tance of  half  the  principal  parameter  of  the  section,  as  that 
distance,  is  to  the  perpendicular  let  fall  from  the  focus  on  the 
tangent  of  the  section.  For  the  diameter  of  a  circle  being  equal 
to  its  principal  parameter  {Def.  17.  1  Sup.)9  the  principal 
parameters  of  the  section  and  circle  are  equal,  and  therefore, 
by  Cor.  5  of  this  proposition,  the  velocity  in  the  section,  is  to  the 
velocity  in  the  circle,  as  the  distance  in  the  circle,  which  is  the 
perpendicular  on  the  tangent,  is  to  the  perpendicular  on  the  tan- 
gent of  the  section. 

Cor.  9.  Whence,  since  the  velocity  of  a  body  revolving  in 
this  circle,  is  to  the  velocity  of  a  body  revolving  in  a  circle  at 
any  other  distance,  in  an  inverse  subduplicate  >ratio  of  the  dis- 
tances {Cor9  6.  3  Nat.  Ph.);  by  equality,  the  velocity  of  a  body 
revolving  in  a  conick  section,  is  to  the  velocity  of  a  body  revolv- 
ing in  a  circle  at  the  same  distance,  as  a  mean  proportional 
between  that  common  distance  and  half  the  principal  parameter 
of  the  section,  is  to  a  perpendicular  let  fall  from  the  common 
focus  on  the  tangent. 
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ELEMENTS  OF  ASTRONOMY, 


The  principles  delivered  in  the  preceding  elements  of  natural 
philosophy,  may  be  considered  as  rather  mathematical  than 
nhilosophical ;  principles,  on  which  reasonings  may  be  founded, 
and  conclusions  deduced  in  philosophical  enquiries.  It  remains, 
that  from  these  principles  be  taught  the  system  tf  the  world,  and 
the  elementary  principles  of  astronomy*  In  order  to  render  this 
subject  more  clear  and  satisfactory,  the  principal  and  most  im-v 
portent  parts  of  it  are  thrown  into  the  form  of  propositions,  in  i 
mathematical  manner. 

And  that  the  conclusions  deduced  may  be  founded  on  experi- 
ment and  actual  observation,  and  not  on  hypotheses  formed 
arbitrarily ;  it  appears  necessary  before  propositions  are  intro- 
duced on  this  subject,  to  lay  before  the  reader  a  general  view  of 
the  system  of  the  world,  and  of  those  luminous  bodies  which  are 
continually  offered  to  our  attention,  usually  called,  heavenly 
bodies,  according  to  the  decision  of  the  most  able  astronomers 
and  philosophers,  founded  on  the  most  accurate  observations  an4 
reasonings, 
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OF  THE  SYSTEM  OF  THE  WORLD. 


In  treating  on  this  subject,  the  first  thing,  which  naturally 
arrests  our  attention,  is  this  earth  which  we  inhabit ;  of  the  size 
and  shape  of  which  we  can  have  little  doubt ;  it  having  been 
repeatedly  sailed  round,  its  shadow  being  often  exhibited  to  us  in 
eclipses  of  the  moon,  and  the  shape  of  its  surface  such,  that  it  is 
well  known,  that  the  situation  of  any  part  of  it  may  be  deter- 
mined, with  great  accuracy,  by  observations  of  the  heavenly 
bodies  ;  its  shape  has  been  found  to  be  nearly  that  of  a  globe  or 
ftphcre  of  about  7900,  nearly  8000  miles  diameter.  The  causes 
of  various  appearances  found  to  take  place  in  it,  as  the  vicissi- 
tudes of  day  and  night,  diversity  of  seasons  and  other  pheno* 
menaf  are  deferred,  till  I  shall  treat  of  its  motions. 


AsrsoiroMY.  479 

The  next  thing,  which  attracts  our  attention,  is  that  assemblage 
of  heavenly  bodies,  which,  by  their  splendour,  number  and  variety, 
so  much  adorn  the  expanse  around  us  ;  and  here,  who  can  suffi- 
ciently admire  and  revere  that  infinite  wisdom,  power  and  good- 
ness, which  is  so  manifest  in  the  works  of  creation,  as  far  as 
human  intellect  and  observation  can  trace  them  ;  it  is  both  our 
duty  and  privilege  to  make  his  works*  the  subject  of  our  enqui- 
ries and  meditations,  and  the  more  we  shall  enquire  into  and 
meditate  on  tbem,  the  greater  cause  we  shall  find  to  love, 
admire  and  worship  their  Almighty  Author. 

Among  the  heavenly  bodies,  the  sun  is  by  far  most  remark- 
able, resplendent  and  interesting  to  us,  being  the  chief  source  of 
heat  and  light  to  this  earth ;  the  moon  is  the  next  most  striking 
object  among  them,  being  a  great  source  of  light  to  us,  in  the 
absence  of  the  sun,  and  of  about  the  same  apparent  magnitude, 
as  that  luminary ;  besides  these,  the  visible  heavens  is  every 
where  crowded  with  a  vast  number  of  luminous  bodies,  of  small, 
but  unequal  apparent  magnitudes,  of  which,  by  far  the  greater 
number  retain,  and  have  retained,  since  observations  have  begun 
to  made  on  them,  apparently  the  same  situation  with  respect  to 
each  other,  and  are  therefore  called  fixed  stars ;  the  few  which 
are  continually  changing  their  situation  among  them,  being 
called  planets,  a  Greek  word,  which  signifies  wanderers. 

These  planets  have  been  uniformly  determined  by  astrono- 
mers to  belong  to  that,  which  is  called  the  solar  system,  a  name 
derived  from  the  sun,  which  is  supposed  to  be  at  rest  in  the 
centre,  while  the  planets  called  primary,  with  their  moons  or 
satellites,  called  also  secondary  planets,  revolve  round  him  at 
various  distances.  By  spots  on  its  disk,  however,  the  sun  has 
been  found  to  revolvf  on  its  axis  in  25  days,  6  hours.  It  is 
likewise  supposed  to  have  a  small  motion  about  the  centre  o£ 
gravity  of  the  whole  system,  which  common  centre  of  gravity, 
it  has  been  determined  by  calculation,  would  not,  on  account  of 
the  superior  magnitude  of  the  sun,  even  if  all  the  planets  were 
on  the  same  side  of  it,  deviate  father  from  the  centre  of  the  sun, 
than  about  the  length  of  its  diameter ;  which  ig  supposed  to  be 
about  890,000  miles, 

The  most  noted  primary  planets  which  revolve  about  the  sun, 
and  the  only  ones  known  to  the  ancients,  are  in  number,  six,  of 
which  the  earth  is  one ;  of  the  others,  two  are  nearer  to  the  sun, 
and  three  more  remote  from  it,  than  the  earth ;  the  nearest  to  the 
sun  being  Mercury,  the  next  Venus,  then  the  earth,  the  three 
others  in  order  being  Mars,  Jupiter  and  Saturn.  Modern 
discoveries  have  added  a  few  more  to  the  number,  of  which 
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mention  will  be  made  in  order;  the  figures,  which  thesr-primnry 
planets  describe,  in  revolving  round  the  sun,  have  been  font.d  by 
observation  to  be  ellipses,  the  sun  being  in  one  of  the  focuses. 

In  the  following  table  are  exhibited  their  magnitudes,  mean 
distances  from  the  sun.  as  determined  by  observations  of  the 
transit  of  Venns,  which  is  by  far  the  most  accurate  mode, 
known,  their  periodick  times,  and  the  other  most  important  par* 
culars  respecting  them. 

<9  TABLE  of  the  diameters,  mean  distanut,  periodick  times,  j-& 
of  the  principal  primary  planets  in  the  solar  system. 
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The  other  primary  planets,  are  Ceres  Ferdinandca,  Pallas, 
Juno,  Vesta,  the  Georgium  Sidus  or  Hcrschel,  and  Hercules, 
the  four  fust  move  in  orbits  between  those  of  Mars  and  Jupiter, 
of  whirh  the  first  was  discovered  by  M.  Piazzi,  1st  January, 
1801  ;  Pallas,  by  Dr.  Olbers,  28th  March  1802;  Juno,  by  M. 
Harding,  at  Li  I  ten  thai,  in  Germany,  1st  September,  1804,  and 
Vesta,  by  Dr.  Olbers,  in  March,  1807.  It  is  remarkable  of  the 
two  former,  that  their  orbits  cross  each  other ;  Pallas,  coming 
nearer  to  the  sun  than  Ceres  in  the  perihelion,  or  nearer  part  of 
their  orbits,  but  removing  to  a  greater  distance  in  their  aphelion, 
or  more  remote  part ;  which  is  occasioned  by  the  great  eccen- 
tricity of  the  orbit  of  Pallas,  compared  with  that  of  Ceres. 
The  magnitudes  of  these  two  planets  have  been  variously  stated 
by  astronomers.  Dr.  Ilersehel  computes  the  diameter  of  Ceres 
to  be  a  hundred  and  sixty-two,  and  that  of  Pallas,  ninety-five 
miles.  The  four  plaints  have  been  considered  by  some  astron- 
omers, as  of  a  different  species  from  the  other  planets,  and  have 
obtained  the  appellation  of  Asteroids.  The  periodick  time  of 
Ceres  is  4y.  7m.  10n.;  of  Pallas,  4y,  7m.  lid.;  of  Juno,  5y. 
182U.;  and  of  Vesta  Sy.  I8gd. 
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The  Georgittm  Sidus,  discovered  by.  Dr.  Herschel,  and  so 
named  in  honour  of  George  III,  king  of  England,  but  •generally- 
called  Herschel,  after  the  discoverer,  may  be  seen  with  almost 
any  telescope;  its  distance  from  the  sun  is  computed  at  eighteen 
hundred  millions  of  miles ;  its  periodick  time  is  about  eighty- 
two  years  ;  and  it  is  supposed  to  be  ninety-three  times  the  size 
of  the  earth.  Six  moons  have  already  been  discovered  to  move 
round  it,  which  require  very  powerful  telescopes  to  discern 
them,  and  its  remoteness  from  the  sun  renders  it  probable,  that 
it  has  a  still  greater  number. 

Hercules,  lately  discovered  by  br.  Olbers,  is  about  three 
limes  the  size  of  Jupiter,  and  performs  its  revolution  round  the 
sun,  in  about  two  hundred  and  eleven  years,  its  distance  from 
that  luminary  being  computed  to  be  three  thousand  and  forty- 
seven  millions  of  miles.  It  appears  to  the  naked  eye,  like  a  star 
of  the  sixth  magnitude,  and  is  attended  by  seven  moons,  one  of 
Which  is  supposed  to  be  twice  as  large  as  the  earth. 

Besides  these  primary  planets  and  the  moons  which  have  been 
mentioned,  the  earth  is  attended  in  its  revolution  round  the  sun 
by  one  satellite  or  moon,  Jupiter  by  four,  and  Saturn  by  seven. 
Mercury  and  Venus,  viewed  though  a  telescope,  exhibit  phases 
like  the  moon,  which  shews,  that  they  shine  only  by  a  borrowed 
light,  namely,  the  reflected  light  of  the  sun,  as  all  the  planets 
both  primary  and  secondary,  which  revolve  round  the  luminary, 
are  supposed  to  do;  two  white  circles  have  been  discovered 
about  the  poles  of  the  planet  Mars,  which  are  supposed. by  Dr. 
Herschel,  to  originate  from  the  snow  lying  about  these  parts; 
Jupiter  is  remarkable  for  his  belts,  and  Saturn  for  his  ring. 

The  circle  in  the  heavens,  in  the  plain  of  which  the  earth 
moves  round  the  sun,  and  in  which  of  course  the  sun  appears  to 
move,  as  seen  from  the  earth,  is  called  the  Ecliptick  ;  the  angles 
which  the  orbits  of  the  other  principal  planets  have  been  found  to 
make  with  it,  are  exhibited  in  the  above  table ;  they  all  perform 
their  motions  round  the  sun  from  west  to  east,  as  does  also  tlie 
earth,  which  is /therefore  said,  to  be  according  to  the  order  of 
the  signs ;  the  whole  circle  of  the  ecliptick,  through  which  the 
sun  performs  its  apparent  annual  motion,  with  a  space  of  eight 
degrees  on  each  side  of  it,  within  which  all*  the  planetary  mo- 
tions were,  by  the  ancients,  thought  to  have  been  performed,  ia 
called  the  Zodiack,  and  has  been  divided  by  astronomers  into 
twelve  equal  parts  called  Signs,  each  sign  containing  thirty 
degrees. 

The  earth,  besides  its  annual  motion  round  the  sun,  has  a 
H^otion  from  west  to  east  on  its.  axis,  in  the  space  of  about  a  day, 


476  ELEMENTS   *F 

which  causes  an  apparent  diurnal  motion  of  the  sun,  moon  and 
other  heavenly  bodies  in  the  contrary  direction,  or  from  east  to 
west ;  it  appears  from  the  above  table,  that  the  other  planets, 
there  mentioned  have,  as  far  as  has  been  ascertained  by  observa- 
tion, diurnal  rotations  on  their  axes.  But  the  proximity  of  Mcr- 
eurity  to  the  Sun  and  its  consequent  brilliancy,  has  hitherto 
prevented  astronomers  from  determining  the  time  of  its  rotation 
on  its  axis,  or  the  position  of  that  axis.  Yet  Mr.  Shroeter  is 
induced,  from  some  observations,  to  believe,  that  it  revolves  on 
its  axis  in  24h  5'  8 '. 

Of  the  Satellites  or  Moons  by  which  the  primary  planets  are 
attended,  the  most  remarkable  to  us  is  our  Moon,  which  attends 
the  earth  in  her  revolution  round  the  sun,  and  revolves  about 
the  earth  from  any  one  particular  point  in  the  heavens  or  fixed 
star,  to  the  same  point  or  star  again,  in  twenty-seven  days,  seven 
hours,  forty-three  minutes ;  from  change  to  change,  in  twenty- 
nine  days  twelve  hours,  forty-four  minutes,  and  a  little  more 
than  three  seconds.     Her  diameter  is  about  two  thousand,  one 
hundred  and  eighty  miles,  and  her  mean  distance  from  the  cen- 
tre of  the  earth,  about  two  hundred  and  forty  thousand  miles. 
Her  orbit  makes  an  angle  with  the  plain  of  the  ecliptick  of 
about  5°  18',  the  mean  eccentricity  contains  about   fifty-five 
parts,  of  which  the  mean  distance  contains  a  thousand,  but  va- 
ries from  about  forty-four  to  sixty-six  of  such  parts,  according 
to  the  different  positions  of  the  sun  and  earth.     She  shines  with 
the  borrowed  light  of  the  sun,  which  causes  her,  according  to 
her  situation  with  respect  to  the  sun,  to  appear  to  us  full,  gibbous 
or  horned  ;  when  the  moon,  being  opposite  to  the  sun,  gets  with- 
in the  earth's  shadow,  so  that,  on  account  of  the  interposition  of 
the  earth  between  her  and  the  sun,  the  sun  cannot  shine  on  her, 
she  becomes  opaque,  and  is  said  to  be  eclipsed,  totally  or  parti- 
ally, according  as  the  sun,  by  the  interposition  of  the  earth,  is 
prevented  from  shining  on  the  whole  or  a  part  of  the  surface 
turned  to  us ;  again,  wluyi  at  the  time  of  the  change,  the  moon 
gets  so  between  the  sun  and  us,  as  to  prevent  the  whole  or  a 
part  of  the  surface  of  the  sun  which  is  turned  to  us,  from  shining 
on  us,  the  sun  is  said  to  be  eclipsed,  totally  or  partially,  accord- 
ing as  the  whole  or  a  part  of  that  surface  is  so  obscured ;  and 
astronomers  suppose  the  diameter  of  the  eclipsed  body  to  be  di- 
vided into  twelve  equal  parts,  called  digits ;  and  the  magnitude 
of  the  eclipse  is  estimated  by  the  number  of  these  digits  eclipsed 
at  the  moment  of  the  greatest  obscuration. 

From  what  has  been  said,  it  is  manifest,  that,  if  the  plain  of 
the  moon's  orbit  coincided  with  the  plain  of  the  ecliptick,  there 
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would  be  eclipses  at  every  change  and  full  of  the  moon ;  but  as 
the  plain  of  the  moon's  orbit  makes  an  angle  with  tfye  plain  of 
the  ecliptick  of  about  5°  18',  as  is  above  observed,  no  eclipse 
will  happen,  unless  at  the  time  of  the  change  or  full,  the  moon 
be  so  near  to  a  node  or  intersection  of  the  plains  of  the  orbits,  as 
in  the  former  case,  to  get  between  the  sun  and  some  part  of  the 
earth, and  in  the  latter,  to  get  within  the  earth's  shadow;  the  li- 
mit within  which  eclipses  can  happen  being  in  the  former  case 
about  seventeen  degrees,  and  in  the  latter  about  twelve  from  such 
an  intersection. 

The  earth  has,  besides  the  annual  and  diurnal  motion  just 
mentioned,  a  very  slow  retrograde  motion  of  its  axis,  about  the 
pole  of  the  ecliptick,  of  50"  each  year,  or  of  one  degree  in  72  years; 
its  whole  revolution  would  therefore  require  25920  years,  its 
half  revolution  12960,  ami  a  fpurth  part  of  it  G480  years.  Which 
motion  is  to  be  ascribed,  as  is  hereafter  shewn  in  this  work,  tp 
the  spheroidal  form  of  the  earth. 

This  motion  has  a  considerable  effect,  in  regulating  the  pro- 
portional time  of  the  sun's  remaining  on  the  different  sides  of  the 
equator,  during  the  earth's  annual  motion  ;  the  earth  was  in  its 
aphelion,  when  the  sun  was  in  the  first  of  cancer,  or  at  the  time 
of  the  longest  day  with  the  inhabitants  of  northern  latitudes, 
about  A.  D.  1148,  and  since  that,  in  the  lapse  of  nearly  700 
years,  has  varied  from  that  situation,  but  a  little  more  than  nine 
degrees ;  the  consequence  is,  that  the  period  from  the  March  to 
the  September  equinox,  is  about  eight  days  longer  than  the  re- 
sidue of  the  year,  and  the  inhabitants  of  northern  latitudes  have  . 
their  summers  so  much  longer,  and  winters  so  much  shorter, 
than  those  of  southern  latitudes ;  to  which  appears  chiefly  to  be 
ascribed,  the  superior  degree  of  cold  experienced  in  southern  la- 
titudes, compared  with  northern  of  the  same  distance  from  the 
equator,  for  the  situation  of  land  and  water  in  southern  latitudes 
seems  more  favourable  to  temperature.  If  the  present  order  of 
things  were  to  last  till  A.  D.  7628,  the  earth's  aphelion  would 
take  place,  when  the  sun  would  be  in  the  first  of  arics,  and  each 
side  of  the  equator  would  have  him  an  equal  portion  of  the  year ; 
and  if  the  same  order  were  to  continue  6480  years  longer,  that 
aphelion  would  happen,  when  the  sun  would  be  in  the  first  of 
Capricorn,  and  the  inhabitants  of  southern  latitudes  would  have 
their  summers  eight  days  longer,  and  winters  as  much  shorter, 
than  those  of  northern  latitudes. 

From  this  motion  arises  also  the  phenomenon  of  the  preces- 
sion of  the  equinoxes,  whereby  t&e  point  among  the  fixed  stars, 
in  which  the  sun  crosses  the  equinox  in  the  1st  of  arics,  has  "a 
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slow  retrograde  motion,  or  from  east  to  )vest,  of  about  one  de- 
gree in  72  years,  so  that  the  point  where  the  sun  at  this  time 
crosses  the  equinox  in  March,  is  about  a  whole  sign  to  the  west- 
ward  of  the  constellation  of  aries,  near  which  it  crossed  it  in  the 
time  of  Hipparchus,  who  flourished  about  150  years  before  jfche 
Christian  era,  and  now  crosses  it  in  the  constellation  of  piscesu 

Besides  the  planetary  bodies  just  mentioned,  there  belong  to 
the  solar  system,  other  bodies,  called  Comets,  which  appear  from 
time  to  time,  and  are  chiefly  distinguishable  by  tails  which  con- 
tinually issue  from  them.  They  have  been  determined  by  astro- 
nomers, to  be  opaque  bodies,  receiving  all  their  light  from  the 
sun,  and  to  move  round  the  sun  in  very  ccccntrick  or  oblong  el- 
liptical orbits ;  so  eccentrick  and  so  nearly  approaching  to  the 
figure  of  Parabolas,  that,  .while  within  our  view,  their  observed 
places  hardly  differ  sensibly  from  those  arising  from  calcula- 
tions founded  on  this  hypothesis ;  their  apparent  magnitudes  are 
very  different,  sometimes  appearing  of  the  size  of  one  of  the  fixed 
stars,  sometimes  equalling  the  diameter  of  Venus,  or  even  of  the 
snn  or  moon ;  and  they  exhibit  phases  like  those  of  the  moon ; 
their  tails  are  supposed  to  arise  from  the  gross  atmospheres 
by  which  they  are  surrounded,  driven  off  by  the  extreme  heat  of 
the  sun,  as  these  tails  are  in  a  direction  opposite  to  that  lumina- 
ry, extending  or  shortening,  as  they  approach  toward  or  recede 
from  it,  their  tails  being  a  little  incurvated,  and  most  so  near  the 
ends  of  the  tails,  towards  the  parts,  which  the  comets  heads  in 
their  progress  have  left ;  the  increased  curvature  towards  the  end 
of  the  tails  is  accounted  for,  from  the  diminished  velocity  with 
which  the  vapours  ascend  from  the  sun,  in  places  more  remote 
from  the  heated  body  of  the  comet ;  these  tails  are  so  thin,  that 
stars  can  be  seen  through  them. 

The  periods  of  the  comets  which  have  been  observed,  are  sup- 
posed to  be  from  seventy-five  to  five  hundred  and  seventy-five 
years ;  there  are  but  few  of  them  whose  orbits  seem  to  be  ascer- 
tained with  accuracy;  the  period  of  one,  which  appeared  in  1680, 
is  supposed  to  be  575  years.  The  period  of  one  which  appeared 
in  1758,  is  thought  to  be  about  75  years. 

The  next  heavenly  objects  which  arrest  our  attention,  are  the 
fixed  stars,  which  are  distinguishable  from  the  planets,  by  being 
more  luminous,  and  by  continually  exhibiting  that  appearance, 
which  is  called  their  scintillation  or  twinkling;  which  is  usually 
ascribed  to  their  appearing  so  extremely  minute,  that  the  inter- 
position of  the  numerous  small  bodies,  which  are  continually 
floating  in  the  atmosphere,  derives  us  of  the  sight  of  them  ;  but 
asitbey  are  continually  changing  their  places,  the  stars  become  - 
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quickly  again  visible,  which  occasions  the  scintillation.  Ano- 
ther remarkable  property  of  the  fixed  stars,  and  that  which  first 
gave  them  their  name,  is  their  never  changing  their  apparent 
situation  with  respect  to  each  other*  They  are  supposed  by  as- 
tronomers to  be  bodies  of  the  same  nature  as  our  sun,  having 
systems  of  planetary  bodies  revolving  about  them ;  their  appa- 
rent diameters  are  so  small,  that  very  powerful  telescopes  but 
little  augment  their  apparent  magnitudes,  and  it  is  owing  to 
their  extreme  brilliancy,  that  they  are  so  clearly  visible ;  they 
have  been  distinguished  by  astronomers  into  different  orders  ac- 
cording to  their  apparent  magnitude,  the  largest  being  said  to 
be,  of  the  first  magnitude;  the  next,  of  the  second  magnitude,  and 
so  on.  Those  of  the  sixth  magnitude,  are  such  as  can  be  barely 
distinguished  by  the  naked  eye.  Those  which  can  only  be  seen 
by  the  aid  of  telescopes,  are  called  telescopick  stars.  They  have 
also  been  assorted  by  astronomers  into  different  imaginary  fig- 
ures, called  constellations.  A  part  of  the  heavens,  called  the 
galaxy  or  milky  way,  is  thought  to  owe  its  brilliancy  to  the  vast 
number  of  very  small  fixed  stars,,  with  which  it  is  crowded. 

A  small  variation  of  about  20''  in  the  situation  of  the  fixed 
stars,  has  been  lately  discovered,  owing  to  the  difference  of  the 
time,  which  their  light  takes  to  arrive  at  the  earth,  in  different 
parts  of  her  orbit,  which  is  called  the  Aberration  of  light  It 
had  long  before  been  discovered,  by  the  eclipses  of  Jupiter's 
moons,  that  light  takes  about  8  minutes  in  coming  from  the  sun 
to  the  earth. 

Having  premised  thus  much  concerning  those  heavenly  bodies, 
which  are  the  subject  of  astronomy ;  I  proceed  to  deliver  some 
propositions  respecting  them ;  in  the  course  of  which,  the  phe- 
nomena mentioned  in  the  beginning  of  the  elements  of  natural 
philosophy,  as  laws  of  the  planetary  motions,  will  be  cited,  as 
there  laid  down,  PL  L.  denoting,  planetary  law. 


PROPOSITION  I.  THEOREM. 

That  the  forces,  hy  wMcIi  the  primary  planets  are  perpetually 
drawn  from  rectilineal  motions,  and  are  retained  in  their  orbits, 
tend  to  the  sun  ;  and  arettedprocally  as  the  squares  of  their  dis- 
tances from  its  centre.  * 
The  former  part  of  the  proposition  is  manifest  from  the  1st 

planetary  law,  and  prop.  2.  Nat.  Ph  :  and  the  latter  part,  from 

the  3d  planetary  law,  and  Cor.  6  prop.  3.  Nat.  Ph,  as  also  from 

the  2d  planetary  law,  and  prop.  5.  Nat.  Ph. 
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Scltolium.  The  name  reasoning  applies,  to  prove  the  same 
thing,  to  the  satellites  or  moons,  which  revolve  about  Jupiter, 
Sa\irn,  Herschcl  and  Hercules,  all  the  three  planetary  laws  be- 
ing applicable  to  their  motions  round  their  primaries.  Note, 
that,  when  revolving  bodies  are  spoken  of,  the  laws  arc  applica- 
ble to  their  centres  of  gravity;  and  when  a  primary,  with  one  or 
more  satellites,  revolves  about  the  sun,  the  laws  are  to  be  under- 
stood, as  applicable  to  the  centre  of  gravity  of  the  whole  re- 
volving system. 

PROP.  II.  THEOR. 

That  the  force,  by  which  the  moon  is  retained  in  her  orbit,  tends  ta 
the  earth  ;  and  is  reciprocally  as  the  square  of  its  distance  from 
the  earth9 $  centre. 

The  former  part  of  the  proposition  is  manifest 'from  the  1st 
planetary  law,  as  applied  to  the  moon.  The  latter  part  is  de- 
ducible  from  the  second  planetary  law,  as  applied  to  the  moon, 
and  prop.  5,  Nat,  Ph;#and  also  from  comparing  the  centripetal 
force,  by  which  the  moon  is  retained  in  her  orbit,  which  may  be 
done  by  Cor.  9.  prop.  3.  Nat.  Ph,  with  the  force  of  gravity  at 
the  earth's  surface.  Assuming  the  moon's  mean  distance  from 
the  earth,  as  GO  of  the  earth's  semidiameters,  the  lunar  period 
with  respect  to  the  fixed  stars,  to  be  completed  in  27d.  7h.  43m. 
as  is  determined  by  astronomers,  and  the  circumference  of  tbe 
earth  to  be  132,192,000  English  or  American  feet,  as  it  has  been 
estimated  by  geographers ;  if  the  moon  were  supposed  to  be  de- 
prived of  all  motion,  and  to  be  let  down  so,  that,  all  that  force 
urging  it  by  which  it  is  retained  in  its  orbit,  it  should  descend 
towards  the  earth,  it  would,  in  the  space  of  one  minute,  by  fall- 
ing describe  about  16,^  ft.  Whence,  since  that  force,  in  ap- 
proaching to  the  earth,  is  increased  in  an  iriverse  duplicate  ratio 
qf  the  distance,  and  therefore  at  the  surface  of  the  earth  is  60x60 
times  greater  ih in i  at  the  moon,  a  body,  falling  by  that  force  in 
our  regions,  would  describe  in  one  minute  60x50x16^  feet, 
and  in  the  space  of  one  second  1  6 -^  feet,  as  is  known  to  he  the 
case:  and  therefore,  by  the  1st  and  2d  rules  philosophizing, 
mentioned  in  the  beginning  of  the  elements  of  Nat.  Ph/the  force 
by  which  the  moon  is  retained  in  its  orbit,  is  the  same,  as  that 
which  we  are  accustomed  to  call  gravity :  lor  if  gravity  were 
different  from  it,  bodies  in  falling  towards  the  earth  by  both 
forces  jomth ,  \»oulil  descend  wi-th  double  velocity,  and  would 
describe  in  one  second  32<S  feet,  entirely  contrary  to  experiment. 
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Cor.  Hence,  seeing  that  the  revolutions  of  the  primary  planets 
round  the  win,  and  of  the  secondary  round  their  respective  pri- 
maries, are  phenomena  of  the  same  kind,  as  the  revolution  of 
the  moon  round  the  earth,  and  therefore,  hy  rule  2,  depend  on 
causes  of  the  same  kind,  especially  since  the  forces,  on  which 
those  revolutions  depend,  tend  to  the  centres  of  the  sun  and  pri- 
maries, and  vary  by  the  same  law,  as  that  by  which  the  force  of 
gravity  does  in  approaching  to  and  receding  from  the  earth ;  and, 
since  reaction  is  equal  to  action,  the  sun  and  primaries  gravitate 
towards  the  planets,  which  revolve  about  them ;  and  in  short  all 
planets  gravitate  towards  eacli  other.  And  hence  Jupiter  and 
Saturn,  near  their  conjunction,  disturb  each  others  motions,  the 
sun  disturbs  the  lunar  motions,  and  the  sun  and  moon  disturb 
our  sea,  thereby  causing  the  tides. 


PROP.  III.  THEOR. 

Tliat  the  axes  of  the  planets  are  less  than  the  diameters,  which  are 

perpendicular  to  them. 

For  by  the  circular  motion  of  t!ie  planets  on  their  axes,  it 
happens,  that  the  parts  about  the  equator,  by  their  centrifugal 
force,  endeavour  to  recede  from  the  axis,  and  thereby  increase 
the  equatorial  diameter.  Thus  the  axis  of  Jupiter  is  found  to 
be  less  than  his  equatorial  diameter*  For  the  same  reason,  un- 
less our  earth  was  higher  under,  the  equator  than  at  the  poles,  the, 
seas  at  the  poles  would  subside,  and  by  ascending  near  the  equa- 
tor, would  inundate  the  parts  there. 

Scholium.  From  the  attractions  of  the  sun  and  moon,  on  the 
elevated  parts  about  the  equator,  arises  the  retrograde  motion  of 
the  axis  of  the  earth  about  the  pole  of  the  ecliptick,  which  has 
been  mentioned. 

And,  though  the  motion  of  the  planetary  bodies  in  ellipses,  the 
centre  of  motion  being  in  a  focus,  is  put  among  the  planetary 
laws,  being  discovered  by  Kepler  by  most  accurate  observations 
on  the  planet  Mars,  as  may  be  found  in  Small's  excellent  tract 
on  Kepler's  discoveries,  a  work  well  worthy  the  attention  of  the 
curious  in  astronomy,  and  is  made  use  of  in  proving  the  law  of 
the  planetary  attraction ;  yet  as  that  law  is  dcdncible  from  Cor. 
G.  prop.  3.  Nat.  Ph.  it  from  thence  follows  by  Cor.  1.  prop.  7. 
Nat.  Ph.  that  the  orbits  must  be  ellipses,  unless  so  far  as  these 
orbits  may  be  a  little  disturbed  by  the  mutual  attractions  of  the 
planets  on  eadh  other.    Thus  is  this  law  corroborated  by  many 
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concurrent  proofs.  It  may  be  observed,  that  the  planet  Mars, 
from  the  greatness  of  its  eccentricity,  which  may  appear  from 
the  above  planetary  table,  to  be  much  greater  than  that  of  any 
of  the  other  planets  there  mentioned,  except  Mercury,  and  from 
its  proximity  to  the  earth,  appears  to  be  peculiarly  well  adapted 
for  observations  of  this  kind. 

Thus  have  I  finished  what  I  intended  to  deliver  respecting  the 
motions  of  the  heavenly  bodies;  it  being  my  intention  to  give 
only  the  general  and  most  important  laws,  on  which  their  mo- 
tions depend,  a  brief  account  of  those  motions,  with  the  demon- 
strations of  the  principles  necessary  for  this  purpose.  Thoat 
who  wish  to  go  more  fully  into  this  subject,  are  referred  to  New- 
ton's Mathematical  principles  of  natural  philosophy;  to  the  un- 
derstanding which  work,  it  is  hoped  the  information  given  in 
this  book  will  be  a  great  assistance. 

NOTES. 

Definition  1.  Book  1.  of  Euclid's  Elements. 

What  a  point,  line  and  superficies  arc,  may  be  most  easily 
conceived  from  the  nature  of  a  solid  or  body ;  for  the  bounds  of 
a  solid  are  not  {farts  of  it,  and  therefore  have  no  thickness,  their 
only  dimensions  therefore  are  length  and  breadth,  they  are  there- 
fore superficies  or  surfaces  ;  but  the  bounds  of  those  have  only 
length,  for  if  they  had  breadth,  they  would  be  parts,  not  bounds, 
they  are  therefore  lines ;  whose  bounds  want  even  length,  and 
•have  therefore  no  dimensions,  and  are  points. 

Ax.  10,  11  Sf  12.  B.  1.  Eu~ — These  thr^e  axioms,  depending 
on  definitions,  are  manifestly  different  from  the  other  axioms. 
They  have  been -differently  managed  by  different  editors.  For 
the  reasons  of  the  mode  in  which  they  are  here  managed,  see  notes 
on  4.  1.  and  29.  1.  En. 

Prop.  l.  l.  Eu. — The  proof  given  in  this  prop,  of  the  circles 
intersecting  each  other,  seemed  quite  necessary,  as  the  intersec- 
tion of  the  circles  is  requisite  to  the  construction,  and  in  geome- 
try nothing  should  be  assumed,  except  the  axioms  and  postulates. 

Prop.  4.  1.  En. — The  demonstration  of  this  proposition  has , 
produced  much  disquisition;  some  have  thought  a  postulate  ne- 
cessary, for  removing  one  of  the  triangles  about  which  the  proof 
is  exercised,  and  placing  it  on  the  other ;  but  this  docs  not  appear 
to  be  requisite.  There  are,  as  far  as  I  know,  but  two  principles, 
whereon  to  found  correct  demonstrations  of  the  equality  of  mag- 
nitudes, namely,  by  definition  and  coincidence,  an  instance  by 
definition  is  fonnd  in  the  circle,  all  radiuses  of  flic  same  circle 
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"being  equal  by  def.  10.  1.  which  principle  is  used  in  each  of  Eu- 
clid's S  first  propositions,  but  the  principle  could  evidently  do 
but  little. 

There,  remains  then  the  principle  of  coincidence,  which  Eu- 
clid uses  in  this  proposition,  and  a  most  perfect  one  it  appears  to 
be,  carrying  with  it  the  clearest  evidence.  That  he  might  con- 
fine himself  to  principles  laid  down,  the  8th  axiom  is  used,  that 
things,  which  being  applied  to  each  other,  do  coincide  or  agree, 
are  equal ;  the  application  is  not  mechanical,  it  is  altogether  the 
work  of  the  mind ;  the  definitions  of  the  terms,  about  which  this 
proposition  is  exercised,  are  most  clear  and  perfect,  the  axioms 
made  use  of  most  manifestly  following  from  them,  and  the  evi- 
dence of  the  coincidence  of  the  figures  so  defined,  on  mental  ap- 
plication* most  clear,  complete  and  satisfactory ;  and  it  appears 
to  have  been  the  best  Euclid  could  possibly  do. 

The  1 1th  axiom  of  this  book  is  used  in  the  proof  of  this  pro- 
position, and  seems  quite  necessary,  for  if,  part  of  the  equal 
right  lines  supposed  to  be  applied  to  each  other  coinciding,  if 
were  possible,  that  part  of  them  should  diverge  or  deviate  from 
each  other,  or  that  two  right  lines  should  have  a  common  seg- 
ment, the  demonstration  of  this  proposition  would  be  defective; 
and  the  impossibility  of  this  being  proposed  to  be  demonstrated 
by  Mr.  R.  Simson  and  other  editors,  subsequently  to  this  4th 
proposition,  is  a  concession,  that  it  ought  not  to  be  assumed  in 
that  proposition.  The  equality  of  all  right  angles  to  each  other 
is  proved,  by  means  of  this  1 1th  axiom,  in  the  theorem  at  the 
11th  of  this  book. 

In  most  of  the  editions  of  Euclid's  Elements  which  I  have 
seen,  the  equality  of  right  angles  to  each  other  is  substituted  for 
the  11th  axiom  here  used,  but  I  think  there  is  reason  to  suspect, 
that  the  elements  have  in  this  instance  been  vitiated  by  Theon 
or  some  unskilful  editor ;  the  axiom  hebe  employed  is  used  by 
Claviiis  and  several  others. 

v    Many  editors  have  attempted  to  deduce  this  principle  from 
.  that  of  the  equality  of  right  angles,  the  (lemonstrations  of  twn 
of  them,  Mr.  R.  Simson  and  Mr.  Elrington  are  as  follow: 

Mr.  R.  Simson,  Cor.  Prop.  11.  B.  1.  p. 

If  possible,  let  two  right  lines  ACB"  |  J*** 

and  ACD  have  the  segment  AC  com- 
mon to  both  of  them.  From  the  point 
C  draw  CE  at  right  angles  to  AB  ;  and 
because  ACB  is  a  right  line,  the  angle  -  „ 

BCE  is  equal  to  the  angle  ECA  ( lief.  A  ST 

SO.  1.):  in  the  same  manner,  because  ACD  is  a  right  Mne.  th* 
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angle  DCE  is  equal  to  the  angle  EC  A;  wherefore  the  angle 
DCE  is-  equal  to  the  angle  BCE,  the  less  to  the  greater,  which 
is  impossible ;  therefore  two  right  lines  cannot  have  a  common 
segment. 

Mr.  Elrington,  Note  to  Ax.  11.  B.  1,  which  axiom  asserts  the 
equality  of  right  angles  to  each  other.  Let,  if  possible,  two  right 
lines  CD  and  CB,  see  the  above  fig.,  have  a  common  segment 
AG,  and  let  CE  be  perpendicular  to  the  right  line  ACD,  and  if 
it  be  also  perpendicular  to  the  right  line  ACB,  the  angles  DCE 
and  BCE  are  equal  {Ax.  11.),  which  is  absurd.  But  if  not,  let 
CF  be  perpendicular  to  the  right  line  ACB,  and  the  angles  ACF 
and  ACE  are  equal  (by  the  same),  which  is  also  absurd. 

Of  the  first  of  these  demonstrations,  Mr.  Elrington  observes, 
that  it  does  not  appear  to  him  pfcrfect ;  for  through  the.point  C, 
it  draws  CE  perpendicular  to  AC,  and  assumes  that  there  can 
be  but  one  perpendicular  at  that  point;  but  this  cannot  be  con- 
ceded, because,  that  a  perpendicular  may  be  raised,  AC  must 
be  first  produced,  and  if  this  could  be  done  in  different  ways, 
there  would  be  different  perpendiculars  at  the  point  C,  as  ap- 
peal's from  the  construction  of  Prop.  11.  B.  1.  and  therefore  the 
whole  demonstration  fails. 

And  the  second  demonstration  does  not  appear  to  me  to  be 
perfect,  introduced  at  the  axioms,  or  any  where  before  Prop.  11. 
B.  1 ;  because  it  supposes,  that  a  perpendicular  may  be  drawn,  to 
a  given  right  line,  from  a  given  point  therein  ;  which  is  not 
taught  before  that  proposition. 

Since  therefore  Ax.  11.  B.  1.  here  used,  appeal's  to  he  neces- 
sary to  the  proof  of  this  4th  Prop,  is  very  manifest  from  the  de- 
finition of  right  lines,  does  not  appear  to  be  legitimately  deduci- 
ble  from  that  usually  used  instead  of  it,  namely,  that  all  right 
angles  arc  equal  to  each  other,  previously  to  this  4th  Prop,  which 
latter  principle  also,  contrary  to  Euclid's  usual  practice,  sup- 
poses the  existence  of  right  angles,  before  the  possibility  of  their 
existence  is  shewn  by  any  construction,  and  since  moreover  the 
axiom  here  used  has  been  adopted  by  several  respectable  editors, 
and  there  is  great  reason  to  suppose  that  Euclid's  Elements  have 
been  in  many  instances  vitiated,  is  seemed  quite  expedient  to 
follow  the  course  here  taken. 

Prop.  £2.  B.  1.  A  like  observation,  as  is  made  in  Prop.  1.  of 
this  book,  respecting  the  propriety  of  proving  that  the  circles 
intersect  each  other,  applies  here  also. 

Prop.  29.  B.  1.  The  axiom  used  in  most  editions  of  f*  iiclid's 
Elements,  instead  of  that  which  is  the  12th  in  this,  is,  that  «  if 
•«  a  right  line,  falling  on  two  right  lines,  make  the  two  interior 
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u  angles  on  the  same  side  of  it,  together  less  than  two  right 
u  angles ;  these  right  lines  may  be  so  produced,  towards  the  part, 
"  on  which  tl*e  interior  angles  are  less  than  two  right  angles,  as 
u  to  meet ;"  which  is  acknowledged  by  Mr.  ft.  Simsoh,  Mr.  El- 
rington, and  many  other  editors,  to  be  a  proposition  requiring 
demonstration,  ami  indeed,  before  the  reader  could  know,  that* 
when  the  interior  angles  on  one  side  were  less  than  two  right 
angles,  the  right  lines  would  at  all  approach  on  that  side,  he 
should  know,  that  the  four  interior  angles  were  together  equal 
to  four  right  angles,  and  of  course  that  the  two  interior  angles 
formed  at  either  intersection  of  the  cutting  line  were  equal  to 
two  right  angles,  which  is  not  demonstrated  until  Prop.  13.  B. 
1.  There  is  therefore  reason  to  suspect,  that  the  elements  have 
in  this  axiom  been  vitiated,  and  the  alteration  here  made  appear- 
ed to  me  very  expedient. 

Prop.  44.  B.  l.  In  most  of  the  editions  of  Euclid's  Elements 
which  I  have  seen,  in  the  Construction  of  this  problem,  it  is  re- 
quired, to  make  a  parallelogram  equal  to  the  given  triangle, 
having  an  angle  equal  to  the  given  angle,  and  one  of  its  sides  in 
a  right  line  with  the  given  right  line ;  for  which  as  there  is  no 
previous  problem  or  postulate,  I  cannot  avoid  being  of  Mr.  El- 
lington's opinion,  that  the  elements  have  probably  been  here  vi- 
tiated, and  have  therefore  altered  the  construction  so  as  to  avoid 
that  irregularity.  A  like  observation  is  applicable  to  some  pro* 
positions  in  the  sixth  book. 

Prop.  8.  B.  2.  This  proposition,  being  of  little  use,  and 
when  requisite,  easily  supplied  by  other  propositions,  and  never 
used  in  any  subsequent  part  of  this  work,  may  be  omitted  at  the 
discretion  of  the  reader  or  teacher. 

A  like  observation  is  applicable  to  the  two  subsequent  propo- 
sitions, which  are  rather  curious  than  useful. 

Prop.  11.  B.  2.  Professor  Leslie  calls  the  division  of  a  right 
line  in  the  manner  taught  in  this  proposition,  the  medial  section,  and 
therefore  a  right  line  so  divided,  may  be  said  to  be  cut  medially. 

Prop*  13.  B.  3.  The  demonstration  here  given  of  this  propo- 
sition differs  from  that,  which  is  in  most  editions  of  Euclid's  Ele- 
ments, being  simijar  to  that  given  by  Mr.  Elrington,  for  reasons 
assigned  by  Mr*  R.  Simson  and  Mr.  Elrington  in  their  notes  on 
this  proposition. 

Def.  3.  B.  5.  Since,  according  to  this  definition,  ratio  is  a 
certain  relation  between  two  magnitudes  of  the  same  kind,  with 
respect  to  quantity ;  those  writers  of  Navigation  and  Surveyings 
who,  in  their  canons,  compare  tines  with  angular  denominations^ 
appear  to  be  incorrect.    This  irregularity  is  avoided  by  Mr* 
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M'Kay  and  Mr.  Gomere  in  their  treatises  on  Navigation  and 
"Surveying.  A  like  observation  is  applicable  to  the  rule  of  three 
in  Arithmetick,  the  irregularity  being  coiTected  by  Mr.  Stephen 
Pike  and  some  others,  in  their  treatises  on  that  subject. 

Def.  5  and  7.  B.  5.  If  any  two  magnitudes  whatever  of  the 
same  kind  were  commensurable  to  each  other,  that  is,  had  a 
common  measure,  and  were  to  each  other,  as  a  number  to  a 
number;  the  definition  of  proportional  magnitudes  might  be 
much  simplified,  and  made  similar  to  that  of  proportional  num- 
bers, in  the  7th  book  of  Euclid's  Elements :  but  since,  in  several 
instances,  magnitudes  have  been  found  by  geometricians  to  be 
incommensurable  to  each  other,  as  has  been  demonstrated  of  the 
diagonal  and  side  of  a  square  in  the  117  Prop.  B.  10.  of  Eu- 
clid's Elements,  and  of  other  magnitudes  elsewhere ;  it  was  ne- 
cessary to  define  proportional  magnitudes,  by  properties  appli- 
cable both  to  those  which  are  commensurable  and  incommensura- 
ble ;  such  is  that  by  equimultiples,  used  by  Euclid  in  his  5th 
book ;  and  such  is  that  by  equisubmultiples,  used  in  this  work  ; 
of  which  mention  is  made  more  fully  in  the  preface  of  this  book. 

And  though  ratio  is  a  relation  between  two  magnitudes  of  the 
same  kind,  yet  the  two  first  terms  of  four  proportionals  may  be 
of  a  different  kind  from  the  two  last. 

Theor.  I.  at  Prop.  3.  B.  5,  Though  this  theorem  and  the  fol- 
lowing have  been  inserted  for  the  purpose  of  demonstrating  th« 
following  prop,  being  the  4th  of  this  book,  that  none  of  Euclid's 
propositions  might  be  omitted  ;  yet  as  that  4th  prop,  is  unneces- 
sary in  this  place,  on  the  plan  used  in  this  work,  and  is  easily 
deducible  from  subsequent  propositions  of  this  book ;  both  that 
proposition  and  these  theorems  may  be  omitted  at  discretion. 

Prop.  15.  B.  5.  Euclid  in  this  proposition  cites  Prop.  7.59 
instead  of  that  which  is  demonstrated  in  Cor.  1.7.  5.  of  this  book. 

Prop.  20  and  21.  B.  5.  Though  these  propositions  are  insert- 
ed, because  they  are  in  Euclid's  Elements,  yet  being  put  there 
for  the  purpose  of  demonstrating  the  two  following  propositions, 
and  not  being  necessary  for  that  purpose  on  the  plan  used  in  this 
work,  they  may  be  omitted  at  discretion. 

Prop.  2(i,  27,  28,  and  29.  B.  6.  These  propositions,  being  of 
little  use.  may  he  omitted  at  discretion;  if  omitted,  the  last  con- 
struction only  of  the  following  30th  proposition  should  be  used. 

Theor.  1  and  2.  Prop.  33.  B.  6.  These  theorems  are  inserted 
for  the  purpose  of  bringing  to  one  general  principle,  sundry  de- 
monstrations ad  absurdum  ;  they  are  used  for  this  purpose  inlhe 
78th  and  79th  propositions  B.  1.  Sup.  and  by  their  means  the  de- 
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monstrations  of  several  propositions  of  the  12th  B.  of  Euclid's 
Elements  may  be  much  abbreviated. 

Case  4.  Prob.  2.  Plain  Trigonometry.  This  case  may  b© 
solved,  without  letting  fall  a  perpendicular,  by  means  of  the  fol- 
lowing 

PROPOSITION. 

The  rectangle  under  the  legs  of  a  plain  triangle,  is  to  the  rectangle 
under  the  half  sum  of  all  the  sides9  and  the  excess  of  that  half 
sum  above  the  base,  in  a  duplicate  ratio  of  radius  to  th£  cosine  of 
half  the  vertical  angle.  * 

Let  ABC  be  a  plain  triangle, 
of  which  AB  is  the  base ;  the 
rectangle  under  AC  and  BC, 
is  to  the  rectangle  under  the 
half  sum  of  AB,  BC  and  AC, 
and  the  excess  of  that  half  sum 
above  AB,  in  a  duplicate  ratio  A 
of  radius  to  the  cosine  of  half 
the  angle  ACB. 

Let  CB  be  the  greater  of  the 
legs  AC  and  CB,  and  take  thereon  CD  equal  to  AC ;  join  AD, 
which  bisect  in  E,  and  join  C&  ;  draw  EH  parallel  and  equal 
to  AB,  join  HB,  which  produce  to  meet  CE  produced  in  G. 

Because  the  triangles  CKA  and  CKD  are  mutually  equilate- 
ral, the  angle  ACE  is  equal  to  DCE,  and  the  angles  AEC  and 
DEC  are  also  equal,  and  therefore  right. 

And  tince  EH  is  equal  and  parallel  to  AB,  BH  is  equal  and 
parallel  to  AE  (33.  1.  Eu). 

And  in  the  triangles  DFE  and  BFH,  the  angles  at  F  are 
equal  (1$.  1  Eu),  the  angle  FED  is  equal  to  FHB  (29.  1.  Eu), 
and  ED  to  BH,  being  each  equal  to  Ah  ;  therefore  EF  is  equal 
to  FH,  and  DF  to  FB  (26.  1.  Eu.);  also  the  angle  EGH  is 
equal  to  CKD  (29.  1.  En>)9  and  therefore  a  right  one ;  therefore 
a  circle  described  from  the  centre  F,  at  the  distance  FE  or  FH 
would  pass  through  G  (Cor.  31.  3.  Eu.);  let  this  circle  be  des- 
cribed, and  meet  CB  produced  in  K  and  L. 

Because  both  DC  is  to  CE,  and  BC  to  CG,  as  radius  is  to 
the  cosine  of  the  angle  DCE  or  of  half  the  angle  ACB  (l  PL 
Tr.)9  the  rectangle  BCD  is  to  tjie  rectangle  GCtf,  or  its  equal 
(Cor.  1.  36.  3.  Eu.),  the  rectangle  KCL,  as  the  square  of  radius 
is  to  the  square  of  the  cosine  of  half  the  angle  ACB  (23.  6  and 
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t&  5.  En.);  but  the  rectangle  BCD  is  equal  to  the  rectangle 
ACB  under  tfie  legs,  because  CD  is  equal  to  AC  (constr.) ;  and 
CL  is  equal  to  half  the  sum  of  the  sides  AB,  BC  and  AC,  be* 
eause  FL  is  equal  to  FH,  the  half  of  EH  or  AB  ;  CD  is  the 
half  of  AC  and  CD  together,  and  DF  the  half  of  DB,  and 
therefore  CF  the  half  of  AC  and  CB  together;  also  CK  is  equal 
to  the  excess  of  that  half  sum  above  KL,  the  diameter  of  the 
circle,  and  therefore  equal  to  EH  or  AB,  Therefore  the  rect- 
angle ACB,  under  the  legs,  is  to  the  rectangle  under  the  half 
sum  of  AB,  BC  and  AC,  and  the  excess  of  that  half  sum  above 
AB,  as  the  square  of  radius  is  to  the  square  of  the  cosine  of  half 
the  angle*  ACB,  or,  which  is  equal  (20.  6.  Mu.)9  in  a  duplicate 
ratio  of  radius  to  the  cosine  of  that  angle. 

The  application  of  this  proposition,  to  finding  any  angle,  a# 
ACB,  from  all  the  sides  given,  is  similar  to  that  of  the  30th 
BpK  Tr.  to  find  an  angle  of  a  spherical  triangle,  from  all  the 
sides  given,  being  the  second  solution  of  the  5th  case  of  oblique 
angled  spherical  trigonometry,  the  application  being  thus.  The 
rectangle  under  AC  and  CB  ;  rectangle  under  AB+BC4-AC 

" I ' 

and  AB+BC+AC_Ag  . .  ^  ^^  of  ^^ .  ^  8quape  of 

the  cosine  of  half  the  angle  ACB  {by  this  Prop,  and  20.  6.  En.) 
Def.  1.  B9  1.  Supplement.    Since  the  name  Conick  Sections, 

Siven  by  the  ancients  to  the  figures  treated  of  in  this^  book,  is 
erived  from,  their  formation  by  the  section  of  a  solid*  and  the 
moderns  have  very  generally  fallen  into  the  mode,  pf  defining 
them  from  their  description  in  a  plain,  it  seems  proper,  that  they 
shquld  have  a  name  different  from  that  derived  from  the  solid ; 
of  this  Sir  Isaac  Newton  seemed  to  be  aware,  when,  after  hav- 
ing demonstrated,  that  according  to  the  laws  of  motion,  bodies 
in  free  spaces  must  describe  one  of  these  figures,  in  the  twenti- 
eth and  nine  following  propositions  of  the  first  boofc  of  his  prin- 
cipia,  he  calls  them  trajectories  ;  but  as  the  te.rm  trajectory  is  ap- 
plicable to  any  line  whatever  described  by  a  body  moving  accord- 
ing to  any  law,  and  with  any  resistance  whatever,  it  appeared 
proper,  to  give  them  another  appellation ;  and  as  they  have  been 
generally,  by  those  who  define  them  from  their  description  in  a 
plain,  described  by  pins  ;  the  name  of  PattaUoid,  derived  from 
the  Greek  word  **  passalos"  or  "  pattalos",  which  signifies  a  pin, 
has  been  selected. 

Prop.  14.  B.  1.  Sup,  From  this  proposition  may  be  deduced, 
the  law  of  variation  of  the  square  of  the  segment  of  a  tangent, 

fp  rectangle  under  the  segments  of  a  secant,  to  a  conick  section 
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or  opposite  sections,  passing  through  a  given  point,  and  meeting 
a  directrix,  between  that  point  and  the  section  or  sections,  with 
the  variation  of  the  inclination  of  the  tangent  or  secant  to  the  . 
directrix. 

For  the  better  understanding  which,  and  some  other  things 
in  this  work,  it  seems  proper  to  observe,  that,  as  it  is  well 
known,  that  the  area  of  a  rectangle  is  found  by  the  multiplica- 
tion of  the  sides  into  each  other,  and  therefore,  if  the  area  of  a 
rectangle  be  divided  by  one  of  its  sides,  the  quotient  gives  the 
other;  mathematicians  in  their  reasonings,  often  use  the  words 
drawn  into,  and  applied  to,  instead  of  multiplied  and  divided  by. 

And  the  ratio  of  any  two  quantities  to  each  other,  is  very  con- 
veniently expressed,  by  the  quotient  of  the  consequent  divided 
by  the  antecedent ;  thus,  the  ratio  of  1  to  3  may  be  expressed 
by  4  or  3,  being  triple,  and  a  ratio  of  greater  inequality ;  the 
ratio  of  3  to  1,  by  ?,  being  subtriple,  and  a  ratio  of  less  in- 
equality. 

Which  being  premised,  by  this   14th  Prop,   see  figures  to 

rect.   PKQ         KD     diff.  sq.  KG  and  KM 
it,- is= x ;  but  KX   be- 

rect.  SKT  KG§    diff.  sq.  KD  and  KM 

ing  radius,  KD  and  KG  are  cosecants  of  the  angles  KDX 
and  KGX  (2.  PL  Tr.),  and  KM  is  to  KX  in  the  determining 
ratio ;  therefore  the  rectangle  PKQ  is,  as  the  square  of  the  co- 
secant pf  the  angle  KDX,  applied  to  the  difference  of  the  squares 
of  that  cosecant  and  of  a  right  line  which  is  to  radius  in  the  de- 
termining ratio;  or,  the  sines  of  angles  being  inversely  as  their 
cosecants  (Cor.  7.  Def  PL  Tr.),  inversely  as  the  sine  of  the 
angle  (KDX),  which  the  secant  or  cutting  line  makes  with  the 
directrix,  drawn  into  the  difference  of  the  squares  of  the  same 
sine,  and  of  a  right  line,  to  which  radius  is  in  the  determining 
ratio.    A  like  reasoning  is  applicable  to  the  tangent  KR. 

Prob.  2.  Solutions  of  the  cases  of  Sph*  Tr.  In  case  I  part  2, 
the  affection  of  the  angle  ABC  is  ambiguous,  unless  it  can  be 
determined  by  this  rule,  that  according  as  AC+BC  is  greater  or 
less  than  180°,  A-f  ABC  is  greater  or  less  than  180°  (12. 
Sph.  Tr.). 

The  following  propositions  are  useful  in  removing  ambiguities  . 
in  the  first  solution  of  the  5th  case. 

PROP.  L  THEOR. 

In  an  isosceles  spherical  triangle,  tlie  angles  at  the  base  are  of  the 

same  affection  as  the  sides. 

If  DE  or  DF,  see  fig.  to  prop.  15,  Sph.  Tr.  be  one  of  the 
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•ides  of  the  isosceles  triangle,  the  other  side  must  meet  the  arch 
^AKB  in  its  continuation  (15  Sph.  Tr.)$  and  if  both  be  greater 
than  DK,  the  sides  are  greater  than  quadrants,  and  the  angles 
at  the  base  obtuse  {by  the  same  and  Cor.  2.  15.  Sph.  Tr.) ;  if  less, 
the  sides  are  less  than  quadrants,  and  the  angles  at  the  base  acute 
(by  the  same). 

PROP.  n.  THEOR. 

If  the  two  least  sides  of  a  spherical  triangle  be  of  the  same  species, 
the  perpendicular  let  fall  from  the  angle  included  by  them  on  the 
third  side,  falls  within  the  triangle  ;  or  if  the  third  side  be  less  than 
either  of  the  others,  (these  others  being  of  the  same  species,  J  but 
greater  than  their  supplements,  the  perpendicular  fails  within  the 
triable:  and  the  less  segment  of  the  base  and  less  vertical  angle, 
are  adjacent  to  the  greater  side,  and  the  greater  segment  and 
greater  vertical  angle  to  the  less  side,  if  the  sides  be  together 
greater  than  a  semicircle. 

Part  1.  Let  ABC  be  the  triangle, 
AC  and  CB  being  both  less  than  quad- 
rants, CD  a  perpendicular  on  its  base  » 
AB  ;  make  AE  equsl  to  AC  and  BF  to 
BC;  the  triangles  AEC  and  BFC  are 
isosceles,  therefore  the  angle  AEC  is  of 
the  same  species  as  AC,  and  BFC  as  BC 
{by  the  prec.  prop.) ;  and  AC  and  BC  are 
of  the  same  affection  {Hyp.) ;  therefore 
the  angles  AEC  and  BFC  are  of  the 
same  affection ;  therefore  the  perpendicu-  AX^X\  ^^ 
lar  CD  falls  between  them  (20  Sph.  Tr.),  -°  E   & 

and  of  course  within  the  triangle  ABC. 

Part  2.  In  the  triangle  AHB,  where  AH  and  HB  are  each  of 
them  greater  than  AB ;  the  two  least  sides  HL  and  HM  of  the 
triangle  MHL  being  the  supplements  of  AH  and  BH,  are  each 
of  them  less  than  AB  {Hyp.) ;  but  the  arches  ABL  and  BLM 
are  semicircles  (1  Sph.  Tr.),  taking  from  each  the  common  part 
BL,  the  arches  AB  and  LM  are  equal ;  therefore  HM  and  HL 
are  each  of  them  less  than  ML,  and  being  of  the  same  species, 
the  perpendicular  HK  falls  between  them,  and  therefore  the  per- 
pendicular HO  falls  between  AH  and  HB  {by  part  1).  Let 
AD  be  less  than  DB,  the  angle  AHD  is  less  than  BHD,  and 
AH  greater  than  BH,  if  AH  and  BH  together  be  greater 
than   180°,  or  the  point  H  be  more  remote  from  AB  than 
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its  pole  P  (15.  Sph.  Tr.) ;  for  if  the  point  H  were  not  more  re- 
mote from  AB  than  that  pole,  neither  AH  nor  BH  would  be 
greater  than  90 °  (Cor*  2.  15.  Sph.  Tr.)f  nor  therefore  their  sum 
greater  than  180°. 

Cor.  1.  A  perpendicular  being  let  fall  on  a  side  of  a  spherical 
triangle  considered  as  its  base,  from  the  opposite  angle,  the  sides 
are  both  greater  or  both  less  than  the  perpendicular. 

For  since  CD  is  perpendicular  to  AB,  it  passes  through  its 
pole  P  (Cor.  6.  2.  Sph.  Tr.) ;  and  if  the  vertex  C  be  below  the 
pole  P,  and  therefore  CD  less  than  a  quadrant,  it  is  the  least  of 
all  arphes,  which  can  be  drawn  from  C  to  AB,  and  therefore  less 
than  CA  or  CB  (15  Sph.  Tr.);  if  the  vertex  of  the  triangle  be 
above  P  as  in  H,  the  arch  HD  is  the  greatest  of  all  arches, 
which  can  be  drawn  from  H  to  AB,  and  therefore  greater  than 
HA  or  HB  ;  if  the  perpendicular  fall  without  the  triangle,  as  in 
BGC  or  BGH ;  the  demonstration  is  similar.  In  all  cases  there- 
fore, the  sides  are  both  greater  or  both  less  than  the  perpendicular. 

The  case  is  omitted,  when  the  pole  P  of  the  base  being  the  ver- 
tex of  the  triangle,  both  the  sides  and  perpendicular  are  quad- 
rants (2  Sph.  Tr.). 

Cor.  2.  When  the  perpendicular  falls  without  the  triangle, 
there  are  two  perpendiculars,  the  less  next  the  less  side,  and  less 
than  a  quadrant  or  either  of  the  sides ;  and  the  greater  next  the 
greater  side,  and  greater  than  a  quadrant  or  either  of  the  sides ; 
and  either  of  them  may  be  considered,  as  the  proper  perpendicu- 
lar on  the  base  produced. 

In  the  triangle  BGC,  either  CD  or  CK  may  be  esteemed  the 
perpendicular  on  the  base  GB  produced,  the  less  CD,  next  the* 
less  side  CG,  and  less  than  a  quadrant  or  either  of  the  sides  CG 
or  CB ;  and  the  greater  CK,  next  the  greater  side  CB,  and 
greater  than  a  quadrant  or  either  of  the  sides  CB  or  CG ;  and 
either  of  them  may  be  used  for  determining  the  several  parts  of 
the  triangle  BGC,  but  the  one  is  sometimes  more  convenient  than 
the  other. 

PROP.  III.  THEOR. 

If  to  the  base  of  a  spherical  triangle,  a  perpendicular  be  drawn 
from  the  opposite  angle,  which  either  falls  within  the  triangle, 
or  is  the  nearest  of  the  two  which  fall  without;  the  least  of  the 
segments  of  the  base  is  adjacent  to  the  least  of  the  sides  of  the 
triangle,  or  to  the  greatest,  according  to  the  sum  of  the  sties  is 
less  or  greater  than  a  semicircle* 

See  fig.  to  the  prec.  prop* 
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Part  1.  If  both  the  sides  AC  and  BC,  BC  being  the  greater, 
of  the  triangle  ABC,  be  less  than  quadrants,  the  perpendicular 
CD  on  the  base  AB  falling  within  ;  because  AC  is  less  than 
CB,  the  arch  AD  is  less  than  DB  (15  Sph.  Tr.),  and  so  the  per- 
pendicular CD  is  adjacent  to  the  less  side  AC. 

Part  2.  If  both  the  sides  CG  and  CB  of  the  triangle  CGB, 
be  less  than  quadrants,  the  perpendicular  CD,  on  the  base  BG 
produced  falling  without)  the  side  CG  adjacent  to  the  perpendi- 
cular CD  is  the  less  (15  Sph.  Jr.),  and  so  the  perpendicular  CD 
is  adjacent  to  the  less  side  CG. 

Part  3.  If  both  the  sides  AH  and  BH,  AH  being  the  greater, 
of  the  triangle  AHB,  be  greater  than  quadrants,  the  perpen- 
dicular HD  on  the  base  AB  falling  within  ;  the  segment  AD  ad- 
jacent to  the  greater  is  less  than  DB  (15  Sph.  Tn),  and  so  the 
perpendicular  HD  is  adjacent  to  the  greater  side  AH* 

Part  4.  If  both  the  sides  HG  and  HB  of  the  triangle  GHB 
be  greater  than  quadrants,  the  perpendicular  HI)  on  the  base 
BG  produced  falling  without;  the  side  HG  adjacent  to  the  per- 
pendicular HD  is  the  greatest  (15  Sph.  Tr.),  and  to  the  perpen- 
dicular HD  is  adjacent  to  the  greater  side  HG. 

Part  5.  If  the  sides  CG  and  HG  be  of  different  affections,  CG 
being  less  and  HG  greater  than  a  quadrant,  both  together  being 
less  than  a  semicircle,  and  GD  be  a  perpendicular  on  the  base 
HC  produced ;  because  CG  and  HG  are  together  less  than  a 
semicircle  (Hyp.),  CG  is  less  than  the  supplement  of  HG,  there- 
fore CD  is  less  than  the  segment  of  CD  produced,  between  D 
and  the  point  in  which  CD  produced  would  meet  HG  produced 
(15  Sph.  Tr.),  and  so  the  perpendicular  GD  is  adjacent  to  the 
less  side  CG. 

Part  6.  If  the  sides  CB  and  BH  be  of  different  affections,  CB 
being  less  and  BH  greater  than  a  quadrant,  both  together  being 
greater  than  a  semicircle,  and  DBK  be  a  perpendicular  on  the 
base  CH  produced,  meeting  it  in  D  and  K  ;  let  BH  be  produced 
to  meet  BK  in  M ;  and  because  CB  and  BH  are  together  greater 
than  a  semicircle  (Hyp.),  CB  is  greater  than  the  supplement  HM 
of  BH;  whence  BD  and  MK  being  each  of  them  supplements 
of  BK,  and  therefore  equal,  and  both  CB  and  HM  less  than 
quadrants,  HK  is  less  than  CD  (15  Sph.  Tr  ),  and  therefore  the 
perpendicular  DBK  is  adjacent  to  the  greater  side  BH. 

Cor.  Hence,  all  the  sides  of  a  triangle  being  given,  it  is  easy 
to  know,  to  which  of  the  sides,  including  the  angle  from 
which  a  perpendicular  is  drawn  to  the  opposite  side,  the  per- 
pendicular is  adjacent ;  which  is  useful  in  the  1st  solution  of  the 
5th  case  of  oblique  angled  spherical  trigonometry,  the  segments 
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of  the  base  computed  there,  being  those  cut  off  by  the  nearest 
perpendicular. 

Lemma  1.  Nat.  Ph.  This  lemma  and  the  ten  following,  con- 
tain Newton's  method  of  first  and  last  ratios,  and  were,  he  said, 
inserted,  that  he  might  avoid  the  tediousness  of  deducing  per- 
plexed demonstrations  ad  absurdum,  in  the  manner  of  the  an- 
cient geometers. 

Prop.  3.  Nat.  Ph.  In  order  to  render  the  corollaries  to  this 
proposition  more  easily  intelligible  to  the  reader,  I  have  thought 
proper  to  throw  some  of  them  into  an  algebraick  form. 

Let  then  F,  denote  the  centripetal  force  of  a  body  supposed  to 
describe  a  circle  ;  V,  its  velocity ;  P,  its  periodick  time ;  and 
R,  the  radius  of  the  circle :  and  let  the  corresponding  small  let- 
ters denote  the  like  in  a  body  describing  any  other  circle.  Let 
the  ratios  be  denoted  in  the  manner  mentioned  in  the  note  to  14. 

1.  Sup.  namely,  by  the  quotient  of  the  consequent  divided  by  the 
antecedent,  in  a  fractional  form.    Then, 

Number  1.  Since  the  velocities,  are  as  tin*  arches  described  to- 
gether ;  substituting  the  velocities  for  these  arches,  by  the  pro- 
F         V9    r      rV3 

position  —  is= — x— = ,  which  is  the  1st.  Con 

f         v9    R      Rv3 

2.  The  periodick  times  are  in  a  ratio  compourf&ed  of  the  direct 
ratio  of  the  radiuses,  and  the  inverse  one  of  the  velocities,  that 

P         R     v      Rv 

is,  — is= — x— = . 

p         r     V     rV 

F         rV3     . 

3.  Since,  by  No.  1,  —  is= ,  or  multiplying  each  term  of 

f         Rv3 

r*VaR  r*V3 

the  last  quantity  by  Rr,= ,  or  substituting  for ,  its 

RVr  RV 

equal  (by  inverting  and  squaring  the  terms  of  the  equation  of 

Pa       P8R 

No.  2),  — ,  = ,  which  is  the  2nd.  Cor. 

pa  pap  p 

4.  If  the  periodick  times  be  equal,  or  —  be  =1,  the  velocities 

P 
are  as  the  radiuses,  as  is  manifest  $  but  it  follows  also  from  No. 

Rv        P 

2,  for  by  that  —  is=— =1  (Hyp.) ;  therefore  Rv  is=rV,  and, 

rV         p 
by  16.  6.  En,  V :  v :  :  R  :  r. 
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5.  The  same  thing  being  supposed,  the  centripetal  forces  are 

F*        rV* 
as  the  radiuses.    For,  by  No.  1,  —  is=»— -,  and  dividing  each 

f        Rv* 
term  of  the  last  quantity  by  rV  arid  Rv,  which  are  equal  by  No. 

F         V  R 

49  _  is=— ,  or,  which  is  equal  by  the  same  No,= — .    The  3d 

f         v  r 

Car.  is  included  in  this  No.  and  the  preceding.   ■■ 

In  like  manner,  as  the  3d.  Cor.  is  proved  in  the  two  preced- 
ing numbers,  may  the  truth  of  the  4th,  5th,  6th,  and  fth  corolla- 
ries be  shewn,  of  which  it  seems  sufficient  to  give  an  example, 
in  the  proof  of  the  6th,  which  is  done  in  the  two  following  num- 
bers. 

6.  If  the  periodick  times  be  in  a  sesquiplicate  ratio  of  the 
radiuses,  the  velocities  are  in  an  inverse  subduplicate  ratio  of 

rV 


is  = 


the  radiuses.    For,  by  inverting  the  terms  of  No.  2,  — 

1  .  Rv 

T>     rf  r   V 

— =— (Hyp.)9  therefore,  dividing  each  quantify  by  — ,  —  is 
P    R|  R    y 

7.  The  same  thing  being  supposed,  the  centripetal  forces 
are  inversely  as  the  squares  of  the  radiuses.  For,  by  No.  3, 
F         p9R        p"  r'  r8R 

—  is= ,  or,  —  being= (Hyp)9= ,  and,  dividing  each 

f        P'r        P8  R8  R8r 

r9 
term  of  the  last  quantity  by  Rr,=— .    The  6th  Cor.  is  includ- 

Ra 
ed  in  this  No.  and  the  preceding. 

As  to  Cor,  9.  Let  a,  denote  an  indefinitely  smalt  arch  describ- 
ed by  a  body  moving  in  a  circle ;  d,  the  diameter  of  the  circle  ; 
and  s,  the  sagitta  which  the  body  in  falling,  would  describe  in 
the  time  of  the  description  of  the  arch ;  and,  by  the  proof  of  the 
proposition,  as  a8  is=ds  ;  let  t  represent  any  time  whatever,  and 
multiplying  each  term  of  the  equation  by  t9,  afis^dsxt^  and 
therefore,  by  17.  6.  Eu,  d:  axt:  :  axt:  sxt3,  but  axt  repre- 
sents the  arch  described,  and  sxt%  the  descent  of  the  body  with 
the  same  centripetal  force,  in  the  timet;  whence  appears  the 
truth  of  *he  corollary. 

THE  END. 
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